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PREFACE TO THIRD EDITION 

The book has been thoroughly revised and still the preface 
for the first edition may well be used as an introduction to the 
third edition. The fundamental laws of alternating currents 
are well established and a'Te^bbok must deal mainly with 
basic principles. Much progress has been made during the 
decade since the appearance of the first edition, in the applica¬ 
tion of alternating currents to industrial requirements. Many 
of the illustrations used in the first edition have been replaced 
by later designs and many new cuts illustrating present practice 
have been introduced. The author is indebted to Professor 
Stewart Anderson, Professor E. A. Loew, Mr. George S. Smith, 
Professor P. K. Blirsten and others for valuable assistance and 
helpful criticism. 

C. Edward Magnusson. 

TJnivhrsity op Washington, 

Seattlb, U. S. a 
Marchi 1926 

PREFACE TO SECOND EDITION 

All the material in the first edition has been retained essentially 
in its original form. The principal addition is an outline of 
laboratory experiments on alternating current machinery, 
correlated with the presentation of principles in the text. A 
number of new problems have been added, but it must not be • 
forgotten that, in order to secure good results in the teaching of 
alternating currents, an abundance of problems with quantitative 
data from power systems and machines with which the student 
comes in direct contact must be provided by the instructor. 

Helpful criticism and suggestions for improvement have been 
received from many sources. Special credit is due my colleague, 
Assistant Professor L. F. Curtis, for the computations for Line C, 
Chapter XXVII, and for preparing the laboratory experiments. 

C. Edward Magnusson. 

University op Washington, 

Seattle, U. S A, 

November 22, 1920 
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PREFACE TO FIRST EDITION 


This book is an outline of lectures and class-room discussions on 
alternating-current phenomena given by the author during the 
past ten years to students in the University of Washington. A 
textbook for undergraduates, in so extensive a field, must be 
limited to fundamental principles with a few illustrations of their 
application to industrial problems. 

Energy transformation and energy transmission, with due 
emphasis on the storage features of the magnetic and dielectric 
fields, are the fundamental concepts in the study of all alternating- 
current phenomena. On the energy basis the apparently widely 
divergent phenomena of the magnetic, electric and dielectric 
circuits can be coordinated under the same general laws. 

The topics discussed are arranged in the sequence that has 
proved advantageous to the student. The elemental principles 
are first applied to the transformer, as this is the pivotal apparatus 
of alternating-current systems and also the simplest of all alter¬ 
nating-current machines. The treatment of long-distance trans¬ 
mission lines in the last chapter is more extensive than is 
ordinarily given in undergraduate courses. The author believes 
that after the student has completed a general survey of the main 
characteristics of alternating-current machinery, as given in 
Chaps. XII to XXVI inclusive, it is highly desirable that at least 
one corner of the field be examined more thoroughly. For this 
purpose long-distance transmission lines offer special advantages, 
in that the problem is complicated, the solution is particularly 
elegant and the theoretical equations must be used in the com¬ 
putations of commercial transmission lines. 

The purpose of the book is to aid the student in gaining 
clear concepts of what actually takes place in alternating-current 
machinery, to explam the relations between the factors mvolved 
and to express the physical facts in mathematical forms in such 
manner that the student shall understand the equations and be 
able to use them rationally in the solution of every-day industrial 
problems Graphic diagrams are used extensively to show the 
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relations between the physical concepts and the algebraic equa¬ 
tions. For convenience, a few typical problems are included, 
but it is essential that the teacher supply an abundance of prob¬ 
lems with quantitative data in accord with local conditions. 
The use of problems relating to nearby power systems or to 
machines in the laboratory is of great importance, for the center 
of interest must be on the real machines and on the alternat¬ 
ing-current phenomena as they appear in industrial problems, 
otherwise the student merely recites from a textbook, which 
would be of little or no value. 

In the preparation of the book material has been drawn from 
technical journals and other sources, while space limitations make 
it impossible to give the references except in a few special cases. 
Even a casual examination of this volume will show the author's 
indebtedness to the matchless works of Dr. C. P. Steinmetz and 
to Dr. A. S. McAllister's treatise on alternating-current motors. 
Credit should be given to my colleague. Assistant Professor F. 
K. Kirsten, for the computations on the long-distance trans¬ 
mission lines A and B, Chap. XXVII. The author also desires 
to acknowledge indebtedness to Dean A. S. Langsdorf, Dr. 
A. S. McAllister, Mr. L. F. Curtis, Mr. S. R. Burbank and 
Professor E. A. Loew for helpful criticism and for many valu¬ 
able suggestions. 

C. Edwabd Magnusson. 

XJnivbrsitt or Washington, Sbattlb, 

June 28, 1916. 
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INTRODUCTION 


A logical analysis of cause and effect in electrical phenomena 
shows that the Principle of the Conservation of Energy is the 
fundamental assumption, the basis upon which the argument 
rests. Electrical engineering deals with energy, not only in the 
electric, magnetic and dielectric forms and their interrelated 
phenomena, but also with its transformation into light, heat, 
mechanical work and chemical reactions Moreover, during the 
many transformations which the energy can undergo while in the 
electric form, it is essential for a clear understanding of the proc¬ 
esses involved that the student should take observations from 
the energy point of view. In general, the problem of the elec¬ 
trical engineer consists of receiving energy in the mechanical 
form from a prime mover, transforming it into electric energy, 
transmitting in this form to the desired locality, reconverting 
the energy and delivering to the customer light, heat and power. 
Electric energy is the connectmg link or chain by which energy 
can be economically transmitted and effectively controlled. To 
study readily the laws for the generation, transmission and con¬ 
trol of electric energy it has been found expedient to group th(' 
phenomena into three divisions: 

1. Direct currents 

2. Altematmg currents. 

3. Electric transients 

This grouping is of special advantage to the student, as it fol¬ 
lows the natural order of first analyzing the simple problem and 
then proceeding to more complex phenomena 
Direct Currents.—In the field covered by direct cjirrents the 
fundamental laws are fully established and the phenomena can be 
calculated with mathematical exactness. In direct currents the 
flow of energy is continually in one direction. The energy dehv- 
ered is changed into heat, hght and mechanical work, or stored 
chemically. The laws for direct currents state the relations of 
the several factors involved when the current and voltage have 
reached constant values and can not be correctly apphed while 
the current or the voltage is increasing or decreasing. 
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Electric Transients.—'WTiile the current or voltage increases, 
as when the circuit is formed, energy is being stored in the mag¬ 
netic and dielectric circuits; and part or all of this energy will be 
returned to the electric circuit when the current or voltage 
decreases. Phenomena that occur during the change of circuit 
conditions are of comparatively short duration and hence form 
part of Group III. 

The chief characteristic of transients, as implied by the term, 
is their limited and usually short duration between two periods of 
stable conditions. Often the meaning given to the term tranr 
sients is broadened so as to include other phenomena, such as 
unstable electric equilibrium, permanent instability and cumu¬ 
lative oscillations, that would not be included by the above 
definition. 

Short-circuits, lightning discharges, switching under load, 
opening field circuits and similar sudden changes with their 
resultant effects on the system are iacluded in this division. Any 
disturbance, even a small change in load or voltage, causes a 
readjustment of the energy content m the system and hence pro¬ 
duces a transient condition. The interdependence of the impe¬ 
dance, dielectric stresses and other factors with the periodicity, 
voltage, current, etc., forms the vast and extremely important 
field of transient phenomena. This field is rapidly increasing in 
commercial importance and a better understanding of transients 
and related phenomena is now necessary for the successful opera¬ 
tion of large power systems. 

Alternating Currents.—In this volume are discussed the laws 
for energy transfer and transformation when the current and 
voltage periodically change directions; that is, for alternating 
currents. In the direct-current generator the voltage induced in 
the armature reverses in direction when passing from one pole 
to the next. In the armature the voltage, and hence the result- 
iug current, is alternating, and it requires a continuous commuta¬ 
tion to produce unidirectional voltage and current at the brushes.' 
By eliminating the commutator and substituting collector rings 
the alternating voltage generated in the armature causes alter¬ 
nating currents to flow through the circuit. With the rapidly 
changing magnitude of current and voltage many new factors 
must be taken into consideration. The laws as developed for 
direct currents must be modified so as to include these addi¬ 
tional factors before application can be made to an alternating- 
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current system. The phenomena of magnetic and dielectric 
induction are of fundamental importance and become essential 
parts of the calculations. The flow of energy need not be contin¬ 
uous in one direction as for direct currents, but by virtue of the 
storage possibilities in the magnetic and dielectric fields it may 
change in direction during each cycle. The field covered by alter¬ 
nating currents has been thoroughly investigated and the funda¬ 
mental laws are now well known and can be expressed in the form 
of quantitative equations. By the use of effective values and corrir 
plex quantities alternating currents may be expressed like continu¬ 
ous phenomena and the laws stated as completely and concisely 
as for direct currents. 
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CHAPTER I 
THE ELECTRIC FIELD 

In 1831 Joseph Henry in America and Michael Faraday in 
England showed that a conductor carrying an electric current 
was surroimded by magnetic and dielectric fields, and determined 
the fundamental relations existing between the current in the 
conductor and the electric field in the surrounding space. Any 
variation of the current in the conductor produces a correspond¬ 
ing change in the magnetic field. While the current is increasing, 
energy is stored in the magnetic field and while the current 
decreases, the magnetically stored energy is returned to the elec¬ 
tric circuit. 

Similarly energy is stored dielectrically (electrostatically) in 
the space between conductors differing in electric potential. 
With increasing difference of potential, energy is stored in the 
dielectric, and while the potential decreases, the dielectrically 
stored energy is returned to the electric circuit. These effects 
of the electric current and voltage on the surroimding space are 
termed magnetic induction and dielectric (electrostatic) induc¬ 
tion, and the laws of the energy changes causing these magnetic 
and dielectric phenomena are of fundamental importance in the 
study of alternating currents 

Lines of Force.—In the description of his experiments Faraday 
developed the idea of magnetic curves” and lines of magnetic 
force.” Although lines of force had been used in earlier publi¬ 
cations, it was Faraday who applied the concept to magnetic 
and dielectric phenomena. By means of a system of lines of 
force he mapped the properties of the magnetic and dielectric 
fields. The space* surrounding a magnet as well as the electric 
field surrounding a conductor carrying electric power was pic¬ 
tured as containing a definite-number of hnes of force possessing 
clearly defined properties This method has proved extremely 
useful for both practical and theoretical purposes. The designer 
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Fig. 1.—Eleotrio oirouit. 
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of electrical machinery bases his quantitative calculations on the 
number of lines of force; theoretical investigations are based on 
the distribution and interaction of the lines of force; and even 
superficial electricians make use of the lines of force as a guide. 
The phenomena of magnetic and dielectric induction are closely 
related and both can be expressed by similar systems of lines 
' of force having almost identical properties. 

Magnetic Ltnes of Force. 

(a) All magnetic lines of force or “lines of induction^’ are 
continuous and closed upon themselves. 

(6) The direction of a magnetic line of force at any point 
follows the resultant of the magnetic forces acting on a north 
pole placed at the point. 

(c) Magnetic lines of force in the same direction repel and in 
opposite directions attract one another. 

(d) The strength of a magnetic 
I field is measured by the density 

the lines of force. 

Dielectric Lines of Force. 

(a) AH dielectric lines of force 
are continuous and terminate at 
conductors. 

(b) The direction of a dielectric Une of force at any point fol¬ 
lows the resultant of the dielectric forces acting on a conductor 
of positive potential placed at the point. 

(c) Dielectric lines of force in the same direction repel and in 
opposite directions attract one another. 

(d) The strength of a dielectric field is measured by the den¬ 
sity of the lines of force. 

Energy Stored in an Electric Field.—Let Fig. 1 represent an 
electric circuit, in which a generator G supplies power to a load 
M. Inside the conductors A and Bj some of the electric energy 
is converted into heat, as represented by the ri^ losses. In the 
space surrounding the conductors magnetic and dielectric forces 
exist, and these can best be studied by means of magnetic and 
dielectric lines of force. In a single conductor A, the magnetic 
properties of the electric field can be pictured by lines of force 
as in Fig. 2. 

The conductor is surrounded by-a magnetic field as shown by 
the continuous lines drawn concentric with the conductor. The 
field is strongest at the surface of the conductor and rapidly 
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decreases with increasing distance from the conductor, as is 
indicated by the spacing of the lines. 

Likewise in Fig. 4, the dielectric stresses surrounding the con¬ 
ductor are represented by the lines drawn radially from the con- 



Fiq 2.—Magnetic field of 
Bingle conductor. 


Fig. 3.—Magnetic field of circuit. 


ductor. The strength of the dielectric field likewise decreases 
with the distance from the conductor, as indicated by the widen¬ 
ing of the space between the lines. 

If both conductors are brought close together, both the mag¬ 
netic and dielectric stresses in the electric field will be modified. 



Fig. 4.—Dielectric field of 
single conductor. 


Fig, 6 —Dielectric field of circuit. 


as represented by the distribution of the lines of force in Figs. 
3 and 5. Superimposing the magnetic and dielectric lines a map 
of the complete electric field for the circuit is shown in Fig. 6. 
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Magnetic Energy.—The magnetic flux <l> surrounding a con¬ 
ductor is proportional to the current as expressed by equation (1). 

^ =Li ( 1 ) 

The proportionality factor L is called the inductance of the 
circuit. The magnetic field represents energy, stored in the space 
surrounding the conductor, and hence requires energy from the 
electric circuit to produce it Expressing power in terms of cur 
rent and voltage we have equation (2) in which is called the 
inductance voltage. 

V = lei (2) 



Fig. 6.—Dielectric and magnetic fields, or electric field of 


oirouit 


The voltage i.e required to form the field is ^ectly proportional 
to the rate of change of the flux. 


Hence by equation (1) 


dt 


rdi 


(3) 


- - -( 4 ).* 


The energy supphed by the power p in forming the magnetic 
field is. ^ 


/ 

II 

(5) 

By equations (2) and (4) • 

- 

W = Lf\dt 

(6) 

or 

W = ^- 
" 2 

(7) 
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The energy stored magnetically m the electric field surround¬ 
ing a conductor is proportional to the square of the current. 
When the current decreases the energy is returned to the circuit, 

for if ^ and therefore 0 decrease, then ^ and hence jfi are nega¬ 
tive, which means that the energy is returned to the electric 
circuit. 

The practical umt of inductance L is the henry. In any con¬ 
sistent system of units a circuit possesses one unit of mduc- 
tance if a unit rate of change of current in the circuit generates 
or consumes one unit of voltage. If the current changes at the 
rate of one ampere per second and the voltage generated or con¬ 
sumed is one volt then the inductance in the circuit is one henry. 

Dielectric Energy.—^For the dielectric field exactly similar rela¬ 
tions exist. The dielectric flux ^ is proportional to the voltage 

^ = Ce (8) 

The proportionality factor C is called the condensance (capaci¬ 
tance) of the circuit. The dieletric field represents energy stored 
in the dielectric. This energy must be supplied by the electric 
circuit when the dielectric field is established. 


p = 


(9) 


In equation (9) the power required to produce the dielectric 
field surroundmg the conductor is expressed in terms of the vol¬ 
tage e and the condensance current cZ. The condensance current 
is directly proportional to the rate of change in the dielectric 
flux 




d^ 

dt 


( 10 ) 


From equations (8) and (10): 

..-Os w 


dW — pdt 
W = cj’ede 

w - ?l‘ 


( 12 ) 

(13) 

(14) 


Hence the energy stored dielectrically in the electric field sur¬ 
rounding a conductor is proportional to the squEire of the voltage. 
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When the voltage decreases the energy is returned to the electric 

ds 

circuit, for if e and therefore ’if decrease, then ^ and hence ot are 


negative, which means that the energy is returned to the electric 
circuit. 

The unit of condensance (capacity) C is the farad. In any 
consistent system of units a circuit possesses one unit of con¬ 
densance if a unit of change of voltage produces (or absorbs) 
one unit of current. If the voltage changes ai the rate of one 
voU per second and the current produced (or absorbed) is one 
ampere, the condensance of the circuit is one farad. The farad 
is too large a unit for practical use and hence in most commer¬ 
cial problems the condensance is measured in microfarads. 


1 farad = 10“ mf. 


Kinetic Energy.—^In dealing with new phenomena it is well 
to compare the derived expressions with the laws of similar 
phenomena previously studied. 

The storing of energy in a moving body follows relations 
exactly analogous to those just derived for dielectric and mag¬ 
netic fields. Using the customary notation for mass (Af), force 
(F), velocity (v), acceleration (a), power (p) and energy (W), we 
have the relations given in equations (15) to (21). 


F = Ma 

(15) 

A I*’’* 

II 

(16) 

II 

(17) 

dW = pdt 

(18) 

dW = Mvdv 

(19) 

II 

1 

(20) 

w = ^ 

2 

(21) 


The energy stored kinetically in a moving mass is propor¬ 
tional to the square of the velocity. If the moving body is 
connected to a machine, as the reciprocating parts of a steam 
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engine, when the velocity is reduced the energy is returned to the 
system. In such reciprocating parts energy is stored when the 
velocity of the mass increases, and returned when the velocity 
decreases. 

By comparing equations (7), (14) and (21) it is readily seen 
that inductance L, condensance C and mass M are similar coeffi¬ 
cients representing the amount of energy that can be stored in 
the system for any given current, voltage or velocity. 

In order to use these equations for numerical calculations the 
proper units and reduction factors must be used. For com¬ 
mercial work the following units are in general use: 

Energy in a Magnetic Field. 

PTOoules) = ^(l^enrys) (amperes) 

Energy in a Dielectric Field .— 

FGoules) = C'Cmicrofarads^)^^* (volts)^ 

Energy in a Moving Body .— 

'PF(ergs) 

Tr(ioules) 

TF(ft.-lb.) 

1 joule 

1 ft.4b. 

1 B.t.u. 

The close analogy existing between the magnetic and dielectric 
(electrostatic) fields can best be shown by arranging the cor¬ 
responding quantities in tabular form as in Table I. The equa¬ 
tions will also serve as definitions for terms used when discussing 
the properties of the magnetic and dielectric fields. 

The magnetic and dielectric phenomena are caused by energy 
changes. The laws for storing and returning energy in the 


_ M (grams) v^ (cm. per sec.) 

~ 2 ■ ' 
_ Af(kg.) (meters per see.) 

2 

_ M(lb.) (ft. per sec.) 

2 X 32.2 

== 1 watt-sec. = 10'' ergs = 0.7376 ft.-lb. 

= 0.2389 g.-cal. = 0.102 kg.-m. = 0 000948 B.t.u. 
= 1.356 joules = 0.3239 g.-cal. = 0.1383 kg.-m. 

= 0.001285 B.t.u. = 0.0003766 watt-hr. 

= 1,055 joules = 778.1 ft.-lb. = 252 g.-cal. 

= 0.2930 watt.-hr. 


( 22 ) 

(23) 



8 


ALTERNATING CURRENTil 


Table 


Magnetic field 

Magnetic flux 

« I/ilO* lines of magnetic force 
Inductance voltage: 

= 71 § 10-« = i ^ volts 

t 

Magnetic energy: 

w joules 

Magnetomotive force: 

3^ « m ampere-turns 
Magnetizing force: 

F 

f * ampere-turns per cm. 

Magnetio-fleld intensity: 
afC *• 4ii/10“^ Imes of magnetio 
force per 

Magnetio density: 

(B » uSd'lin.ea of magnetio force 
per cm** 

Permeability: ft 

Magnetio flux: 

$ » A(B lines of magnetio force. 


Dieleotno field 
Dielectric flux; 

^ = Ce lines of dielectric force 
Condensance, permittance (capacity) 
current: 

d'P _ de 
“di “ C ^amperes 

Dielectric energy. 

Ce*. . 
w = -y joules 

Electromotive force: 
e =* volts 

Electrifying force or voltage gradient* 

6 ^ 

(? = y volts per cm. 

Dielectric-field intensity • 

^ O lines of dielectric force 
^ “ 47rV* 

per cm.* 

Dielectric density: 

D =■ kK lines of dielectric force 
per cm.* 

Condensivity, permittivity or specific 
capacity: k 
Dielectnc flux: 

*= AD Unes of dielectric force 


« 3 X 10^® = velocity of light 

^ Stbinmhtz: “Electric Discharges, Waves and Impulses,’^ p 17 

magnetic field are exactly analogous to the laws for a like energy 
transformation in the dielectric field. Much confusion has been 
caused by erroneous metaphysical concepts of the nature of the 
so-called electrostatic (dielectric) phenomena. It should be 
kept clearly in mind that the energy or charge” in aU dielectric 
(electrostatic) phenomena is distributed in the dielectric outside 
the conductor, and does not consist of something smeared on 
the surface of the conductor. A serious difficulty in studying 
dielectric phenomena is found in the misleading terminology 
still in common use. Such terms as electrostatic electricity,” 
“capacity,” “specific inductive capacity” and “charging cur¬ 
rent” lead the student astray by giving the impression that 
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dielectric (electrostatic) phenomena are radically different from 
those in the magnetic or electric circuits. By referring to Table 
I it is evident that by .using the terms dielectric, condensance, 
condensive reactance, condensance current and permittivity 
or condensivity, the close analogy between magnetic and dielec¬ 
tric phenomena may be more easily kept in mind, and the 
study of the complete electric field greatly simplified. 

Magnetic, Dielectric and Electric .Circuits.—Since all mag¬ 
netic lines of force are closed upon themselves, forming a com¬ 
plete circuit, it is customary to speak of the magnetic circuit m 


Table 11^ 


Masnetio oiroiiit 


Dieleotno oirouit 


Kleotno oiroiut 


Masnetlo flux (znasnetio 
current): 

^ -> lines of magnetic force 
Magnetomotive force. 

{F M ampere*turns 
Permeanoe 

.n * 

® " 4»£F 
Inductance 

L - 10“« - — 10-« 

Vf i 

henry 

Reluctance. 

Magnetic energy, 
w " - -g- 10“« joules 

Magnetic density: 

(B " ^ » /iK lines per cm * 
Magnetising force. 

/ ■■ y amp -turns per cm. 

Magnetio-fleld intensity 

ae - 0,4 t/ 

Permeability 

(B 

Reluctivity 

/ 


Spemhe magnetia energy 
joules perom ^ 


Dielectric flux (dielectno 
current) 

'ir lines of dieleotno force 
Electromotive force 
a * volts 

Condeusauce, capacitance, 
permittance or capacity 

C » — farads 
0 


Elastanoe 



Dieleotno energy 
w - joules 

Dieleotno density 

— 

D ^ - j£jK hues per cm ® 
Dieleotno gradient' 

6* — y volts per cm. 
Dieleotno-field intensity 



Condensivity, permittivity 
or Bpeoiflo capacity 



ElasUvity* 

i £ 

A " D 

Specific dieleotnc energy 
kO* OD 

" 4t»« " 2_ 
joule, per om ’ 


Eleotno current. 

1 " eleotno current 
Voltage 
e — volts 

Conductance. 
g -» ymhoB 


Resistance: 
f * ^ ohms 
Eleotno power 
p M n* 00 * ■■ n watts 

Electric-current density 
i" ^ ^ yO amp per om * 

Eleotno gradient 

0 

(? — j- volts per om. 


Conductivity: 

y ^ Q mho-cm * 
Resistivity 

1 ^ u 

p “ ^ ^ otun-cm* 

Specific power 
po *■ pi* yO* “• 01 watts 
per ^5 * 


^Stbinmbtz “Electric Discharges, Waves and Impulses” (slightly 
modified), p. 18 . 
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a manner analogous to the electric circuit. The magnetic field 
in a dynamo or motor completes a circuit through the field poles, 
the yoke, air gap and armature iron, tl^us forming a magnetic 
circuit. Likewise all dielectric lines of force are continuous and 
terminate in conductors. The path taken by the dielectric 
line of force is called the dielectric circuit The close analogy 
existing between magnetic, dielectric and electric circuits can 
best be shown by arranging the corresponding quantities in 
tabular form as in Table II. The three circuits are interde¬ 
pendent and, in general, exist simultaneously in all electro¬ 
magnetic-dielectric phenomena. The relative magnitude may 
vary greatly and in many cases one or even two of the circuits 
may be negligibly small and may be omitted from the calculsr 
tions, but intrinsically all three are present. For a unidirectional 
constant current the magnetic field remains constant; and 
similarly for a unidirectional constant voltage the dielectric 
field is constant. With both the current and the voltage uni¬ 
directional and constant, the electric circuit alone transfers 
energy and hence is the only circuit that enters in the problem. 
But in alternating currents both the voltage and the current are 
continually varying in magnitude and, moreover, for each 
successive half cycle reversing in direction. Therefore, in the 
study of alternating currents energy changes occur continuously 
and simultaneously in the interlinked magnetic, dielectric and 
electric circuits. 


PROBLEMS 

1 . A bullet weighing 8 02 is projected from a gun with a velocity of 2,260 
ft. per sec. An incandescent lamp takes 26 watts. How long must the 
lamp bum to consume an amount of energy equal to the kinetic energy of 
the bullet? 

2 . Find the height to which 1 ton must be raised in order to have the 
same amoimt of potential energy as is consumed by a 40-watt Mazda lamp 
in 1 hr. 

3. An air-cored solenoid has an inductance of 0 062 henry. How much 
“energy is stored in the magnetic field when 30 amp. flow through the coil? 
Compare the amount of magnetic energy in the coil to the amount con¬ 
sumed by a 25-watt incandescent lamp in 3 sec. In H 20 sec. 

4 . Let the current flowing through the solenoid in problem 3 vary from 
0 to 100 amp. Plot a curve with amperes as abscissa and joules as ordinates. 

6. A condenser has 280-mf. condensance. How much energy is stored 
in the condenser when 625 volts are impressed across its terminals? 100 
volts? 2,260 volts? Eiqiress the answers in joules, gram-calories and 
foot-pounds. 
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6 . Let the voltage impressed on the condenser in problem 6 vary from 0 
to 3,000 volts. Plot a curve with volts as abscissse and joules as ordinates. 

7 . In a water-cooled transformer a system of pipes is placed in the oil 
and water passed through to remove the heat produced by the copper and 
iron losses. Given a 300-kv.a. transformer operating at full load with an 
efficiency of 98.2 per cent. The temperature of the water on entering the 
transformer is 16°C. and on leaving 64°C. How much water is flowing 
through the transformer pipes? Give answer in pounds per hr. 

8. What must be the velocity of a body weighing 6 oz. if its kinetic energy 
is equal to the energy stored in a condenser of 760 mf. when 850 volts are 
impressed on its terminals? For 2,600 volts? 

9 . Find the condensance of a condenser that would at 1,250 volts store 
the same amount of energy as is consumed by a 40-watt incandescent lamp 
in 7 sec. In sec. 

10. The fleld of a certain dynamo has 50 heniys inductance. Find the 
energy stored magnetically when a current of 3.2 amp. is flowing m the 
field winding. 

11. An electromagnet has a self-inductance of 180 henrys and takes 53 2 
amp. What energy is stored in the field? Find the condensance of a 
condenser that would store the same amount of energy at 1,200 volts. WTiat 
must be the velocity of a mass of 16 g. in order to have an equal amount of 
kinetic energy? 

12. How much heat expressed in B.t u.’s would be generated per min in a 
fiatiron having 28.2 ohms resistance if connected to a 124-volt circuit? If 
the electric power cost 6H cts. per kw.-hr., what is the cost per B.t.u. of 
heat? 

13. Find the work m ergs and the power expended in kilowatts, in raising 
(velocity constant) a mass of 2,840 lb. to a height of 480 ft. in 1 min. What 
would be the condensance of a condenser that would store the same amount 
of energy, if connected to a circuit having 2,400 volts? 

14. The field of a motor has 114 henrys inductance and takes 4.2 amp. at 
full load. Find the energy stored magnetically in the field. Give the 
answer in terms of joules, foot-pounds, B.t u.'s and gram-calories. 
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GENERATION OF ELECTROMOTIVE FORCE 


WAVE FORMS 

When the magnetic lines of force are cut by an electrical 
conductor an electromotive force is generated in the conductor. 
The voltage produced is proportional to the length of the con¬ 
ductor, the intensity of the magnetic field and the speed of 
the motion perpendicular to the magnetic field and the direction 
of the conductor, or to the rate of cutting lines of force 


e ex: 


d(j> 

dt 


(25) 


1 volt o 10® lines of force per sec. (26) 

If the conductor forms a closed circuit the voltage produces 
a current. Faraday showed that the relative motion of the field 
and the conductor is the determining factor. In small alter¬ 
nators the field is usually stationary as in direct-current genera¬ 
tors while the conductor on the rotating armature cuts the 
lines of force, thus generating voltage In larger generators 
more economical designs are obtained by placing the fields on 
the rotating spide^, while the armature conductors are sta¬ 
tionary, surrounding the moving part. In the transformer the 
field moves, due to the periodic increase and decrease of the 
current, while both the primary and secondary conductors are 
stationary. 

Direction of Generated Voltage.—In determining the direc¬ 
tion of the generated voltage several rules or devices have been 
suggested. 

Fleming's Rule ,—'‘If the thumb, forefinger and middle finger 
of the right hand are all set perpendicularly to each other so as 
to represent the three coordinates in space, the thumb pointed 
in the direction of the motion of the conductor relative to the 
magnetic field, and the forefinger in the direction of the lines 
of force, then the naiddle finger will point in the direction 

12 



GENERATION OF ELECTROMOTIVE FORCE 


13 


in which the generated e.m.f. tends to send the current of elec¬ 
tricity,” Fig. 7. 

s r 
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Lenz^s Law —“The generated e.m.f. always tends to send a 
current in such a direction as to oppose the change in flux which 
produces it.^' 

An easily remembered method is found in 
visualizing the relative motion of the conduc¬ 
tor and the field and referring to the proper¬ 
ties already ascribed to the lines of force. In 
Fig. 8 let the conductor relative to the field 
assume successively the first to the fifth posi¬ 
tions. When the conductor moves across the 
lines of force these bend and form small circles 
across the conductor indicated in the figure. 

Given the direction of the field, it is evident 
that the conductor reaches the second and fol¬ 
lowing positions encircled by lines of force whose 
direction indicates that the voltage generated 
tends to cause a current to flow downward in 
the conductor. It is apparent that if either the 
direction of the field or the relative direction of 
the motion of the conductors and the flux were 
reversed, the circular lines around the conduc¬ 
tor would also be in the opposite direction, and hence indicate a 
voltage tending to send a current upward in the conductor. 

By increasing or decreasing the current in a conductor the field 
expands and contracts. In Fig. 9 let A and B represent the 
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parallel conductors, and let a current of increasing strength be sent 
through Aj in the upward direction. Then the direction of the 
field around A is indicated by the arrows, and the intensity 
increases with the strength of the current by the number of 
lines in the four successive time intervals. With increasing 
current the field around A expands and the lines of force cut 
conductor B. The direction of the arrows in the lines around 
B shows that the induced voltage is in the opposite direction 
to the voltage in A» With decreasing current in A the lines of 
force contract and move toward the conductor. Hence lines 
will encircle B in the opposite direction, indicating an induced 
voltage in B in the same direction as the voltage in A. By 
visualizing the direction and relative motion of the lines of force 
and the conductors, the direction of the induced voltage car 
readily be determined. 

Wave Forms.—Since the electromotive force at any instani 
depends simply on the rate of cutting lines of force, this deter* 



Voita^t Wffve 
I a fob I 

I I 


a fo c 


Fig. 11. 




mines the shape of the wave from an alternator. The rate c 
cutting wiQ depend upon the distribution and direction of th 
magnetic flux, the arrangement and the number of conductoi 
in series and the speed. From equation (25) it is evident tha 
while a conductor moves at a uniform speed across a unifon 
field the voltage will be constant. If the field is reversed fc 
half the revolution, as in Fig. 10, the voltage also reverses I 
Fig. 11 is shown the form of the wave produced by a sing] 
conductor moving at right angles in a uniform field as illustrate 
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in Fig. 10 between rings a and 6. Evidently the voltage wave 
between a and c will have the same rectangular shape but of 
double amplitude as shown in Fig. 11, since the two conductors 
are in symmetrical positions and connected in series. In those 



portions not covered by the poles no lines appear and hence no 
voltage is produced. 

If the distribution of the flux be not uniform but concentrated 
at the center of the poles as in Fig. 12, the resulting wave for 
a concentrated winding becomes peaked, as shown in Fig. 13. 



The shape of the wave is affected by the number and spacing of 
the conductors between the rings as well as by the density and 
direction of the lines of force. In a uniform fleld, as in Fig. 14, 
the rate of cutting magnetic lines by a single conductor wiU 
depend upon the angular position of the moving conductor. The 
voltage wave will under these conditions be a simple sine wave, 



16 


ALTERNATING CURRENTS 


Fig. 15, and the relation between the instantaneous and maxi¬ 
mum values is given by equation (27): 

sin 2irf(t - h) (27) 

e = instantaneous voltage. 

"J? = maximum voltage. 

/ = number of complete cycles in 1 sec., or frequency. 
ti = epoch or phase of wave. 
i = time in seconds. 

Similarly, i = "Z sin 27rf(t — ^i) (28) 

gives the instantaneous values of a sine current wave. 

On small systems of low voltage and few machines, the shape 
of the generated voltage wave may be of little importance. 




Thus in Fig. 16 is shown an oscillogram of a voltage wave from 
a 60-kw., 1,100-volt, 60-cycle alternator supplying an 

independent lighting load in a satisfactory manner. In larger 
systems with several generators operating in parallel and with 
higher potential on the system a better wave form is necessary. 
With the increase in the size of the system the shape of the 
generated voltage wave becomes of increasing importance. For 
several reasons, as will be explained in detail^ later, the ideal wave 
form is simple harmonic or sinusoidal, as expressed by equations 
(27) and (28). Modern alternators, especially for large systems, 
closely approach the ideal form. In Fig. 17 is shown an oscillo¬ 
gram of a 10,000-kw., 6,600-volt, 3-<^>, 60-cycle alternator. The 
shape of the wave is very nearly simple harmonic. 

1 See Chap XXIII. 
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In commercial systems the voltage and current waves are 
modified by many factors in the system outside of the machine 
itself. The relative amounts, and their location in the system, 
of inductance, condensance and resistance; the iron in trans¬ 
formers and other apparatus; the location, size and design of 
synchronous and induction motors; reaction of leading and 
lagging currents; load variations and many other factors modify 
and distort the original wave supplied from the generator into 
an endless variety of forms. As an illustration of distorted 
waves, Fig. 18 shows an oscillogram of busbar voltage, curve c, 
and the no-load current, curve i, of a 500-kv.a., 2,300-volt, 
60-cycle, synchronous motor floating on the line. While the 



voltage is nearly of the sine form the current wave is so greatly 
distorted as to bear no resemblance to the simple sine wave. 
Under full load the current wave, curve z. Fig. 19, approaches 
the form of the voltage wave, curve e. While the voltage or 
current waves may be greatly distorted in certain parts of the 
system, as illustrated by the no-load current, on the synchro¬ 
nous motor the power involved is relatively small compared to 
the total power of the system. The busbar voltage wave 
should closely approach the ideal sine form as shown by curve e, 
Fig. 18. 

As a rule, operating difficulties as well as losses from cross¬ 
currents are reduced to a minimum when the voltage wave in all 
parts of the system closely approaches the simple sine form. To 
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gain this much desired end a number of factors must be given 
careful consideration both in the design of the generators and 
motors as well as in every part of the transmission line and dis- 
tnbution network. The more important factors are discussed in 
later chapters. 

To appreciate the need for eliminatiug these distortions it is 
first necessary to imderstand fully the laws that govern alter¬ 
nating-current phenomena, and to be thoroughly famihar 
with their application of simple siue waves. 



SINE WAVES 

Instantaneous and Maximum Values.—^An alternating current 
or voltage wave passes through an infinite number of values 
in each cycle. In engineering problems the instantaneous, 
maximum, average and efFective values are of importance. 
Let: 

i, e = instantaneous values 
= maximum values 
— average values 
ly E ^ effective values 

The relation between the instantaneous and maximum value 
in simple sine waves is given from the equations shown in (29) 
and (30). 


i = "Z sin (cot ± 7 ) 
e = ‘‘E sin (wi ± y) 


(29) 

(30) 
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Average Value.—The average value, Fig. 20, is found by 
integratiug the area for one-half wave and dividing by the base. 
Letting ut be the variable, 

“'‘I = — r^sin (wO d (at) = 0.636"7 (31) 

TT J 

Effective Value.—In 1841 Joule proved that the energy con¬ 
verted into heat when an electric current flows in a conductor is 
proportional to the square of the current. Stated in the form 



Fig. 20. 


of an algebraic equation Joule’s law is expressed by equation 
(32) for direct currents. 

J = RPT (32) 

J, in joules, is thS energy expended by I amp. flowing through a 
circuit having 72 ohms resistance, in T sec. 

In watts, P = 72/2 ( 33 ) 

The quantity of energy converted into heat, expressed m 
calories, for the time T in seconds, is given by equation (34) 
for direct currents. 

7/ = 0 24/272r (34) 

In alternating currents, the instantaneous current is con¬ 
tinually varying throughout the cycle. Since the complete cycle 
repeats again and again, the average heating value may be 
found by taking the sum of the instantaneous heating values 
through one or more complete cycles and dividing by the time 
for the same number of complete waves. 

H = 0.24 HpiHt 

J = R 


(35) 

(36) 
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Equation (35) gives the heat in calories generated in one cycle, 
if r is the time for one complete cycle, and equation (36) gives the 
ViPfit in joules, during the cycle. The power expended 

Dnductor is therefore proportional to the average 
istantaneous currents, as shown in equation (37). 

P = (37) 

rent that would produce the same heating effect 
ving the same resistance would be equivalent to 
jub of the mean square of the instantaneous currents. 
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This value is termed the effective alternatmg current, or the root 
mean square. 


RPT 




(38) 


1 = (0)0 ti(o)0 = :^ = 0-707V (39) 

Hence by using effective values, Joule^s law apphes to alternating 
currents in the same form as for direct currents. 

In Fig. 21 the squared and effective values are compared to the 
current wave. It is of importance to note that the effective 
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values appear as continuous positive values and not half positive 
and half negative as m Fig. 20 for the average values. 

Alternating-current indicating voltmeters and ammeters give 
effective values, and in commercial work, unless specifically 
stated otherwise, volts and amperes always refer to effective 
values. 

Form Factor.—The ratio between the effective and average 
values is called the form factor, as this gives an indication of the 
shape of the wave. For sine waves the form factor is 1.11. 

Fundamental Equation.—Since voltage is generated by cutting 
lines of force, 'electrical generators are arranged so that the coil 
in which the e m.f. is produced alternates in position relatively 
to a magnetic field, or fiux, 0. Either the coil revolves in a 
field or the flux passes in and out of the turns. In a complete 
cycle the total flux would be cut four times by each turn of wire 
in the coil. Hence, if / is the number of complete cycles per 
second, the maximum flux and n the number of turns in series, 
the average voltage generated would be 

= 47i"^/ 10“® volts (40) 

This is the fundamental equation of electrical engineering. 

In the precedmg paragraphs the ratios between the average, 
maximum and effective values have been derived. 

"J 5 = volts (41) 

^E 

= ;^ = V2irn/"4>10-8 = 4.44w/''$10-8 volts (42) 

Equation (42) is the fundamental relation for alternating-cur¬ 
rent induction for sine waves. 

Frequency.—In alternators the armature conductors pass 
alternately under north and south poles and hence the generated 
voltage wave completes a cycle for each pair of poles. The 
number of cycles per sec. is termed the frequency of the alter¬ 
nating current. In the United States 60 and 25 cycles per sec. 
are standard frequencies for light and power. In Europe 50 
and 25 cycles per sec. are in general use. Other frequencies 
are in commercial use both in Ajuerica and Europe, but the 
advantages that come from standardization m frequency are 
very great so that by far the greater portion of industrial power 
plants operate at frequencies of 60, 50 or 25 cycles. 
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PROBLEMS 

. 1. An alternator has 36 poles At what speed must it run to give a 
current of 25 cycles frequency? 60 cycles? 

2. A ten-pole alternator has a normal speed of 1,660 r.p.m. What is the 
frequency of the generated voltage? 

3. What is the normal speed of a 00-cycle, eight-pole alternator? 

4 . A 110-volt battery is connected to a circuit containing resistance only. 

The direction of the voltage is reversed 60 times per second. The resist¬ 
ance IS 15 ohms. Plot the voltage and current waves to scale with time as 
abscissffi. 

6. The maximum value of a voltage wave of sinusoidal shape is 127 volts. 

(а) What is the effective value? 

(б) What is the average value? 

6. In a circuit having 15 ohms resistance 2,174 cal. of heat are generated 
in 6 min by a 25-oycle sinusoidal current. 

(a) Find the average, effective and maximum values of the current in the 
circuit. 

(b) Find the average, effective and maximum values of the voltage im¬ 
pressed on the circuit. 

7 . A 60-oycle sine wave whose average value is 246 volts is impressed on 
a circuit having 32 ohms resistance. 

(a) Find the effective, average and maximum values of the current. 

(b) Find the amount of heat (calones) generated in 30 min. 

8. The normal speed for a 24-pole alternator is 300 r p.m. What is the 
frequency of the generated e.m.f ? How many poles would a 25-cycle 
alternator have for the same speed? A 60-cycle machine? How many 
poles has a turbo-alternator that gives 60 cycles at 3,600 r p.m. ? 

9. In a testing laboratory a direct-current motor whose speed may be 
varied from 200 to 2,100 r.p m, is connected to the shaft of an eight-pole 
alternator. Fmd the range in frequencies that can be produced in the volt¬ 
age generated by the alternator? 

10. A 60-cycle alternator provides 50 amp. at 230 volts (effective values) 
for heating an oven (resistor type). What current would be required from a 
25-cycle alternator at 224 volts, to give the same amount of heat per min. ? 

For Experiments see page 577. 
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FORMS OF REPRESENTATION 

The importance of the simple sine wave in the study of alter¬ 
nating-current phenomena has made it desirable to use several 
forms of representation in order that the interrelations between 
the several factors in a given problem may be more easily under¬ 
stood and the resultant effect readily calculated. The methods 
in cdmmon use may be grouped as follows: 

1. Rectangular coordinates. 

2. Polar coordinates. 

I. Graphic 3. Vector diagrams, (a) Crank-phase diagrams. 

(6) Polar-phase diagrams. 

, 4. Topographic (see Chap. XXVI). 

1. Trigonometric functions. 

II. Analytic 2. Expotential functions (see Chap. XXVI). 

. 3. SjnnboUc or complex algebra. 

Rectangular Coordinates.—In Chap. II several simple sine 
waves and their corresponding trigonometric expressions have 
been discussed. In elementary alternating currents, equations 
of the simplest form, as equations (43) and (44) and Fig. 22, give 
the desired relations. 

i = "7 sin (wO (43) 

e = "7/ sin (coi + B) (44) 

The current in this case reaches a maximum, later than the 
corresponding maximum of the voltage, or the current lags 0° 
behind the voltage. 

Polar Coordinates.—In polar coordinates time is measured by 
the angle between the rotating radius vector and the reference 
axis; and the instantaneous value is given by the length of 
the radius vector. Rotation in the counter-clockwise direction 
is positive, and time is usually measured from the X-axis in the 
first quadrant. In Fig. 23 is shown the polar diagram of equa¬ 
tions (43) and (44) with the same scale and maximum values as 
in Fig. 22. 


23 
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The locus of a simple sine wave is a circle passing through the 
origin with a diameter equal to the maximum value. It is evi¬ 
dent that the maximum value of the current will occur when 

oj/ = 2 or 90°, and hence the diameter of the current locus lies 

along the 7-axis. The voltage reaches its maximum before the 
current and its locus is a circle whose diameter lies from the 
7-axis in the first quadrant. 

In revolving from 0° to 180° the radius vector traces the 
circular locus and this is equivalent to the positive half wave in 
the rectangular diagram. From 180° to 360° the same series 
repeats with negative values, and hence is laid off in the negative 



direction on the radius vector, and therefore retraces the same 
locus as for the first half cycle 

Vector Diagrams.—Quantities that can be fully determined by 
giving the value of one factor only are termed scalar Ex¬ 
amples: mass, length, time, common numbers. Such quantities 
have magnitude only and can be represented graphically for 
comparison by straight lines of proportionate lengths. Scalar 
quantities may be grouped or divided by the usual arithemetical 
operations. 

The sum of certain other quantities can not be determined 
from the known magnitude of the components. For example: 
If a person walks 3 miles east and 2 miles south, his distance 
from the starting point is not determined by stating that he 
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walked 6 miles. If three forces act on a body the resultant 
would equal the sum of the three only under the condition that 
all were applied at the same point and acting in the same direc¬ 
tion. If a force of 6 lb. acts horizontally due north, a second 
force of 2 lb. due west, while a third of 9 lb. is applied in a vertical 
direction, the resultant force acting on the body is not 6 + 2 -|-9j 
but 11 lb. If two simple harmonic waves of the same frequency 
are combined, the resultant maximum value will be equal to 
the sum of the component maxima only if the two reach their 
maximum values at the same time. For every other phase 
relation the resultant maximum wdl be less, A physical quantity 
that has both magnitude and either time-phase or space-phase 
position and direction is called a vector quantity, A line which 
by its position and direction represents the tune-phase or space- 
phase, and by its length the magnitude of the physical quantity, 
is termed a vector. In all vector diagrams it is customary to 
measure time as positive when the vector rotates in the counter¬ 
clockwise direction. 

Polar-phase Diagram.—In polar coordinates the length of the 
radius vector represents the instantaneous values of the fimction. 



For sine waves the loci are circles, and in order to keep the dia¬ 
gram as simple as possible it is customary to draw only the 
diameter of the locus, that is, the maximum value of the current 
or voltage. Since the current and voltage have the same fre¬ 
quency the condition of chief importance is their relative time 
position. In most problems in alternating currents the only 
factors under consideration are the relative time-phase positions 
and the maximum or effective values of the currents and voltages 
under discussion. The phase-vector diagram is thus independent 
of (d and can be drawn in any position. Thus in Fig. 24 the mag- 
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nitude and relative phase position of a current and voltage 
are shown in the jBrst quadrant. 

Crank Diagrams.—In dealing with simple harmonic functions 
it is often convenient to keep the rotating vector a constant in 
magnitude and let the instantaneous values be represented by 
the projections of the vector upon any fixed line through the 
origin selected as reference axis. This representation is called 
a crank- or clock-phase or vector diagram. Thus in Fig. 25 
let the line 5, of constant length, rotate in a counter-clock¬ 
wise direction. The time is measured by the angle cat while the 
instantaneous values of the sine function are represented by the 
projection of the line upon either the X- or the F-axis. Com- 



Fiq. 26. —Crank- Fia. 27. —Eectangular diagram. Fig 28 —Polar- 

phaso diagram. phase diagram 


paring the quantities in the crank diagram with an equation for a 
current wave of sine form, ^ = "J sin (cat), we have as follows: 
The vector OB represents the maximum value the angle 
XOB represents the time-angle cot; and the projection upon the 
F-axis represents i. 

The resultant of two sine waves having the same frequency but 
differing in phase is also a simple harmonic function. The plot¬ 
ting of these waves in rectangular coordinates is tedious and the 
values of the resultant can be more easily found by using the 
crank- or polar-vector diagrams. 

In Figs. 26, 27 and 28 are represented sine waves as given by 
equations (45) and (46); and the resultant sine wave as given 
by equation (47). 
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ei = "El sin (ost “yi) 

(46) 

ej = "Ei sin (oit + 7 a) 

(46) 

ej = "Ea sin {cat + 73 ) 

(47) 


The quantitative values used in Figs. 26, 27 and 28 are: 

"El = 80 volts 
"Ei = 60 volts 
"Ea = 127 volts 

TT 

yi = 10° = radians 


72 = 60° = I radians 


78 = 31° 


SItt j. 

radians 


For both polar and crank diagrams, time is measured by the 
angle from the X-axis and counted as positive in the counter¬ 
clockwise direction. It should be noted that vectors Ei and E 2 
reverse their position relative to Es in Figs. 26 and 28. This 
follows directly from what the diagrams represent. In the polar 
diagram, Fig. 28, the length of the radius vector represents the 
instantaneous value and hence the position of the vectors OA, 
OB and OC representing the maximum values of the three func¬ 
tions are determined by the values of ai, ^2 and as. With the 
Ime or representing time rotating in the counter-clockwise 
direction the function having the smallest value for a will be 
first to reach its maximum, and likewise the function having the 
largest value for a will be last in order to reach its maximum 
value. Hence the vectors E 2 , Es, Ei lie in the order given above 
the X-axis. In the crank diagram, Fig. 26, the instantaneous 
values are represented by the projections of the vectors upon the 
F-axis. Hence the maximum values rotate as vectors with the 
time, and therefore the vector E 2 with the largest 7 leads and 
El comes last in order, and the relative positions of Ei and E 2 
are reversed when compared with the polar diagram. This 
reversal in position of vectors in the polar and crank diagrams 
requires a reversal in signs when the functions are expressed by 
complex algebraic symbols as explained in the next paragraph. 
This change in sign has led to confusion. To remove this diflS- 
culty the International Electrical Congress in 1912 adopted as 
standard the complex notation corresponding to the crank- 
phase diagram. 
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Symbol of Rotation.—Mathematical symbols are useful for 
expressing concise statements in compact form. Such symbols 
as +, —, /. \/> etc., state completely more or less com¬ 

plicated operations. In dealing with scalar quantities the minus 
sign means simply subtraction; that is, part of the positive 
quantity has been removed. In vector quantities the minus 
sign indicates opposite direction from the vector with the positive 
sign. Since the application of the minus sign reverses the direc¬ 
tion of the vector, it is evident that the symbol — may be 
considered as an operator indicating rotation through 180®. 
Two applications of this operator would result in a rotation of 
twice 180® or 360®. In algebra (—)X( —) = (+). Successive 
applications make the direction of the vector alternately positive 
and negative. While working with harmomc functions, it is 

convenient to use an operator indicating 
a rotation of 90®. In the notation gen¬ 
erally used when discussmg alternating- 
current phenomena the symbol ''j'' indi- 
n X cates a rotation of 90° in the counter¬ 
clockwise direction. Thus, if in Fig. 29 
F represents a vector quantity, a force, 
for instance, then —F would represent a 
force along the Z-axis but in the opposite 
direction from F, likewise jF would 
indicate an equal force turned 90° so as to lie in the positive direc¬ 
tion along the F-axis. It follows that —jF must denote a like 
force in the negative direction along the F-axis. If the operator 
j indicates a rotation of 90° then two applications must result in 
a rotation of 180®. Stated in the form of an equation: 

jXj =j^ = (180°) = - 1 (48) 

Hence 

j = (49) 

j* = 1 (50) 

In ordinary algebra, quantities having the factor V— 1 are 

often called “imaginary'' The term is misleading by giving 
the impression of lack of reality of these quantities. The term 
quadrature corrt'ponent is more appropriate, as the relations 
between quantities having the factors 'n/ —H and the real values 


Fig. 29. 
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may be shown graphically by placing the two quantities in quad¬ 
rature. The factor \/^ or j may therefore be considered as 
an operator indicating a counter-clockwise rotation of 90° and 
is used to indicate a quadrature component or a quantity in 
time or space quadrature to the reference axis. 

Complex Quantities.—Expressions containing^ both the real 
and the ^'imaginary” or quadrature components are termed 
compleXj and the system of consistent operations for these quan¬ 
tities the algebra of complex quantities. Only the few simple 
operations used m alternating currents will be discussed. 

The laws of ordinary addition and subtraction apply with the 
one proviso that real and quadrature components must be taken 
separately, or graphically. The X and Y components taken 
separately may be added and subtracted in the same way as 



if there were only X or only Y quantities. In Fig. 30 let the hori¬ 
zontal and vertical components of jE?i and E 2 be a, c and &, d 
respectively. The corresponding complex equations would be 
(61) and (52). 

Ei = a+jb (51) 

E 2 ~ c jd (52) 


The sum of the X or real components is a + c; and the sum 
of the Y or quadrature components is fe + d. Hence the result¬ 
ant vector Ez is a complex quantity having a + c for the X 
component and 6 + d along the F-axis. 

Ez = ct “h c “h “h d) (53) 

It is readily seen that this method may be extended for three 
or more vector quantities and that the resultant can be found 



(1 i 







30 


ALTERNATING CURRENTS 


both graphically and algebraically. This is illustrated in Fig. 
31 and equations (54), (55), (50) and(57). 

El = 15+j8 (54) 

^2 = 12 - j20 (55) 

^3 = -7 - jl2 (50) 

The resultant: 

J &4 = 20 - i24 (57) 

The rules for ordinary multiplication and division can be 
applied to complex quantities with the additional factor j 
or a/ — 1 indicating a rotation of 90°. 

Multiplying the complex equations (58) and (59) gives the 
resultant complex equation (60). The corresponding graphical 
representation is shown in Fig. 32. 


X 

Fig. 32. 

A = 5+j4: (58) 

B = 2 j3 ( 59 ) 

AXB = (5+j4) (2+j3) 

= 10 + j8 + jl5 + y»12- 2 + j23 (60) 

In division the operation is stated in the form of a fraction. 
The denominator is rationalized by multipl 3 ring both numerator 
and denominator with the conjugate quantity as shown in 
equation (61). 

A _ a +jh _ (o + jb) (c + jd) _ (a + jb) (c + jd) 

B c — jd (c — jd) (c + jd) H- d* 

_ ac — bd j\d> + ad) 
c* + d* c® + d* 



(61) 
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PROBLEMS 

1. Given: e =» 80 ain (wi - 15°) volts. 

I = 60 sin [wt + 40°) amp 

(а) Draw curves for e and i in rectangular coordinates 

(б) Draw the corresponding polar-phase diagram 

(c) Draw the corresponding crank diagram Note on all the diagrams 
the angles wt, 15° and 40° 

2. Two alternators of the same frequency are connected in senes 

ei «= 120 sin {wC) 
ea = 100 sin (wi — 46°) 

(a) Draw the polar-phase diagram of the three voltages. 

(5) Draw the crank-phase diagrams. 

(c) Find graphically the value of "E&. 

(d) Find the value of Es. 

(e) Wnte the equation for ea, similar to those given for ei and ea 

3. Given 6i = 20 +;15. 

J^a = — 12 — jS 
- 17 -hilO 

(a) Fmd Si the resultant of Eij Ea and Ea 

(b) Draw the corresponding vector diagram (crank) for Ei, Eaj Ss and 
Si 

4. Given: a circmt with 2 ; = 5 + ohms. 

1 - S — j7 amp 
S = zi volts 

(a) Find the values of S and E. 

(b) Draw the vector diagram for S and /. 

6. Given, a circuit with 2=4+ jS, 

S = 50 - j20 



z 


(a) Find the values of /, I and "7 

(b) Draw the crank-vector diagram for /, "7, S and ^S, 

6. Given a circuit in which: 

e = 140 sin (wt + 10°) volts, 
t = 42 sin (wt — 12°) amp. 

(a) Fmd the effective values E and 7. 

(b) Draw curves for e and i in rectangular coordinates 

(c) Draw the corresponding polar-phase diagram 

(d) Draw the corresponding crank-vector diagram 

In (6), (c) and (d), show "7 and the angles wt, 10° and 12° as given in 
the equations 
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RESISTANCE, REACTANCE, IMPEDANCE 
SEMES CrRCOTTS 

In direct currents the relation between the current and voltage 
is given by the equation E = RI. In alternating currents 
magiiietic and dielectric induction enter as essential factors 
and must be taken into consideration with the resistance in 
determining both the quantitative and phase relations of the 
currents and voltages. Most commercial systems consist of 
networks with the three factors, resistance, inductance and 
condensance (capacity), distributed and intermingled in a more or 
less complex manner. It may be looked upon as a combination 
of a number of simple series and parallel circuits. In a simple- 
series circuit the current is the same throughout while the volt¬ 
age may be separated into parts. The voltage consumed by the 
resistance, inductance and condensance (capacity) may be found 
separately and the total obtained from the resultant of the 
several components. 

Resistance.—The effect of the resistance factor is the same for 
alternating as for direct currents. 

Assuming a sine wave 


i = "J sin (wO 

(62) 

For instantaneous values: 


= ri = r"7 sin (cot) 

(63) 

For maximum values: 


^rE - rV 

(64) 

For effective values: 


II 

(65) 


The voltage is similar to, and in time-phase with, the current. 

Let the current vector be placed along the X-axis. Since 
the voltage is in time-phase with the current the voltage vector 
will also lie along the X-axis, Fig. 33. 
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As already stated, the length of the vector represents the 
maximum value of the voltage or current. Since the ratio 
between the maximum and effec¬ 
tive value for sine waves is -s/2j 
a constant, it is evident that the 
length of the vector may also be 
drawn so as to represent effective 
values of voltage or current. It 
should be noted that when effec¬ 
tive values are used the diagram represents in magnitude constant 
quantities and also the phase relations of the maximum values. 

Inductive Reactance.—The magnetic field surrounding a 
conductor is proportional to the current. 




Fiq. 33. 


<j) = Li ( 66 ) 

The voltage consumed by the inductance in the circuit is pro¬ 
portional to the rate of change in the lines of force. 


d<t) 
“ dt 


From equations (66) and (67): 


T UlO 


(67) 


( 68 ) 


Assuming the current a sme wave from equation (62), 
for instantaneous values: 

^ cos (at) = cos (at) (69) 

for maximum values: 


%E = jo^L^I = (70) 

[or effective values: 

JE = joiLI = 3j,xI (71) 

The voltage consumed by the inductance is in time quadrature 
with the current; that is, the voltage will reach its positive 
maximum value of 90° before the current reaches the corre- 
gponding maximum. 

For the maxima and effective values the phase relation is 
mdicated by the symbol j. Placing the current vector along 
bhe Z-axis, the voltage vector will be at right angles and lie 
ipward along the F-axis, Fig, 34. By comparing the vector 
liagrams. Figs. 33 and 34, it is seen that for the same current the 
/oltage consumed by the inductance is in time quadrature 
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with the voltage taken by the resistance. The quantity caL 
or %rfL bears the same relation to the voltage consumed by the 
inductance as r to the resistance voltage. It is called the 
inductive reactance of the circuit and is represented by the symbol 
It should be noticed that is directly proportional to the 
frequency, while the resistance is independent of the frequency. 



Fig. 36 


In a. circuit having resistance and inductive reactance in series, 
as indicated in Fig. 35, the voltage consumed by the inductive 
reactance is in time quadrature with the resistance voltage. 
Hence the total voltage is the vector sum of the two component, 
vectors. 

For instantaneous values: 

eo = r'"! sin (co/) + cos (cot) (72) 

For maximum values: 

"^0 - r^I + 

_ MI I W 1? 

— Lab “T Lbd 


( 73 ) 
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For effective values: 

Eq = rl + jjxl — tE + jJJ = Eab + Ebd (74) 


In Fig. 36 is shown the vector diagram of the voltages and 
current in a circuit having a resistance of 8 ohms in series with 
an inductive reactance of 5 ohms. The current is 12 amp. 

Since the vectors for and are in phase quadrature their 
sum equals the square root of the sum of the squares. 

io = VrE^ + (76) 

Hence the three voltmeters connected as indicated in Fig. 
35 would read rE = 96, jE = 60 and E^ = 112.7 volts. 

Condensive Reactance.—The dielectric flux between two con¬ 
ductors is proportional to their difference of potential. 

yp ^Ce (76) 

Any increase or decrease in the dielectric flux requires or pro¬ 
duces a corresponding flow of current in the condenser circuit. 


Hence: 


dyj/ 
^ ” Tt 


fidt r, , . 

cB = / / Sin {(at) at 


For instantaneous values: 


^ COS (cat) = — cO;"/ cos {(at) 


(77) 

(78) 

(79) 

(80) 


For maximum values: 





(81) 


For effective values: 


oE = 



(82) 


The factor —is 
(a(J 


called the condensive reactance and is repre¬ 


sented by the symbol cX. 

A circuit having resistance and condensance in series is repre¬ 
sented in Fig. 37. The corresponding vector diagram is shown 
in Fig. 38. The voltage consumed by the condensance is repre- 
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sented by a vector along the F-axis and 90® behind the resistance 
voltage. The total voltage is the resultant of the two component 
voltages. 

The circuit represented in Figs. 37 and 38 has a 6-ohm resist¬ 
ance, 12-ohm reactance and a current of 5 amp. 

For instantaneous values: 

eo == r"/ sin (cot) — eO;"/ cos (coi) (83) 

For maximum values: 

^Eo = rV - (84) 



For effective values: 

E = rl - jaxi = rE - jcE ^ Eab + Ad (86) 

The absolute or numerical value of the total voltage is the 
square root of the sum of the squares of the voltages consumed 
by the resistance and reactance. 

Eo = Vr’‘P + = IVP + = VrE^ + ( 86 ) 

Impedance.—^In Fig. 39 is represented a circuit having resist¬ 
ance, inductance and condensance in series. 

Let I = 7.5 amp.; r = 5.4 ohms; j.x = 4.0 ohms; and cO: 
= 8.2 ohms. 

The equation of the circuit is: 
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For instantaneous values: 

Co = r"! sin (w<) + iX"! cos (toi) — c*"/ cos (w<) (87) 

eo = 5.4-\/2*7.6 sin (to/) + 4.0 • • 7.5 cos (to/) 

-8.2.A/2.7.5 COS (coi) volts 


For maximum values: 

= ( 88 ) 

= 5.4 • \/2 • 7.5 + j4.0 • \/2 • 7.5 - i8.2 • \/2 • 7.5 volts 


For effective values: 


.Bo = rJ + — jjxl = rl + jl{a — «a:) 

= 5.4-7.5 +i7.5(4.0 - 8.2) volts 

= ^ab + Eid + Ede 


‘y^/WW^r^ 


.£-1 

'ooooDoiTn 


.nr 


Fio 39. 


Let a: = I® — „« = — 4.2 
ilo = I(r + jx) 

= 7.5(5.4 — j4.2) volte 

Let z = r + JX or, Z = \/r^+ x^ 

= 5.4 -j42 = \/5.4>‘ + 4.2* = 6.85 ohms. 

Ea = zi or Eo = ZI 

= 6.85 7.5 = 61.4 volts 


(89) 


(90) 

(91) 

(92) 

(93) 


This factor Z ox z in equation (93) is called the impedance 
of the cucuit. By replacing the resistance as used in direct 
currents with the impedance, Ohm’s law ts reestablished for alter¬ 
nating currents, or stated in its complete form for all electric (Circuits. 
In Fig. 40 is shown the vector diagram corresponding to the 
circuit in Fig. 39. The resultant voltage vector along the 
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F-axis is the difPerence of the voltages consumed by and cX 
The total voltage is the vector sum of the resistance voltage on the 
X-axis and the difference of the two reactance voltages. Instead 
of drawing the voltage vectors through the origin, as in Fig. 40, 
it is sometimes less labor to draw a triangle of the voltages 
as shown in Fig. 41. 

Since 7 is a common factor, a right triangle may also be formed 
from Xj r and z as shown in Fig. 41. This is called the impedance 
triangle. The complex expression 2 = r + jx, from equation (92), 
indicates the same relation. Resistance, reactance and imped¬ 
ance are, however, not vector quantities like current and voltage, 
but merely act as operators. 




PROBLEMS 

* 

1 . Given a oirouit as shown in Fig 35 / = 7 amp.; r = 6 ohms; L = 

0.02 henry; / =* 60 cycles 

z = r +j(2irfL) = r 

(а) Find rF, j,Ej Eq. 

(б) Draw vector diagram for /, rE, s-^d jSo 
(c) Draw the impedance triangle. 

2. Same circuit and data as for problem 1, except the frequency is 25 
cycles. 

3. Circuit diagram as in Fig. 37 The impressed voltage, Ea => 220 
volts; r = S ohms; C = 320 mf.;/ = 60 cycles 
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(a) Find /, rE and cE 

(b) Draw vector diagram showing 1, and J&o 

(c) Draw the impedance triangle. 

4, Same ciromt and data as for problem 3, except the frequency is 25 
cycles. 

6. Circuit diagram as in Fig. 39. The impressed voltage, Eq = 240 
volts; r = 6 ohms; L = 0.05 henry; C — 273 mf.; f = 60. 

e = r +j (2irfL - = r +j(j,x - cx) 

(а) Find /, rE, JS, eE and xE. 

(б) Draw a vector diagram showing t, rJ&, m6j Eo, 

(c) Draw the impedance triangle. 

6. Same circuit and data as m problem 5, except the frequency is 25 cycles. 

7. Headings taken in the laboratory with an alternating-current volt¬ 
meter in series with a telephone condenser and directly across a 60-cycle 
line are respectively 47.0 and 114.0 volts. The resistance of the voltmeter 
is 3,500 ohms and its reactance is neghgible. What are the impedance and 
condensance of the condenser, assunung that there is no energy loss in it? 

For Expenments see page 578. 
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Let the voltage for both circuits be 120 volts. 


ri* + 

r _ 

^ ~ ri* + 


12 


12 * + 10 * 
10 

12 * + 10 * 


= 0.0492 mho. 
= 0.0409 mho. 


h = giE — jb\E = 0.0492^^ — j0.0409.E amp. 


&2 

U 


n 

ra* + «a:a* 

c^2 

ra* + eSJa* 


8 


8* + 15* 

15 

8* + 15* 

= gii! + jbitl = 0.0276J? + J0.0519.& amp. 


= 0.0276 mho. 
= 0.0519 mho. 


( 102 ) 


(103) 


The total current is the vector sum of the component currents 
as shown graphically in Fig. 45 and analytically by equation (104). 

h = h + U = 0.0492.^ - j0.0409i? + 0.0276^ 

+ J0.0519.B = (0.0768 + jO.Oll).^ = (^o + 3ho)tl (104) 

I = £^V'(^o* + 6o*) = 0.0843S = 10.12 amp. (105) 

Ohm’s Law.—From the discussion in this and the previous 

chapter it is evident that Ohm’s 
law may be expressed either by 
equation (106) or equation (107). 

E = zt (106) 

t = yE (107) 

Therefore the joint imped¬ 
ance of a number of series-con- 
nected impedances, if expressed 
in complex quantities, is equal 
to the sum of the individual im¬ 
pedances; the joint admittance 
of a number of poroMel-connected admittances, if expressed in 
complex quantities, is equal to the sum of the individual admit¬ 
tances. In diagrammatic representation, combination by the 
paraUelogram law takes the place of addition of the complex 
quantities.'^ 

Kirchhoff’s Laws.—^For direct currents Kirchhoflf's laws state: 

(a) The sum of all the electromotive forces in a circuit equals 
zero. ZE = 0. 
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(&) The sum of all the currents flowing to a point is zero. 

Zl = 0 . 

In alternating currents the phase relations as well as the mag¬ 
nitude of the component parts must be included. Any voltage 
wave can be resolved into a component in phase with the current 
and a second component in quadrature with the current. In 
combining several voltages these components must be taken 
separately, as neither can have any effect on the magnitude of 
the other. Likewise the currents can be resolved into one com¬ 
ponent in phase with the voltage and a second component in 
quadrature with the voltage. For the same reason neither of 
these components can have any effect on the magnitude of the 
other, and therefore must be taken separately when several cur¬ 
rents are combined. 

Kirchhoff's laws, therefore, reestablished for alternating cur¬ 
rents are: 

(c) The sum of aU the real components and the sum of all the 
quadrature components of the electromotive forces in a circuit 
equal zero. 

= 0, or -LrE = 0 and SJS = 0 (108) 

(d) The sum of the real components and the sum of the quad¬ 
rature components of currents flowing to a point equal zero. 

s/ = 0, or 2j7 = 0 and = 0. (109) 

PROBLEMS 

1 . Given a circuit having a constant reactance of 0.6 ohm in series with 
a resistance that can be varied from 0 to 3 ohms. Plot curves for imped¬ 
ance, admittance, conductance and susceptance as ordinates and with 
resistance as abscisssB. 

2. Given a circuit having a constant resistance of 0.5 ohm in series with 
a reactance that can be varied from +2 ohms (inductive) to —2 ohms 
(condensive). Plot curves for impedance, admittance, conductance and 
susceptance as ordioates and with reactance as abscisssB. 

3 . A hot-wire galvanometer having a resistance of 4.3 ohms is shunted with 
a 0.005-mf condenser. What percentage of the total current will pass 
through the meter at frequencies of 3,000, 30,000, 300,000 and 3,000,000 
cycles? 

For Experiments see page 679. 
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SOLUTION OF CIRCUITS 


Having in the preceding chapters shown that Ohm’s and 
Kirchhoff’s laws, when expressed in their complete form, apply to 
alternating currents, we are in position to calculate alternating- 
current circuit networks containing resistance, inductive react¬ 
ance and condensive reactance in as concise a manner as for 
direct currents. The symbols and expressions for the circuit 
constants and the equations for Ohm’s and Kirchhoff’s laws as 
applied to alternating currents are grouped for ready reference. 


Resistance - »* - ^2 ^ js - ^2 + (J (HO) 

Reactance = x == ,x - ^ (111) 

Impedance = z = r ± jx = r + j(^x — ^3!) = ^ (112) 

Impedance = Z = \/r^x* = s/r^ + = y (113) 


Conductance = g = 


r* + a:® r* + (^i — 


Susceptance = 6 = ® f (115) 

Admittance = y — gTfl = g— j(.J> — J}) = - (116) 

Admittance = Y = ■\/g^ + =-K/g^ + (J) — J)Y = ^ (117) 

Ohm’s law in notation indicatmg both magnitude and phase 
relations; 

E = zi <= (r + jx)t = [r + - ^a;)]/ (118) 

t = yE={g- jb)E = \g- j(J} - Jb)]E (119) 
For absolute values without directly indicating phase relations: 
E = Z1 = iVr^ + x^ = iVr^ + Ux - cxY (120) 

J == YE = EVg^ + 6* = EVg^ + {J> - ^Y (121) 
44 
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Kirchhoff’s law in notation indicating both magnitude and phase 
relations: 

Sj& = 0 or IirE = 0 and Sj*® = 0 (122) 

SJ = 0 or 'Zgl = 0 and 2 ^ 5 / = 0 (123) 

From the above equations it is evident that the field of con¬ 
stant direct currents is merely the special case of alternating 
currents when / = 0. The energy stored in both the magnetic 
and the dielectric fields under this condition remains constant, 
and hence only the electric circuit need be considered in direct- 
current problems. 

It is obviously impossible to discuss all of the infinite variety 
of combinations which can be imagined or which may exist in a 
network of circuits; therefore, only some of the simpler and more 
common types will be considered. 

Symbols.—In the circuit diagrams certain symbols are used 
to represent the quantities and the arrangement of the instru¬ 
ments in the circuits Thus resistance is indicated by a saw¬ 
tooth line -AAA/WVW'; inductance or inductive reactance by 
a coil condensance (capacity) or conden- 

sive reactance by condenser plates -1|-. A variable 

resistance is indicated by VAAAAAAAA^; ^ variable inductive 
reactance by ^0 0 qJlO 0 ^ variable condensive reactance 

by J . The symbol f\j indicates a complete cycle. 
The notation used in the text may readily be kept in mind by 
referring to the corresponding circuit and vector diagrams. The 
subscripts in the lower right-hand comer give the position in 
the circuit while the subscripts in the lower left-hand corner 
indicate the nature of the circuit. Thus, ,rr 2 indicates inductive 
reactance m circuit No. 2; and cXi indicates condensive reactance 
in circuit No. 1. Similarly, jJEs indicates the voltage consumed 
by the resistance r in circuit No. 3; and oh the condensance 
current fiowing in circuit No. 2. The dots above E and I 
indicate a complex or vector nature of the voltage and current, 
while the same letters without the dot stand for the absolute 
or numerical valuea 


L SERIES CIRCUITS 
A. Resistance and Inductance. 

Problem 1.—Circuit diagram. Fig. 46. Vector, diagram. 
Fig. 47. 
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Given: r = 4.8 ohms; L — 0.02 henry; J = 10 amp.; / = 60 
cycles. 

P'ind: JE, Eo, Ea, do, cos dg. 

fE = rl = 48 volts = Eat. 
lE = i®7 = 2nrfLI = 75.4 volts = En. 

Ea = t(r + ji*) = rE + jj! = 48 + ^75.4 volts = Eai. 
Eo = VrE^ + .E* = V48» + 75.4* = 89 4 volts = E^d. 


do = tan -‘= 57“ 31'; cos flg = 0.537. 

T 


*1' 

■jr^AAWA^V-j-TR) 


T 

Fig. 46. 



Problem 2.—Given the same circuit as in Fig. 46 with r, L and / the same 
as in problem 1, but / = 25 cycles 
Find: r^, Sq, Eoj Bq and cos 0a. 

Draw the corresponding vector diagram. 






”pr^wwwy/v-j'oootot<r^ 

E. S 

If e 

■■>Y^(RJtoootf^jVVW\AMr^ 

*1' /;■ 

Fio 48. 


Problem 3.—Circuit diagram, Fig. 48. Vector dingrpm Fig. 
49. 

Given: n = 8.2 and rj = 2.7 ohms; Li = 0.01 and La = 0.03 
henry; / = 25 cycles; 7 = 10 amp. 
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IFiud. r^2) xi^h -^0> -^Oj ^li ^2i ^Oj COS ^Q. 

rEi = riJ = 82.0 volts = Eat. 

= ^a;iZ = 16.7 volts = Ea. 

El = ly/ri^ + = 83.5 volts = Ead. 

r®2 = raZ = 27.0 volts = Ed,- 
JEi = = 47.1 volts = Eaf. 

Ei = ZVra* + *®2® = 54.2 volts = Ed/. 
rE =rEl + rEa = 109.0 VoltS. 

^E = ^Ei + JEi = 62.8 volts. 
io = rE + LE = 109.0 + i62.8 volts = ila/- 
Et = VrE^ + ^E^ = 125.7 volts = Ea/. 

di = tan-15^ = 10° 50'. 02 = tan'^s^ = 60° 10'. 

n Ti 

flo = tan-i‘“'^ t = 30°; cos = 0.866. 

7*1 + r2 



Problem 4. —Same circuit and constants as in problem 3 except the 
■equency is 00 cycles per sec. 

Draw vector diagram and find rEi, rE%, ^E^j Ei, E^, rE, ^E, jJo, Eq, 
L, di, do and COB do 

B. Resistance and Condensance. 

Problem 6.—Circuit diagram, Fig. 50. Vector diagram, Fig. 51. 
Given: r = 6.3 ohms; C = 440 mf.; 7 = 10 amp.; / = 50 
ycles. 

Find: JI, j&o, Bq, 0^ and cos Bq, 
rE = rl — 63.0 volts = Fat. 
oE = t^I ^ 72.4 volts = Ebd^ 

Eo = i(r — jcx) = rE — joE = 63.0 — i72.4 volts = Ead- 

Eq = 7\/= \/tE^ + oE^ = 95 9 volts = Ead- 
7 24 

B = tan-i ^ = 49°; cos B = 0.656. 

D.O 





48 ALTERNATING CURRENTS 


Problem 6.—Given the same circuit and constants as in problem fi except 
/ = 60 cycles 

f'ind: rEj eEj J^oj Eqj $o and cos So. 

Draw the veetor diagram. 



63. 

ri = 8.0 and rg = 3.5 ohms; Ci = 800 and Cg = 250 mf.; 
7 = 10 amp.; / = 60 cycles. 

Find; c^iy r^ 2 t o^i) e^y ^iy ^Qy Soy diy dij and do, 
rEi = rj = 80.0 volts = Eab- 


f 


VWVWWV ' II 

^ ^ n 


"1 


j II * ^/WWWVWVy-l 


Fig. 62 . 


rEi = rgj = 35.0 volts = Ea,. 

«Ei = i^il — 2 ^^^ = 33.2 volts = Ebd. 

oEi = cXil = 106.1 volts = Eef. 
rE = rEi-\- rEi = 116.0 VOltS. 
cE = oEi + J!i = 139.3 volts. 

El = 7(ri - jcxO = rEi- jcEi = 80 - j33.2 volts = JEad. 
Ei 7 ( 7*2 “ rEi JcEi = 35 —j 106.1 volts = E^f, 
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6{i =» /[(fi + r 2 ) — jG»i + c® 2 )] *= 115 — >139.3 volts =>■ .£»/. 
Eb = Vr®’ + cE^ = 180-6 volts = Eaj. 

6i = taii~* — = 22° 33^. 
ri 

= tan-i^^ = 71° 45'. 

rj 

0, t —= 50°26'. 

ri + r2 



rpblem 8.—Given the same circuit and constants as in problem 7 except 
26 cycles. 

ind* r^ij e^lj 0 ^ 2 ) r^j ^ 2 } ^Oj ^2 and Oq 

raw the correspondmg vector diagram. 

I. Resistance, Inductance and Condensance. 

^oblem 9.—Circuit diagram, Fig, 54. Vector diagram, 

. 55. 

3iven: r = 4 2 ohms; L = 0.03 henry; C = 450 mf., / = 10 

p.,/ = 50 cycles, 

indi jMj oEf JE?o, -E-o and ^o* 

E = r/ = 42.0 volts. 

E = 2TfLI = ^xl = 94.2 volts. 

^ ^JC ^olts 

So = l[r +j{^x — cx)] = rE +ji^E - cE) = 42.0 +j23.5 volts, 
^0 = ly /= 48.1 volts. 
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da = tan-i - = tan-^ = 29° 16'. 

r r 

Problem 10.—Given the same circmt and constants as in problem 9 
except the frequency is 25 cycles per sec. 

Find rEj iMy eEj Eq and 0o* Draw vector diagram. 

Problem 11.—Given the same circuit and constants as in problem 9 
except / =“ 40 cycles. 

Find: rEy lE, cEj J^q, Eq and 9q. Draw vector diagram. 

In a series circuit all the voltage absorbed by resistance 
is in phase with the current. Hence the total resistance voltage 
is the product of the arithmetical sum of all the resistances by 




~p~-VWWWVV— | [ ■ 

1 

' 4 .^ 

Fio 64 



the current. This will be true whether the resistance is distrib- 
uted over the circuit or concentrated at one or more points. 
Since the condensive reactance is of opposite sign to the inductive 
reactance, the sum of all the reactances in the circuit is equal 
to the algebraic sum of the separate inductive and condensive 
reactances. Thus in a series circuit as shown in Fig. 66 the total 
resistance voltage is found by multiplying the sum of all the 
resistances by the current. Likewise the total voltage taken in 
quadrature mth the current is found by taking the product of 
the current into the algebraic sum of all the reactances. 

Problem 12, Circuit diagram, Fig. 66. Vector diagram 
Fig. 57, ’ 
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Given: n - 6.0; = 6.6; c«i = 12.0; n = 2.5; o®a = 5.5; 

= 10.0; «a:s = 7.4; rs = 8.8—all in ohms; 7 = 10 amp.; 
/ = 60 cycles. 

Find: Fo, and Bo. 

■^0 = jf {(J"! + ?■* + U) + j[(i3Jl + lA^s) — (c*i + <!*S + aXi)]} = 

10[16.3 + j(16.6 - 24.9)] = 163 - ^83 volts. 


Hence the voltage in phase with the current is 163 volts and 
the quadrature component is 83 volts, with the current leading 
the voltage. 

Eo = "Vies* + = 182.7 volts. 

e = tan-1 ^ = 26° 56'. 



Fig. 66. Fig 67 


Problem 13.—Given the same circuit and the same resistance, inductance 
and condensance as in problem 12. / = 60 cycles. 

Fmd: JJo, Eq and ^o. Draw vector diagram 

Problem 14.—Given the same circuit and the same inductance, condens¬ 
ance and resistance as in problem 12. / = 25 cycles 

Find: j&o, Eq and ^o. Draw vector diagram. 

D, Resonance.—In any series circuit having a given induc¬ 
tance and condensance the relative value of the inductive and 
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(naive reactance depends on the frequency of the current, 
2jrfL; cX = 

jice lO; is directly and cX inversely proportional to /, a fre¬ 
quency may be found at which oX or TnrfL = and 


27r/C' 


hence for resonance, / = 


(124) 


%rVLC 

For the frequency at which jjx = cX the circuit is in resonance 
and the resistance alone opposes the flow of current. Hence 
under resonance conditions E = r7, since re = = 0. 

It should be kept clearly in mind that a circuit must contain 
both inductance and condensance in order to give resonance. 


Problem 16.—Circuit diagram, Fig 68. 

Let r = 0.6 ohm; L => 0.05 henry; C =* 400 mf ; = 100 volts. 

(а) Find the frequency for resonance. 

(б) Under resonance conditions, find /, lE, Ej tE, and draw vector 
diagram. 

(c) Plot curves using frequencies from 0 to 100 as absciassa and the corre¬ 
sponding values of ta;, Xj 2 , 7, zB, JS and E as ordinates. 


It is seen that this method of solving circuits may readily be 
applied to all possible combinations of resistance, inductive react¬ 
ance and condensive reactance in 
series. The order of the various 
parts is of no consequence in de¬ 
termining the relations of the cur¬ 
rent and the total voltage. Since 
the current is the same through¬ 
out, it can to best advantage be 
selected as the reference vector. 
Then aU the resistance will absorb 
voltage in phase with the current. 
Hence the total voltage absorbed 
by the several resistances in the circuit must be equal to the prod¬ 
uct of the sum of all the resistances into the current. The vec¬ 
tor for the resistance voltage is in phase with the current vector. 

Likewise the total reactance is the algebraic sum of all the 
reactances in the circuit. Inductive reactance is considered as 
positive and condensive reactance as negative. The total 
voltage absorbed by aU the reactances is equal to the product 
of the algebraic sum of all the reactances in the circuit by the 


r 


M *£•-] 

ooooW(ni(n>’—1|—^ 


vwwwwv 
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current. The reactance voltage is in time quadrature with the 
current and hence the corresponding vector will be in quadrature 
with the current vector. 

The total voltage consumed by both the resistance and the 
reactance is the square root of the sum of the squares of the 
resistance and the reactance voltages. These relations are 
expressed by equations (125) and (126). Let the sum of all the 
resistances in the circuit be ri + r 2 + rs + etc. = jffi. Let the 
sum of all the inductive reactances in the circuit be jXi + 
t,Xz + etc. = jX) and the sum of all the condensive reactances 
be cXi + + oXz + etc. = X- 

Eo = [R + j{X - X)]Io (125) 

Eo = IoVR^ + i,X - oX)^ = ZIo (126) 

By referring to the vector diagram certain simple relations 
between the total voltage and the voltages of the parts of the 
circuit may be noted. 

• (a) If non-inductive resistances are connected m series, the 
sum of the several voltages is equal to the total voltage. Like¬ 
wise if condensers are connected in series with short pieces of 
wire so as to make the resistance negligible, the sum of the several 
voltages is equal to the total voltage. Commercial inductive 
reactances have more or less resistance but if the resistance is 
relatively smaU the voltage will be almost entirely absorbed by 
the inductive reactance. 

(b) If the time constant, that is, the ratio between the induc¬ 
tance and the resistance, is the same in two coUs connected in 
series, then the total voltage is equal to the sum of the two volt¬ 
ages across the coils. By drawing a vector diagram it becomes 
evident that the impedance drops for the two coils lie in the same 
straight line. 

(c) When resistance, mductive reactance and condensive 
reactance are connected in series the sum of the separate voltages 
is always larger than the total voltage. Since the inductive and 
condensive reactances give opposing effects the total voltage 
may be less than the voltage consumed by either the inductive 
or the condensive reactances. 

n. PARALLEL CIRCUITS 

The constants of parallel circuits are often given in terms of 
resistance, inductance and condensance, or resistance, inductive 
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and condensive reactance and impedance of each of the parallel 
circuits. In order to find the total current, the relative phase 
positions as well as the magnitudes must be taken into con¬ 
sideration. By converting the constants given in ohms to the 
corresponding values in mhos, that is, into conductance and 
susceptance, the components of the current in phase with the 
voltage and the part in quadrature may be separated. The 
total current can then be found in the same manner as the total 
voltage is found in series circuits. 

A. Resistance and Inductance. 

Problem 16.—Circuit diagram, Fig. 59. Vector diagram, 
Fig. 60. 

Given: gi = 0 . 22 ; bi == 0.00; g% == 0.00; and 162 = 0.12 mho; 
Eq = 100 volts. 



Find: A, A, A, Iq^ tfo. 

A = — jbiE = 0 . 22 -B = 22.0 amp. 

A = 02 ^ — jME = — jO,12E = — jl 2.0 amp. 

A = A + A = 22.0 — jl2 0 amp. 

Iq = 'S/h^ + = 25.0 amp. 

00 = tan-1 = _ 28° 35'. 

Problem 17.—Circuit diagram, Fig. 61. Vector diagram, 
Fig. 62. 

ri == 6.4 ohms i.xx = 4.8 ohms. 

= 2.4 ohms, = 8.0 ohms, 

E = 100 volts, / = 60 cycles. 


Find: gfi, ^ 2 , ^0, l^i, 5o, 2/0, Ii, A, oA A, /o,' 
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5 I , = 0-0760 mho. 

M f * ■ = 0.1148 mho. 

r2* + 

go = gi + ga = 0.1344 mho. 
bo = J)i + 162 = 0.1898 mho. 

Vo = go — jbo — 0.1344 — j0.1898 mho. 

ii = (ffi — jJ>i)E = (0.10 — j0.076)S amp. 

ia = iga — jJ>a)E = (0.0344 — j0.1148)S amp. 

to = ii ^ ia = (go ~ jbo)^ = (0.1344 — jO.1898).^ amp. 

Jt — goE = 13.44 amp. 



bt = boE = 18.98 amp. 

lo = ■%/(,/* + &/* = Ey/go^ + 6o* = 23.25 amp. 

00 = tan-i-^ = -54“ 40' 

00 

Problem 18.—Given the same circuit os in problem 17 and let E = 100 
volte and / = 25 cycles. 

Knd: gt, 5oi yo, «/, it, to, lo and So Draw the vector diagram 

B. Resistance and Condensance. 

Problem 19.—Circuit diagram, Fig. 63 Vector diagram, 
Fig. 64. 

Given: = 0.32; c6i = 0.00, ^2 = 0.00; 0*2 = 0 21 mho; 

E = 100 volts. 

Find: 7i, 1^, h, lo and 0o. 
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to — ti+ jii = (0.32 + j0.21)E amp. 
lo-=E V'O.32* + 0.212 = 3g.26 amp. 

do = tan-^ - = 33“ 17'. 

90 



Problem 20.—Circuit diagram, Fig 65. Vector diagram, 
Fig. 66. 

Given: n = 9.0; r 2 = 12.0; cXi = 15.0; cX^ = 10.0 ohms; 
E == 100 volts;/ = 25 cycles, 

Fmd, ^ 1 , Q 2 y o5i, ^ 2 ) ^Oj 2/oj -^ 2 ^ g^y hi} ^Qy loy ^Xy ^2 and ^o* 


-r.. ““94 ">!<-• 



it- ■ , . - 0-0490 nio. 

ri2 4- o®i® 
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go =-ffi + ffa= 0.0786 mho. 

6o = e&i + = 0.0900 mho. 

t /0 = go + jho = 0.0786 + io.0900 mho. 

A = (ffi + = (0.0294 + j0.0490)JS amp. 

A = (ffs + ioba)J^ = (0.0492 + j0.0410).B amp. 
gt = gtE = 0.0786S amp. 

= jboE = jO.OQOOE amp. 

lo = + iP = EVgo’^ + = 11.95 amp. 

01 = tan-i ^ = 59° 1'. 
gi 



Fia. 67 . 



di = tan-1 ^ = 39° 52'. 

go 

00 = tan-i- = 48° 52'. 

fl'o 

Problem 21.—Given the same circuit as in problem 20 with = 100 volts 
and/ = 60 cycles. 

Fmd. ^ 1 , ^s, ^ 0 , fl&i, cbs, &o, 2/o, h, tij gti o/, /o, /o, 0i, ^s, Draw the vector 
diagram. 


C. Resistance, Inductance and Condensance. 

Problem 22.—Circuit diagram, Fig. 67. Vector diagram, 
Fig. 68. 

Given: ri = 3.4, r 2 = 8.5; o^i = 6.6; ^012 = 4.1 ohms; E = 
100 volts;/ = 60 cycles. 

Find: go, bo, yo, Ii, I2, gty blj loj Iq} ^2 and 60. 


mho. 


= 0.062+0.096 = 0.158 
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to = c5i — i6a = 


n 


<^i 

* + ciCl* 


rs® + iXa® 

= 0.120 - 0.046 = 0.074 mho. 


j/o = ^0 + jba = 0.158 + j0.074 mho. 

{i = (?i + 3 Jbi)E - (0.062 + y0.120).B amp. 
h = (ffa_ — 33>^E = (0.096 — jO 046).B amp. 

,1 = gt^ = 0 158.B = 15.8 amp. 
it = jhoE = jO.Olitl — j7.4 amp. 
to = (go + jbo)^ ~ (0.158 + i0.074).ff amp. 
lo = Vff/® + &I® = VgTTWE = 17.5 amp. 

di == tan-® — = 62° 40'; = tan"® ^ - 25° 39'; 

9 92 

Bo = tan-® — = 25° 8'. 

9o 


I^oblem 23.—Given the same circuit as in problem 22, with E = 100 
volts and / = 40 cycles. 

Find: ^o, &o, yo, /i, /a, &■?, <?/, ^o, /o, ^2 and ^ 0 . Draw the vector 

diagram 


Problem 24.—Circuit diagram, Fig. 67. Vector diagram, 
similar to Fig 68 . 

Given: ri = 0.1; r 2 = 0.3; cXi = 8.4; = 6.4 ohms. E — 

100 volts;/ = 60 cycles. 

Find: ^ 0 ; 60 , yo, /i, /a, gp/, &/, Jo, Jo, ^ 1 , ^ 2 , ^o- 


^^0 =^®+=0 0014 +0.0102= 


60 = 061 — = 


cXi 


1 X 2 


ri® + r2® + 1 X 2 ® 


0 0116 mho. 
= 0.1190 - 0.1844 = 
—0.0654 mho. 


J/o = ffo + jba = 0.0116 — ,‘0.0654 mho. 
ii = (?i + 3 ^i)E = (0.0014 + ,‘0.1190)i? amp. 
h = (9i- 3J>i)i! = (0.0102 - ,‘0.1844)1? amp. 
pj = qqE = 0.0116^ = 1.16 amp. 
hi = jboiJ = —/0.0654& = /6.54 amp. 

Jo = (Qq + jbQ)E = (0.0116 — y0.0654)iS? amp. 

Jo = 'S/gP + bJ* == y/go^ + bo^E = 6.64 amp 

Bi = tan-i^^' = 89° 19'; Bi = tah-®— = - 86° 35^ 
9i 9i 

Bo = tan-® ^ = - 79° 45'. 

Qo 



SOLUTION OF CIRCUITS 


59 


Problem 26.—Given the same circuit as in problem 24 with E — 100 
volts and/ ■= 25 cycles. 

Knd: gt, bo, po, ti, h, J, bl, ta, lo, fli, ffs, 9o Draw vector diagram 

Problem 26.—Circuit diagram, Fig 69. Vector diagram. 
Kg. 70. 



Fia. 09. 



Given: ri = 1.5; rt = 5.6; rj = 7.0; ,,xi = 3.4; eXi = 6.5; 
=^4.7; = 8.2 ohms; E = 100 volts; / = 60 cycles. 

Find: go, bo, yo, io, lo, So- 

go^9r + go + gz = ^ 

= 0 1264 + 0.1045 + 0.0601 = 0.2910 mho. 
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bo = hi ii ~h ~ 2 ° "I” « 

ri* + (^1 - cXiy Ti 

= 0.260 + 0.088 - 0.0705 = 0 2775 mho. 
Vo ~ do jbo — 0.2910 + jO.2775 mho. 
to = yoE = (0.2910 + j0.2775)il amp. 
lo = YoE = -v/fifo* + bo^E = 40.2 amp. 

do = tan-i^ = 430 38 '. 

9o 


cXs 

* + ca; 2 ^ 


a® + ^a* 


Problem 27.—^In the same circuit as in problem 26, let the applied voltage 
be 100 volts and the frequency 25 cycles. 

Find: goj 6 o, Vq, ti) /a, /*, gts -^o, To, ^o, Oi, 0%, Os* Draw the vector 
diagram. 


D. Resonance.^—In series circuits, Fig. 68 , under resonance 
conditions the voltage across either the inductance or the con- 
densance may be greater than the total voltage impressed on 
the circuit. Similarly in parallel circuits the current in either 
circuit as 7i or 72 iu Fig. 67, may be greater than their result¬ 
ant 7o. To produce a marked difference, ri and r 2 must be 
small in comparison to and 00 : 2 , and hence gi and must be 
small in comparison to 161 and ^ 62 - The system is in resonance 
at the frequency for which the total achnittance, yi + 2 / 2 , is a 
mininnum. For values of ri and r 2 for which and cQz are 
negligibly small in comparison to ^bi and 062 resonance exists 
when J)i + ^62 = 0 or for 


^ ^Vlc 


(127) 


the same frequency as for the corresponding series circuit. 


Problem 28.—^Find the frequency for resonance in circmt similar to 
Fig. 67 with fi = rj = 0 1 ohm; i,xi = 17.2 ohm; gX 2 = 12 7 ohm; / = 60 
cycles. Under resonance conditions find- goj 60 , yo, 7i, 7s, ^7, bt, to, To, 0 i, 
$3 and ^0 Draw vector diagram 

Problem 29.—For the circuit used in problem 28, plot curves in rectangu¬ 
lar coordinates with frequencies from 20 to 80 as abscissae and the corre¬ 
sponding values for 7o, 7i and 7a as ordinates. 

E. Graphic Method for Parallel Circuits. 

Problem 30.—Given the same circuit as in problem 20 . 

The symbolic method is often tedious and the solution may be 
gained more easily graphically. Thus in problem 20, let the 

^ Magnusson, C E “Electric Transients,” Chap. VIII, McGraw-Hill 
Book Company, Inc. 
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Dltage be represented by the line OX in Fig. 71. From 0 

raw the line OA at an angle of 0 “, above OX. = tan-^ ^ 

: 69® 1'. Then OA is equal to rili. XA is equal to cXih, 
id di is the angle of lead. The current in this branch, 7i, is 

mal to— = 4^ = 5.7 = OA', and laid off from 0 along OA. 
n Xi 

he current in the second branch, I 2 , is found in a similar manner, 
rom 0 lay off the line OB at an angle 81, above OX. 62 = 

- 390 52'. The current I 2 is equal to — = 6.2 = 
r2 ^2 

B' and laid off along OB. 



The total current Jo is the vector sum of h and 1 2 and is 
epresented in the diagram by the line 0D\ The voltage con¬ 
amed by the equivalent resistance of the two circuits in parallel 
i therefore represented by the line OD and the voltage taken 
y the equivalent reactance of the two parallel circuits by the 
ne XD. 

The angle XOD is the angle of lead for the total current and 

00 = 48° 52'. 

By dropping a perpendicular line from D' to OX, the current 
0 is separated into its components in parallel and in quadrature 
nth the voltage. Thus OF is equal to glo, and FD' to Jo. 

Problem 31.—Solve problem 21 graphically. 

Problem 32.—Solve problems 22, 23, 26 and 27 graphically. 

Problem 33.—Fmd the frequency for resonance in problems 9, 12, 20 
nd24. 
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in, SERIES AND PARALLEL CIRCmTS 

By the symbolic method as explained for series and parallel 
circuits any network of circuits can be solved. Whenever two 
or more circuits are in parallel the constants are expressed in 
terms of conductance and susceptance. By adding aU the con¬ 
ductances the total conductance is obtained, and the algebraic 
sum of all the susceptances gives the total susceptance. Thus 



equivalent conductance, susceptance and admittance of the 
parallel parts may be obtained. In order to combine this equiva¬ 
lent circuit with quantities in series, the constants must be trans¬ 
formed into equivalent resistance and reactance. An example 
will make the method clear. 

Problem 34.—Given the circuit diagram shown in Fig. 72, 
be g i nnin g at the right-hand end, that is, farthest away from the 
generator, there are two circuits in parallel, up to the dotted 
line A A', with the constants: 

Tx = 3.0; iXi = 4.0; = 6.2 and cX^ = 3.3 ohms. 

To combine parallel circuits the constants must be expressed 
in terms of conductance and susceptance. 

•*'> - J- 0.180 mho. 
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gA = gx + 02 = 0.245 mho. 

= J>i — Jbi = 0.093 mho. 
yA = Oa- jbA = 0.245 - jO 093 mho. 

The equivalent resistance, AA': 


The equivalent reactance: 

xa = -L 1-35 ohms 

^ Oa^ + bA^ 


The equivalent impedance: 


_ - 3 a ,■ bA 

"^^Oa- JbA ~ Oa^ + bA^'^^ Oa^ + bA^ 
= 3.58 + il.35 ohms. 


== + jxA 


Having derived expressions for the equivalent resistance and 
reactance of the two circuits on the right of AA', this can now 
be combined with the part between A A' and BB\ Let the value 
of the constants for this part be: 

ra = 2.0 and = 3.5 ohms 

Therefore at the dotted line BB' the combined resistance and 
reactance for circuits 1, 2 and 3 are 

tb = ta + n = 5.58 ohms 
Xb Xa + Xa = 4.85 ohms 

The next step will be the combination of the two parallel 
circuits 4 and 5 between BB' and DD^ with the equivalent 
circuit just obtained from circuits 1, 2 and 3. 

ca ;4 == 2 1 ohms. 

r 4 = 2.5 ohms. 

n = 1-8 ohms. 

jca = 3.2 ohms. 

Zb =^rB+ jxb = 5.58 + i4.85 ohms. 
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Zi = Ti — = 2.6 — j2.1 ohms. 

Zs - rs + jjzs = 1.8 + j3.2 ohms. 

This will give the desired solution for both magnitude and 
phase relations of the voltage and current at DD'. In order to 
combine these parallel circuits, the resistance and reactance of 
each circuit must be changed into conductance and susceptance. 

- 0 mo mho. 

= s f ‘ 2 = 0-2377 mho. 

The total conductance at DD' is the sum of the conductances 
in the three parallel circuits. 

^i> = + ^4 + ^6 = 0.1018 + 0.2346 + 0.1335 = 0.470 mho 

The total susceptance is equal to the algebraic sum of the 
susceptances in the three parallel circuits. 

6 d = 6 i, - 64 + ^6 == 0.088 - 0.197 + 0.237 = 0 129 mho 

Hence the total admittance of the circuit at DD'; 

y 2 > = gx>— jbv = 0.470 — j0.129 mho 

Yj, = \/= 0.488 mho 

do = tan-i^ = 15° 20' 

Qd 

Having determined the equivalent conductance and suscept¬ 
ance for the parallel circuits and the resistance and reactance 
for the series circuits, the value of the currents in any part of 
the circuit may be found for any assumed voltage; or conversely, 
if the current is measured in any part of the circmt, voltage and 
current may be calculated for any part of the network. 
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Problem 36.—A graphical solution of problem 34‘is given in 
Fig 73. Along OX lay ofif any convenient length OB to repre¬ 
sent the voltage (E = 100 volts) at the line AA\ Fig. 72. With 
OB as a diameter describe a circle. Draw the line riJi through 

Xi 

Oj making an angle of 6 °i below the line OX. di = tan~i — == 
53° 8'. The voltage consumed by the reactance Xi is therefore 



represented by the line xih. The current Ii lies along the line 
Till and is equal to 20 amp. Similarly, lay off the line r^Ii 
through the origin, at an angle of 0°2 above the line OX, $2 = 

r" — 28°. The voltage consumed by the reactance xs 
‘2 

is therefore represented by the line X 2 l 2 - The current 1 2 lies 
along rj [2 and is equal to 14.2 amp. Combining Ji and 1 2 
vectoriaUy, we have I a and the line continued to the circum- 
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ference of the circle OD gives the voltage consumed by 
the equivalent resistance of the two circuits. The line XaIa 
represents the magnitude and phase position of the voltage con¬ 
sumed by the equivalent reactance Xa of the two circuits. 
The voltage triangle ODB and the current vector 7 a therefore 
represent the magnitude and phase relations of a circuit equiva¬ 
lent to the two parallel circuits on the right of the dotted line 
AA\ 

The second step will be to combine this equivalent circuit 
with Ts and ijxz in series. 

From B draw the line BF parallel to OD{taIa) and equal to 
From F draw the line FH parallel to 1)B{xaIa) and equal 
to XzIa* Draw the line OH and continue OD until it intersects 
the line FH at K, Then the voltage triangle OKH and the cur¬ 
rent vector 7 a represent the magnitude and phase relations of 
the current and voltage at the dotted line BB\ The third step 
is the combination of the equivalent circuit with the parallel 
circuits 4 and 6 ; all three having the same voltage impressed, 
OH, 

Upon OH as a diameter draw a circle. Through the origin 
0 draw OM at an angle of above the diameter OH, Then 

OM is equal to 7 * 474 . 6^ = tan“^~ = 40° 2 '. Also the line 

HM represents in magnitude and phase position 4 . The cur¬ 
rent IA lies along r 474 and is equal to = 59.2 amp. 

Similarly draw the line ON through O, at below the voltage 
vector OH, Then ON is equal to r 576 and HN is equal to a: 575 ; 

^5 = tan~^— = 60° 39'. The current vector 7 b lies along the 

ON 

line TrJt and is equal to-= 52.2 amp. Combining the cur- 

7 * 6 

rents ti and /b vectorially, we have the line OQ representing 
in magnitude and phase position the total current with reference 
to the vector OH, the vector for the total voltage. Extending 
the line OQ until it intersects the circle at S we have the voltage 
triangle OSH, in which OjS = OH = ZiJd and HS = XdId- 

The equivalent circuit for the whole network in Fig. 72 is 
therefore represented by the current vector Jo and the voltage 
triangle OSH. 
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Problem 86.—^Analytical solution of the network in problem 34 for 
double the frequency. 

Problem 37.—Graphical solution of problem 36 

Problem 38.—Analytical solution of network in problem 34 for half the 
frequency. 

Problem 89.—Graphical solution of problem 38. 

IV. VARIABLE RESISTANCE OR REACTANCE. CURRENT LOCI 

A. Constant Resistance and Variable Reactance.—Let a con¬ 
stant voltage be impressed upon a circuit having a constant 



Fiq. 74. 


resistance and a reactance that can be varied as shown in the 
circuit diagram, Fig. 74. The corresponding vector diagram 
and current locus is shown in Fig. 75. Let the line OA along 



Fig 75 


the Z-axis represent the impressed voltage E, and the line 
OM the current when only the resistance r is in the circuit. 
On OA and OM as diameters describe circles. With an in¬ 
ductive reactance in series with the constant resistance, the 
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voltages consumed by the resistance and reactance respectively 
are represented by the lines OB and BA, and the current by 
OH, By varying the reactance from zero to infinity the point 
B describes the semicircle ABO, The point H describes a similar 
arc MHO since OAB and OMH are similar triangles. 

K the inductive reactance be replaced by a condensive 
reactance then the liues OD and DA represent the resistance 
and reactance drops, and OK the current I', If the condensive 
reactance be varied from zero to infinity, the point D will describe 
the semicircle ADO, Likewise the point K will describe the semi¬ 
circle MKO since the triangles OAD and OMK are similar. 
The circle OHMK is therefore'the locus of the current in a 
circuit having constant resistance, variable reactance and con¬ 
stant voltage impressed on the terminals. 

I I 

^ IHI 

{6i. 
liG. 76. 

B. Constant Reactance and Variable Resistance.—The circuit 
diagrams for inductive or condensive reactances are shown in 
(a) and (6), Fig. 76. Let the impressed voltage E be constant. 

In Fig. 77 lay off OA to represent E and let OF represent 
the current flowing through with no resistance in series. 
Let iX in (a) be equal to c® in (6), and hence OM equal to OF 
wiU represent the current flowing through x in (6) when the 
resistance in series is equal to zero. 

Upon Ojii as a diameter describe the circle OBAD, and upon 
OM and OF describe semicircles as shown in Fig. 77. 

With a resistance r in series with jc the line s OB and AB 
represent the voltages consumed by r and tX respectively. The 
current I is represented by the line OH since the trian^es OAB 
and FOH are similar. By varying the resistance from zero to 
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infinity the point B describes the semicircle OBA and the point 
H the semicircle FHO. With a resistance r' in series with the 
condensive reactance ^ in (&), the voltage consumed by the 
resistance is represented by the vector OD, and that consumed 
by the reactance, by the line DA. The current I' is represented by 
the vector OK since the triangles MKO and ODA are similar. 
By varying the resistance in series with ^ in (6) from zero to 
infinity the point D follows the semicircle ODA, and the point 
K the semicircle MKO. The locus of the current is therefore 
the semicircle FHO for the inductive reactance iX and MKO 
for the condensive reactance cX. 



V. RESISTANCK IN SERIES WITH A CIRCUIT 

The circuit diagram in Fig. 78 is typical of many simple com¬ 
mercial circuits; a receiver circuit having variable load and 
power factor, in series with a resistance. Let the generator volt¬ 
age Ei>, the series resistance and the receiver impedance Zi 
be constant, but the receiver resistance ri and reactance Xi be 
variable. 

2i = ri -f- jxi; Zi^ = ri® Xi^ (128) 

2o = J*! -f rj -f- JXi 

Zo* = (ri -1- ra)* -I- Xi^ (129) 

Hence the current is: 

t _Ka _ ^ +rt- JXi) 

” 2o ~ ri + ra -t- jxi (ri -h ra)* + Xi* 


( 130 ) 
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The voltage at the receiver circuit: 


* ^ f. ^ + jxi) _ Eoin + jxi){ri + rj - jxi) 

^ ^ fi + ra + jxi (ri + ra)* + Xi^ 

_ i!o(zi* + Tifs + jraXi) 

2i* + 2rirj + rj® 


( 131 ) 


In absolute values: 

7 = 

V (n + rs)® + a:i> 
^ ^ JSoVri* + *!» 

^ V(ri + ’•s)“ + 


Eq 

V + 2 rir 2 + 
EqZi 

+ 2ri7*a + ra* 


(132) 

(133) 



Current and voltage phase difference at the receiver circuit 


terminals: 



and at the generator: 

01 = tan"'- — 

Ti 

(134) 


da = tan"' 

n + Ta 

(136) 


In Fig. 79 is shown the vector diagram for the values: 

Eq = 100 volts; ra = 0.5 ohm; ri = 0.8 ohm; 
zi == 0.6 ohm; and hence i 2 i = 1. 

The current vector is taken along the X-axis. 

2*1 

The voltage vector Eq is at an angle 6^ = tan"^ , from 
^ ^ n + rz 

the current and drawn to any convenient scale. The vector 

3/1 

for the receiver voltage Ei is at an angle of 6^ = tan“^^ from 

the current, and the magnitude may be calculated from the 
given data. The voltages consumed by the resistance rJ and 
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rgj are in phase with the current while the voltage taken by the 
reactance Xil is in quadrature with the current. 

By keeping jBo, Tz and zi constant, but varying ri from zero to 
unity, and Xi from 1-ohm inductive reactance to zero, the locus of 
the voltage Eq described by the point A will be MAQj a quadrant 
of a circle. If Xi be changed from zero to 1-ohm condensive 
reactance with simultaneous variation in. 
ri so as to keep zi constant, the locus of 
the voltage will be the semicircle MAQF. 

The corresponding positions of the point 
B give the locus of the receiver voltage Ei 
in the curve HBNK~ The curve in the 
two quadrants is symmetrical and hence 
the value of the receiver voltage will be 
the same for any two equal inductive and 
condensive reactances. With the con¬ 
stant assumed (Zi = 1) the magnitude 
of the current in amperes is in each case 
numerically equal to J5i in volts. 

Problem 40.—Given Eq = 100 volts; r 2 = 0.8 
ohm; Zi = 1 ohm. 

Let ail vary from +1 to —1 ohm Plot in 
rectangular coordinates the values of and I as ordinates with xi as 
abscissse 



VI. REACTANCE IN SERIES WITH A CIRCUIT 

In a circuit havmg reactance instead of resistance in series, 
the relations of the current and receiver voltage to the constant 

generator voltage are derived in the 
same manner. The circuit dia¬ 
gram, Fig. 80, shows an inductive 
reactance in series with an induc¬ 
tive receiver circuit. To make the 
discussion general the'reactance in 
series may be taken either as induc¬ 
tive or as condensive and the im¬ 
pedance in the receiver circuit may 
consist of resistance and either inductive or condensive reactance. 
The receiver circuit impedance: 

2i = ri + jxi 
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The total impedance: 

2o = Zi +jXi = n +j(xi + aja) 
The current is: 

^ _ Eo _, Eo 

~ 2o ~ ri + jixi 


In absolute values: 

j ^ Eo _ Eo 

y/ ri* + (zi + aia)’ "v/2i® + 2xiXa + asa* 

The receiver voltage: 

t’ — f, — ■£< 

^ Vi + j(a;i + aja) 


= Eq 


Vri* + Xi^ 


EoZi 


V ri® + (Xi + X2y V Zi^ + 2 XiX 2 + X2^ 


6 i = tan“^ — 
ri 


ri 


( 130 ) 

(137) 

(138) 

(139) 

(140) 

(141) 

(142) 


Since the reactances Xi and X 2 may be either inductive or 
condensive, four combinations are possible: 

(а) xi inductive, X 2 inductive. 

(б) xi inductive, X 2 condensive. 

(c) Xi condensive, X 2 inductive. 

(d) Xi condensive, X 2 condensive. 

Prom equations (138) and (140) it is evident that the numerical 
value depends on the square of the algebraic sum of Xi and X 2 * 
If both are inductive or both condensive, the algebraic sum is the 
same as the arithmetical sum; but if one is inductive and the 
other condensive, the algebraic sum is equal to the arithmetical 
difference of. the two reactances. Hence for numerical or abso¬ 
lute values (a) and (d) are alike, and (6) and (c) will give similar 
results. The phase position of the current and voltage is, 
however, affected by the positive or negative sign before the 
reactance and these relations may be determined by equations 
(137), (138), (141) and (142). 

If Xi is inductive, varying X 2 from 1-ohm inductive to 1-ohm 
condensive reactance, with Eq constant, it is seen from equation 
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(138) that the current will be a maximum when Xi — 0:2 = 0. 
Hence for maximum current X 2 must be inductive if is con- 
densive and vice versa. 

Problem 41.—Given Eq = 100 volts; zi = 1 obm; xi = 0 4 ohm. Cir- 
ouit diagram as in Fig. 80. Plot in rectangular coCrdinates the values for 
El and I with Xi varjdng from +1 to —1 ohm as abscissae. 

Problem 42.—Given Eq = 100 volts; z = 1 ohm; xi ~ 0.7 ohm with 
circuit diagram as in Fig. 80. Plot curves for Ei and I with xa as abscissae 
as in problem 41. 

Vn. IMPEDANCE IN SERIES WITH A CIRCUIT 


Regulation of the receiver voltage might be obtained by 
means of a reactance placed in series as discussed in the pre¬ 
ceding paragraph. However, reactance coils always dissipate 


r o^JoDoM/WWV 


1 



Fig. 81 


energy due to the ohmic resistance of the wire and the hysteresis 
in the iron, and hence an impedance is inserted instead of the 
desired reactance, as shown in Fig 81. 


= ri + jxi] Zi = ri+ jXi 

(143) 

Zi = V ri® 4- ail*; Za = Vra* + *2® 

(144) 

The total impedance: 

2o = ri + ra + jixi + a:a) 

(145) 

Zo = ■%/ (j"! + + (a:i + a:a)* 

(146) 


The current: 

.Bo ^ A (ri + r 2 ) — j{xi + X2) . 

Zq (ri + ra) +j{xi + X2) -H ra)^ + {xi + rca)^ ^ 
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In absolute values: 

r _ ^0 _ Eft 

Zo s/ (ti + rj)* + (xi + Xj)* 

_ jE ?0 

'\/ {Zi^ + Zi^ + 2(riri + X1X3) 


The receiver voltage: 

Eo(ri + jxi) 
ri + rj + j(xi + a:*) 

Eoy/ri^ + aJi* 


El = zj = 
El = Zil = 


V (ti + n)^ + (xi + XiY 
EqZi 

V Zi^ + Z^ + 2(rir2 + a:ia;2j 

The phase difference at the receiver circuit: 

ri 


di == tan" 


The phase difference at the generator: 

e, = tan-‘?’-i--®* 

Ti + r 2 


(148) 

(149) 

(160) 

(151) 

(162) 


As in the discussion of resistance and reactance in series let 
^ 0 , T 2 j X 2 and Zi be constant, but X\ and Vi be variable. 

With resistance in series, is a minimum when Xi — Q] and 
with the circuit having reactance in series the voltage at the 
receiver circuit is a minimum when ri = 0 and the reactances 
Xi and X 2 are either both inductive or both oondensive. With 
impedance in series, the receiver voltage is a minimum when Bi 

is equal to and of the same sign as ^ 2 , or ^ 0 ; that is, when-- = —• 

n r 2 

In equation (150) Ei is a Tninimurn when the denominator is 
a maximum. Smce Zi, Z 2 , r 2 and X 2 are constants, the denomi¬ 
nator will be a maximum when 7’ir2 + X 1 X 2 is a maximum, or 
with a single variable ri when 

^(rira + X2Vzi^ - ri^) = 0 (153) 

or 


— 5? 

Ti "" r 2 
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This topic is discussed more fully under Regulation in Chap. 
XXII. 

Problem 43.—^ 100 volts; xj = 1 ohm; r 2 = 1 ohm, with circuit 
diagram as in Fig. 81. xi = Ati, varying from 0 to 6 ohms. Draw the loci 
of the current and voltages Ei and for values of fc = 1 and A; = 6 when 
referred to j&o as a reference vector 

Vm. COMMERCIAL CIRCUITS 

In the preceding problems the resistance and reactance of 
each elemental circuit have been given and methods for findmg 
the resultant equivalent impedance or admittance have been 
explained. In commercial systems the circuits generally con¬ 
sist of complex networks, in which it may be difficult or impracti¬ 
cable to measure the resistance and reactance of each elemental 
division. The total values are found directly by taking volt¬ 
meter, ammeter and wattmeter readings, and from these data 
the constants of the circuits may be calculated. As explained in 
Chap. VII, the wattmeter measures directly the power expended, 
which may be expressed as rP, 

Y =. (wattmeter reading in watts)_ fl 55 ) 

(ammeter reading in amperes) ^ ^ ^ 


7b G^traivK 




7c Loai/ 
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With Ej I and r known, the numerical values of x, 2 , g, 6, y and 
d may be calculated Thus, by the simple expedient of taking 
voltmeter, ammeter and wattmeter readings the equivalent 
resistance, reactance and impedance may be obtained for circuits 
of any complexity. All that part of the system further away 
from the generator than the point at which the readings are 
taken will be included in the calculated values. 

Problem 44.—Given a circuit as shown in Fig 82 = 224 volts, 

/ * 15 2 amp.; W = 2,126 watts, inductive load 

Find: r, x, as, 6 , y, Y and B 

Draw the impedance triangle Draw the vector diagram 

Problem 46.—Same data as for problem 44 except the reactance is con- 
denaive. 

Find: r, x, s, g, 6, Z, Y and d 

Draw the impedance triangle Draw the vector diagram 

For Expenments see page 580. 
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ELECTRIC POWER, POWER FACTOR AND REACTIVE 

POWER 

In direct currents the power expended in a circuit, measured 
in watts, is equal to the product of the volts by the amperes. In 
alternating currents the power in the circuit is at any instant 
equal to the product of the instantaneous current and voltage. 
In circuits having resistance only, the energy delivered to a circuit 



Fig 83 


is immediately changed into heat, or light, and can not return 
to the generator; i.e., the process is not reversible. Therefore, 
the average power delivered to a non-inductive load is the sum 
of the instantaneous powers over a cycle divided by the 
for the cycle. In circuits having magnetic or dielectric induction, 
part of the energy is stored in the magnetic or dielectric (electro¬ 
static) fields in such forms while the current or voltage is increas¬ 
ing, that, when the current or voltage decreases, the energy is 
returned to the electric circuit; that is, the process is automatic- 
^y reversible. Consequently, only part of the energy flowing 
in an alternating-current system having inductance or condens- 
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ance is left in the circuit. For sine waves, as explained in Chap. 
I, energy is stored in the magnetic field while the current increases, 
and this energy returns to the circuit when the current decreases. 
Likewise energy i^ stored in the dielectric field while the voltage 
increases, and returns in the next quarter cycle of the voltage 
wave. The instantaneous value of the power in the circuit is at 
all times equal to the product of the corresponding instantaneous 
current and voltage. But the direction of energy flow for sine 
voltage and current waves will reverse four times in each cycle. 

This is shown graphically in Fig, 83, for a current lagging 6° 
behind the voltage wave, and in Fig. 84 for a current leading the 



Fig. 84. 


voltage by 0^. The shaded areas indicate energy; the positive 
areas, the energy delivered by the generator; and the areas below 
the X-axis, the energy returned to the generator. The difference 
of these areas for one cycle is the total energy left in the circuit 
during one cycle. This quantity divided by the time for one 
cycle gives the average power delivered to the circuit. 


The instantaneous value of the power, p = ei 

(156) 

For sine waves: 


e = sin (co^ -f- yi) 

(167) 

i SSZ 

(158) 

p s= sin {cat 4“ 7i) sin (coi 4- 72 ) 

(159) 
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From trigonometry: 

sin X sin 2 / = 3^ cos (a; — 2 /) “ 3^ cos (x + y) 

Let: X = cat + 71, and y = cat + y 2 

p = EI[cob (71 — 72) “• cos (2cat + 7 i + 72)] (160) 

From this it is seen that the instantaneous value of the power is 
also a sine function of the time, of double the frequency of the 
current or voltage, and with its reference axis displaced by 
El cos (71 — 72) from the X-axis. 

The average value of the power during a complete cycle is: 

p = U 61 ) 

= ^ (*^1 72 ) — cos(2a>i + 7 i + 72 )]^^ (162) 

= El cos (71 — 72) = El cos d (163) 

Let ^ = 7i — 72 = phase angle between the current I and 
voltage E, 

The product El is called the apparent power and is often 
referred to as volt-amperes or kilovolt-amperes (kv.a.). Generators 
are usually rated in kv.a. as the heating depends on the current 
in the conductors and not on the power transnoitted. 

The factor cos d determines what part of the power in the sys¬ 
tem is delivered to the load. For this reason it is called the 
Power Factor, Thus multiplying the apparent power by the 
power factor gives the true power or the power delivered to the cir¬ 
cuit. In a non-reactive circuit, Fig. 85, the current and voltage 
are in phase, and therefore 71 = 72 and 6 = 0, Hence, cos 
^ or the circuit has Unity Power Factor, Power factors 
less than unity are usually expressed in per cent. Thus 85 
per cent, power factor means that cos 6 = 0.85; and hence that 
the kw = 85 per cent, of the kv a. = 0.85 kv.a. 

The shaded areas in Figs. 83 and 84 show how the energy 
flows to and fro when the current lags or leads the voltage. Also 
that the amount of power actually delivered to the circuit is 
proportional to the cosine of the angle of lead or lag. Evidently 
the more nearly cos 6 approaches unity the less energy will be 
surging to and fro in the line. When the current and voltage 
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are in phase, Fig. 86, cos 5 = 1; and in this case, and this case 
only, the power is at no instant negative and hence all the 



Fio 86 


energy is delivered to the load, although it is transmitted from 
the generator in pulsations.’ 

The greatest amount of surging will occur when the phase- 
angle difference of the current and voltage is 90°, for then 
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COS 6 = 0 and hence all the power is reactive, or returns to the 
generator. 
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Under these conditions, Figs. 86 and 87, all of the energy- 
surges to and fro and no actual transmission of power occurs. 
In this case the area above the X-axis of the power curve equals 
the area below the axis; or an amount of energy returns to the 
generator equal to that supplied by the generator to the line. 
While it is of first importance to determine the value of the power 



Fig 87 


delivered in a circuit, it is often desirable to measure the react¬ 
ive energy, or the part that surges to and fro in the line. A vec¬ 
tor diagram of a current I leading a voltage by 0° is shown 
in Fig. 88. If the current be divided into two components, in 
phase and in quadrature with the voltage, we have the vectors 
OB = gl = I cos 6; OD = &/ = 7 sin It is evident that the 

product of the voltage with the com¬ 
ponent in phase with the voltage will 
always be positive and hence gives the 
real or effective power. The compo¬ 
nent 7 sin ^ is in quadrature with the 
voltage and hence during each cycle it 
will, half the time, be on the same side 
of the X-axis as the voltage vector and 
half the time on the opposite side. Hence the product El sin 6 
win be positive during half the cycle and negative during the 
other half. The average, therefore, is zero. 

The two expressions give the quantitative values of the power 
in the circuit. The real or effective powers that is, the power 
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delivered to the circuit by the generator and which does not 
return to the generator is: 

P = El cos 6 (164) 

The reactive power, or the power that surges to and fro 
between the generator and the line is: 

= jEJ sin 0 (165) 

In making a graphical representation in Fig. 88 the current 
was divided into two components in phase and in quadrature 
with the voltage. The same result is gained by dividing the 
voltage into two components, in phase and in quadrature with 
the current as shown in Fig. 89. For constant-voltage systems 



the current would naturally be considered as consisting of com¬ 
ponents in phase and in quadrature with the voltage as in Fig. 
88. For similar reasons in constant-current circuits the voltage 
may be considered as made up of components in phase and in 
quadrature with the current, Fig. 89. Since by far the larger 
part of alternating-current distribution is by the constant- 
potential system it is customary to take the voltage as the refer¬ 
ence vector and to speak of the power component of the current^ 
the active or energy current, I cos Q] and of the wattless, reactive 
or quadrature current, I sin B, For constant-current circuits 
the terms power component of the voltage and the quadrature 
component of the voltage would be appropriate. The term 
wattless is a misnomer as both the active and the quadrature 
components have power and therefore are not without watts. 

The energy transfer under unity power-factor conditions at the 
generator is readily shown by a power diagram. For illustration, 
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take a system, with two parallel circuits as shown in the circuit 
and vector diagrams in Fig. 90. In parallel circuits the voltage 
is the common factor and hence the currents should be divided 
into components in phase and in quadrature with the voltage. 

■^1 ~ -f- jobiE and /a “ ^ 2 -E — 

In rectangular coordinates with tune as abscissae, we have given 
in Fig. 91 the voltage, current and power curves for the several 

components of the currents h and 1 2 
and the voltage E, 

In (a) curves for E, giE and the re¬ 
sultant power giE^ or Pi, 

In (6) curves for E, g^E and the re¬ 
sultant power g 2 E^ or P 2 . 

In (c) curves for E, obiE and the re¬ 
sultant power (reactive) 
or JPi, 

In (d) curves for E, — ME and 
the resultant power (reactive) 

— ME^OX fl.P2. 

The power curves in both (a) and 
(6) are always positive; that is, the 
energy transmitted is absorbed by the 
resistance and changed into heat. In 
both (c) and id) the successive half cy¬ 
cles of the power wave are of opposite 
sign and this shows that the flow of 
energy reverses, or the power goes in 
one direction while the wave is positive 
and in the opposite direction during the negative half of the wave. 
It is of importance to note that when the power ordinate is posi¬ 
tive in (c), the corresponding ordinate in (d) is negative, and mce 
versa. The diagram therefore shows graphically the energy trans¬ 
fer from the condensance in circuit 1 to the inductance in circuit 
2, or in the reverse direction, for the successive half cycles of the 
power wave. Under resonance conditions M == ^^ 2 , or the corre¬ 
sponding instantaneous power ordinates m (c) and (d) are always 
equal. 

This means that the energy stored dielectrically m circuit 1 
when the voltage is a maximum is transferred and stored mag¬ 
netically in circuit 2 while the line voltage decreases to its zero 
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value, Or in one-fourth cycle. During the next quarter cycle of 
the voltage wave the energy in the magnetic field of circuit 2 is 
returned and stored in the dielectric field of circuit 1. 

In the mains coming from the generator the power transmitted 
is the sum of (a) and (6) as shown in (e). The current I = g\E + 
QiE and is in phase with E. At the generator the power factor 
is unity. 

PROBLEMS 

1. A single-phase induction motor delivers 8.7 hp. to the belt EflSciency 
of motor, 91.5 per cent; impressed voltage 240 volts; power factor, 87.6 
per cent. 

(a) Find the kv a., the kw. or F, the reactive power xF, and the cur¬ 
rent I. 

(b) Draw the vector diagram showing E, /, 9j gEy bEy rl and xl 

(c) In rectangular coordinates draw curves for e, z, ei, gCj bCy p, and po. 

2 . Given a smgle-phase circuit (eqmvalent) having two motors operatmg 
in parallel, as shown in Fig 92 



Fig 92. 


iM =» an induction motor taking 7.0 kw. at 85 per cent power factor 
(current lagging). 

mM = an overexcited synchronous motor taking 8.2 kw. at 94 per 
cent, power factor (current leading), 

Eo = 240 volts, / = 60 cycles 

(a) Find 7i, 1 2 , 7o, 5a, 5o, QiEoy hiEoy giEo, & 2 F 0 , goEo and boEo. 

(b) Draw vector diagram showing the quantities called for in (a) 

3. Given the same data as for problem 2 : 

(a) FindFi, oFi, P 2 , *Fa, Fo, xFo, (kva )i, (kv.a ) 2 , (kva.)o 

(b) Draw curves in rectangular coordinates (assuming simple sine wave 

forms) for eo, ^i, Si^i, gieo, 5i^o, Pi, xpi, ta, 63 ^ 0 , Pa, *Pa, io, eoio, ^ofio, 

boCoy po and xpo. 

For Experiments see page 581. 
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INSTRUMENTS 

To obtain quantitative data in alternating-current circuits, 
instruments of many types are in commercial use. While study¬ 
ing alternating-current phenomena it is essential that the prin¬ 
ciples upon which the instruments operate should be clearly 
understood. Instruments of the electrodynamometer type are 
simplest in principle and probably can be used to best advantage 
when studying the fundamental principles of alternating currents. 

The most important instruments for gaining a clear insight 
into the nature of alternating currents is the osciQograph. Sev¬ 
eral types are now on the market in this country, the Duddell 
oscillograph, the three-element oscillograph made by the General 
Electric Co., the Osiso, a very light single-element oscillograph, 
a three-element instrument and a larger six-element oscillograph 
manufactured by the Westinghouse Elec. & Mfg. Co. 

(a) Duddell Oscillograph.^—This instrument consists essen¬ 
tially of a modified moving-coil galvanometer combined with a 
rotating or vibrating mirror, a moving photographic film, or a faU- 
ing photographic plate The galvanometer portion often referred 
to as the oscillograph is shown diagrammaticaUy in Fig. 93. 

In a narrow gap between the poles N and /S of a powerful 
magnet are stretched two parallel conductors s and s', formed by 
bending a thin strip of phosphor bronze back on itself over an 
ivory pulley P, A spiral spring attached to this pulley serves 
to keep a uniform tension on the strips, and a guide piece G limits 
the length of the vibrating portion to the part actually in the 
magnetic field. A small mirror M bridges across the two strips 
as shown in the figure. The effect of passing a current through 
such a “vibrator” is to cause one of the strips to advance while 
the other recedes, and the mirror is then turned about a vertical 
axis. 

The whole of the “vibrator,” as this part of the instrument is 
called, is immersed in an oil bath, the object of the oil being to 

^ Duddell, Electncian (London), vol 34, p 636. 
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damp the movement of the strips, and make the instrument 
dead-beat. 

The beam of light, coming from an arc lamp, and reflected 
from the mirror JIf, is received on a photographic fllm; with con¬ 
stant strength of the magnetic field the instantaneous value of the 
current is proportional to the linear displacement of the spot of 
light focused on the film. With alternating currents the spot of 
light oscillates to and fro as the current varies and with the film 



Fig. 93. 


stationary would thus trace a straight line. To obtain an image 
of the wave form, the photographic film is moved in a direction 
at right angles to the direction of the movement of the spot of 
light. Or a second mirror can be interposed in the path of the 
beam of light, and this mirror caused to vibrate or rotate so as to 
impart to the beam of light a uniform motion about an axis at 
right angles to the zero position of the beam and also is in the 
initial plane of vibration. The spot of light will then trace out on 
a stationary screen or plate the time curve of the variation of the 
current flowing in the vibrator. If the vibrations are periodic, as 
in alternating currents, then the mirrors can be synchronized and 
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the spot of light caused to trace out the wave form over and over 
again. 

With two vibrators in the same field, arranged so as to throw 
the beam of light on the same photographic film, the instan¬ 
taneous values of the current and the voltage may be obtained 
simultaneously. A circuit diagram of a two-element oscillograph 
for reading simultaneously the instantaneous values of both 
the current and the voltage in a low-tension circuit is shown in 
Fig. 94. 

In vibrator No. 1 the magnitude of the current flowing, and 
hence the amplitude of the vibration, may be regulated by adjust¬ 
ing the resistance in Ri and R 2 . Curve No. 1 traced on the film 
records the instantaneous value of the current. 



1 



Fig 94. 


Likewise for vibrator No. 2 the current flowing can be regulated 
by adjusting the resistance m and its instantaneous values 
will be proportional to the instantaneous value of the line voltage. 
Hence the curve No. 2 traced at the film will record the instan¬ 
taneous values of the voltage. Thus on the same film records 
of the wave form of both the current and voltage are obtained. 
The instrument is calibrated by direct currents so that the ampli¬ 
tude of the alternating current and voltage waves may be meas¬ 
ured in amperes and volts. 

(6) General Electric Co.’s Three-element, Portable Oscillo¬ 
graph.^—The oscillograph made by the General Electric Co. 
operates on the same principle as the DuddeU instrument. 
The design differs chiefly in the mechanical arrangement and the 
relative size of the several parts, and provides a convement and 
reliable instrument both for laboratory and commercial work. 

1 Robinson, Trans. A. I. E. E, vol 24, p. 186. 
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The arrangement of the electromagnets and the three vibrators 
is shown in Fig. 95, and a vertical cross-section of the vibrating 



Fio, 96.—Moving elementa and magnotio fields of General Eleotrio Co.*s three- 
elomont, portable oscillograph. 

element in Fig. 96. The three vibrators, Fig. 95, are independent 
of each other and can readily be insulated for ordinary pressures. 

The vibrating strips and mirrors are 
of sUver. The vibrating element 
can be turned around a vertical axis 
passing through the center of the 
mirror by the screw Q. The con¬ 
taining cell for the whole vibrating 
element is also movable around a 
horizontal axis, passing through the 
center of the mirror by means of the 
screw jS. These two adjustments 
^ make it possible to bring the image 
^ to any desired place on the pho- 
yi tographic film or vibrating mirror. 

In Fig. 95, rr' are the terminals 
M carrying current to the vibrating 
^ strips, marked &T in Fig. 96. The 
mirror with that portion of the loop 
that vibrates lies between the sup¬ 
ports JB5'. The size of the mirror 
is about 20 by 10 mils and the vi¬ 
brating element has a natural period 

of sec. By immersing the 

o,uuu 

vibrating element in oil the instrument is made dead-beat. 




INSTRUMENTS 


89 


The optical train for photographic work is shown in hori¬ 
zontal projection in Fig. 97; and the vertical projection in Fig. 
98. The arc lamp is at A and the directions of the arrows indi¬ 



cate the paths of the beams of light Pi, Pi, P> are right-an^ed 
prism mirrors; Si, Si, St, adjustable slits; Ia, lij laj ^z, condensing 
lenses; VMi, VMi, VMa, the vibrating mirrors, CL, a cylindrical 



Ifinp focusing the light rays on the photographic film on the 
revolving cylinder. 

The Osiso, three-element and six-element oscillographs 
manufactured by the Westinghouse Elec. & Mfg. Co. fo™ ^ ® 
latest developments in this field. By producing a, steel having 
very great magnetic retaining power it was possible to use per¬ 
manent-magnet galvanometers and greatly reduce the size and 

weight of the instruments. , 

The Osiso, Fig. 99, a single-element instrument, is extren^ly 

compact in design, the whole outfit weigi^g , 

instrument proper is 6J4 ® and 10^ 

It has a specially sensitive galvanometer, a 

lamp with a straight-line filament, optical sys em, vi 
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resistance and mechanism for throwing the one vibrator into 
six dijfferent circuits, inserting proper resistance and shifting a 
cross-line to mark for identification each curve recorded on the 



Fig. 99.—The Oaiao, with motor-driven commutator and viewing mirrorB 
attached. The permanent-magnet galvanometer is shown at the lower nght. 
The whole outfit weighs but 14 pounds. (WesUrhohouae Electric <& Mfg Co.) 



Fig. 100 —The improved three-element portable oscillograph with mduction 
motor and lamp fed from alternating current supply, {WeatinghmLae Electric 
A Mfg Co.) 


film. The three-pole, six-position switch may be connected to 
six different circuits ranging in potential from 0.1 to over 220 
volts. Thus, for example, by using 0.05 ohm, 5-amp shunts in 
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Btajidaxd tranaformer circuits, the alternating-current waves 
from any six circuity may be recorded on one film 
The three-element and six-element oscillographs are shown 
in Figs. 100 and 103, respectively. The photographic film drum 



Fig 102,—Individual i>ermanent magnet, double string vibrator and Micarta 
galvanometer well. The magnet weighs 3 oz. The vibrator has a natural 
period of 6,000 csydes. 


and driving pulley, etc. are shown on the right side of Fig. 99. 
light for making the photographic record is obtained from a lo^- 
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voltage, straight-line-filament, incandescent lamp. The per¬ 
manent-magnet and vibrator element are shown m Fig. 102. 



Fig. 104,—Six-element galvanometer having permanent magnets enolosed within 
element wall. (Weatinghoiiae Elecirio & Mfg, Co.) 


The moving element consists of a single turn or oblong loop of 
wire forming two parallel conductors. A tiny mirror is attached 
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to both wires and is given an angular deflection proportional 
to the current flowing in the wires when placed in the magnetic 
field of the permanent magnet. 

A view of the trip-magnet and shutter-release mechanism is 
shown in Fig. 101 in which the trip magnet holds the long shutter 
finger so that the short finger does not quite touch the shutter 
tripping arm. The shutter is a tube with two opposite longitu¬ 
dinal slots. The tube rotates, and when the slots are in a hori¬ 
zontal plane the beams of hght, reflected from the tiny mirrors 
of the galvanometer vibrators, pass through the cylindrical 
condensing lens and are focused on the revolving photographic 
film. This occurs between the time the short finger falls from 
the shutter tripping arm and the time the variable finger falls 
from the arm one revolution later. The shutter is actuated by 
the spiral spring seen just beyond the finger hub. A pin on the 
shutter shaft strikes an arm on the lamp-extinguishing switch. 
On the hub are attached laminated copper strips which complete 
the lamp circuit when the shutter is set and which break the 
circuit when the shutter snaps closed. The tripping device 
can be adjusted so as to start exposures at any desired part of 
the film. 

(c) Voltmeters, Electrodynamometer Type.—In direct-cur¬ 
rent voltmeters a movable coil is pivoted in the field of a strong 
permanent magnet; a current passing through the coil reacts on 
the field and produces a torque proportional to the strength of 
the current. If an alternating current passes through this 
instrument, the reversal of the current in the successive half 
cycles also produces a simultaneous reversal of the torque and 
hence tends to turn the pointer in both directions. In an oscillo¬ 
graph with a very light-moving element the torque reversal 
produces an oscillation proportional to the currents flowing, but 
in an ordinary indicating ammeter or voltmeter the moving 
element is too heavy and, as the resultant torque for two successive 
half waves is nil, the pointer does not move. In order to produce 
a torque in the same direction for both halves of an alternating- 
voltage wave it is necessary to reverse the direction of the field 
sunultaneously with the reversal of the voltage. 

In the electrodynamometer type, of which the Weston volt¬ 
meter, model 18, is a good example, the magnetic field is produced 
by a current from the same circuit as supplies the movable ele¬ 
ment. This is indicated diagrammaticaUy in Fig, 105. The 
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current in the voltmeter passes first thi’ough a stationary coil 
S producing a magnetic field, then through in the movable 
element M and finally through a non-inductive resistance R. 
Since the magnetic field and the current in the movable coil 
reverse direction sunultaneously, the resultant torques for the 
successive half cycles are in the same direction. As in direct- 
current instruments, this torque is opposed by two hair springs, 
and an air vane eliminates undesirable vibrations or oscillations. 

The torque varies directly as the product of the current ^ in 
the movable element and the strength of field <i> 


Torque oc ^0 


(166) 


Since the field coil is in series with the movable element, the mag¬ 
netic field also varies as the current. 

(j) cc i (167) 

Hence: 

Torque ozi^ (168) 

The average torque for a complete 
cycle is therefore proportional to the 
average square of the current. By 
calibrating the scale so as to give the 
square root of the average torque, the 
alternating-current voltmeter indi¬ 
cates directly the effective values^ or 
the root mean square of the instan¬ 
taneous values. 

The voltmeter circuit has of necessity some inductance, since 
the interaction of the current in the movable element upon the 
field of the stationary coil is the source of the required torque. 
Hence, the current passing through the instrument is: 



Fig. 106.—Voltmeter. 

mometer type 


Dyna- 


z = 7^ = — — — ■- == ,-uoy; 

^ -\/r2 + + {%rfLy 

and therefore the indications of the instrument wiU be affected 
by the frequency of the impressed voltage. If the instrument 
be calibrated for one frequency, it will not indicate correctly the 
line voltage for any other frequency. Fortunately, the resist¬ 
ance can be made very large relative to the reactance for ordi¬ 
nary frequencies, so the error introduced by the inductance is 
negligibly small even for a wide range in frequency. 
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(d) Wattmeters, Electrodynamometer Type.—^In a wattmeter 
the magnetic field is produced by the current flowing through a 
stationary cofl. connected in series with the power circuit. In the 
movable element a small current, proportional to the voltage 
across the circuit measured, is flowing, thus providing a torque 
at any instant proportional to the product of the current and 
the voltage, or the instantaneous watts passing through the 
instrument. 

Torque ccez (170) 

The electrodynamometer type of wattmeter, of which the 
Weston model 16 and the General Electric Co^s. type Pa are 
good examples, may be used on either direct or alternating 
currents. If the instrument be calibrated with direct currents 



it would indicate the effective or r.m.s. values when used on 
alternating-current circuits. From the circuit diagram in Fig. 
106 it is seen that both the stationary and movable coils introduce 
inductance into the circuit and therefore the time-phase rela^ 
tion of the current and voltage waves is not the same in the 
instrument as in the circuit measured. As any variation in 
the time-phase relation between the current and voltage alters the 
power factor, this introduces an error. Fortunately the in¬ 
ductance is smaU and hence the reactance for commercial fre¬ 
quencies, so this source of error is of little importance in ordinary 
measurements on electric power circuits. 

1 For Experiments see page 682. 
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VOLTAGE AND CURRENT IN SINGLE-PHASE AND POLY¬ 
PHASE SYSTEMS 

(a) Single-pliase Systems.—Any alternator with a single cir¬ 
cuit in the armature has the same current, at any instant, in all 
the conductors In distinction from the polyphase alternators 
having several circuits with currents of different values appearing 

simultaneously, the single cir¬ 
cuit winding is said to produce 
single-phase currents. The 
fundamental plan of the wir¬ 
ing diagram for a single-phase 
alternator is shown in Fig. 
107. The parts of the conduc¬ 
tors passing under the north 
and south poles are so placed 
as to produce voltage in the 
same direction at any position. 
In the diagram the direction of 
the current is indicated by dots 
and crosses and the direction of 
the rotation of the field by an 
arrow. Part B shows the wir- 



Fiq. 107.—Fundamontal single-pliEiso 
winding diagram. 


of on the cylindrical surface of 
the armature. The diagram 
shows the fundamental arrange¬ 
ment necessary to produce a single-phase current 
In order to produce the required voltage in commercial ma¬ 
chines several layers of the simple windmg are connected in 
series, often giving a complex appearance, but the principles in¬ 
volved are essentially the same as for the fundamental arrange¬ 
ment shown in Fig. 107. One or more single-phase alternators 
connected to a distribution netw'ork of any complexity form a 
single-phase system. The circuits discussed in the precedmg 
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chapters are all single-phase and the vector diagrams at the 
generators give the current- and voltage-phase relations of 
single-phase alternators supplying the power. 

(b) Electrical Degree.—The voltage and current waves from 
alternators complete one cycle in 2ir, or 360°. Hence for one 
revolution of the generator there are produced as many com¬ 
plete cycles of the voltage and current waves as the alternator 
has pairs of poles. For a four-pole machine half a revolution of 
the rotating spider produces a complete voltage wave of 360°. 
The distance of two-pole pitches in all cases produces a complete 
voltage wave and for convenience this is called 360 electrical 
degrees. 



Fig. 108.—Fundamental two-phase wmdmg diagram 

(c) Frequency,—Since a complete wave is produced while the 
conductor passes over one pair of poles, the number of cycles per 

revolution is ~ when p is the number of poles. 

TO r o m. 

Hence the cycles per second = 2 ^ ~ == / (171) 

The A. I. E. E. has adopted 60 and 25 cycles per sec. as 
standard frequencies. 

(d) Two-phase Systems.—^In a two-phase or quarter-phase 
alternator, two separate single-phase circuits are placed on the 
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same armature, 90 electrical degrees apart, as illustrated in Fig. 
108. The generator has four terminals and in a four-wire dis¬ 
tribution the two circuits are kept separate. Since the two cir¬ 
cuits are alike and differ only in position on the armature, the 
resulting voltage waves are of the same shape but differ by 
90° or a quarter phase in time position. The voltage waves for 
the two phases are shown in Fig. 109. If the generator be con¬ 
nected to a two-phase circuit with a balanced inductive load, the 
current in each phase will lag behind the voltage, as shown by 
the vector diagram in Fig. 110. 

To save copper in the transmission line, two of the four termi¬ 
nals are connected together in the two-phase, three-wire system. 



The circuit diagram and the corresponding voltage and current 
vector diagrams are shown in Fig. 111. Since the two circuits 
are alike and pass through the same magnetic held at the same 
speed, the effective voltages are equal. 

El = E 2 (172) 

The resultant voltage between the outside mains A and B is 
the vector resultant of Ei and E 2 - 

Ez = El -|- jE 2 or 

Ez = V2Ei - V 2 E 2 (173) 

If the two receiving circuits are alike, the current flowing m 
the main A is equal to the current in main £, or 7i = 1 2 ^ The 
current in the common return is the vector sum of /i and /*. 

is = ii +i72 or Iz = y/2Ii (174) 



VOLTAGE AND CURRENT 


99 


Let (6) in Fig. Ill represent the current and voltage vector 
diagram corresponding to the connections in (a). If, instead of 
connecting terminals a and h together for the common return, 
terminal a be connected to 6i, the voltage vector would be 
reversed. The vector diagram for the currents and voltages 
would then be as shown in (c) Fig. 111. Comparing the two 



vector diagrams it is seen that the corresponding currents and 
voltages are of the same magnitude but differ in time phase 
by 90°. 

(e) Three-phase Systems.—The fundamental wiring diagram 
IS shown in Fig. 112. A three-phase winding consists of three 
single-phase windings spaced 120 electncal degrees, so that the 
voltages generated in them successively reach their maximum 
120° apart. The sine voltage and current waves for the three 
phases are shown in Fig. 113 and the vector diagram of the 
voltages and currents for a balanced three-phase load, having 
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the same resistance and condensive reactance in each phase, is j 

shown in Fig. 114. ! 

(J) The A and Y Connections.—As seen from the circuit dia- I 

gram in Fig. 112 the three-phase winding requires six leads or j 


a. 



Fia 113 Fig 114 

terminals, two for each phase. It is usual to combme these 
terminals by pairs so that only three leads are brought out 
from the alternator to the distribution system. This connection 
between the three phases is made in two ways. If the three 
phases be connected as shown by the winding diagram in Fig. 
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115 and the corresponding circuit diagram in Fig 116, it is called 
a delta connection, and is represented by the letter A. If the 
three circuits be connected as shown by the winding diagram in 
Fig. 117 and the corresponding circuit diagram in Fig. 118, it is 
called a star or wye connection and is represented by the letter 7. 

With the windings in the armature forming a closed circuit as 
in the A connection, it appears likely that circulating currents 
would flow in the armature. By examining the three voltage 



Fig. 116 

waves in Fig. 113 and the vectors in Fig. 114, it is seen that the 
sum of the voltages is at every instant equal to zero. It should 
be noted that, while this holds true for the three fundamental 
sine waves, it is not the case for waves having third or ninth har¬ 
monics. The conditions which cause circulating currents are 
explained in Chap XXIII, while the discussion in this chapter 
deals only with simple sine waves. By comparing the three 
current waves in Fig. 113 and the correspondmg vectors in Fig. 
114 it is seen that the sum of the three currents is at any instant 
equal to zero, and hence the star connection will not change the 
flow of the currents m either phase. As neither the voltage nor 
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the current in either phase is affected by making the A or 7 con¬ 
nection, the same diagram expresses the phase relations of the 
voltages and the currents in the several phases^ whether the circuit 
is connected in delta or in star. 



Fig. 117 —Fundamental Y-connected wmding. 



(ig) Delta Connection. Voltage and Current.—Although m a 
A connection the current in each circuit, that is, between Sa 
and Fjii Sb and Fb, Sr, and Fr, in Fig. 116, is the same as when the 
circuits were separate, the currents in the mains ABj BD and 
DA are formed by combining the currents in the corresponding 
circuits. Thus if the currents in the three circuits be I a, Ib and 
Ir, the current in each main is the vector difference of the currents 
in the corresponding circuits. This can be seen by inserting a 
vibrator of an oscillograph in each phase as indicated in Fig. 
119. In order that the vibrators in the three circuits shaU trace 
the three currents in the proper sequence, the terminals must be 
connected in the same direction in the three circuits. Thus in 
circuit A, a is nearest Sa with X next to Fa, in circmt B, a is 
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nearest Sb and X next to Fb] and in circuit D, a is nearest to Sd 
and X next to If, then, the vibrator be inserted in main DA 
with X nearest to the junction as in Fig. 119, then the component 
of the current coming from circuit D flows in the same direction 
through the vibrator as it does in the first position. But the 
component of the current from circuit A passes through the vibra^ 
tor in the reverse direction Hence the current in the main DA 
is the vector difference of the currents in circuits A and D. 

Iab = Ia ~~ Ib (176) 

Similarly: 

Ibd ^ Ib Ij} (176) 

Ida ~ Id Ia (177) 

The correspondmg vector diagram with the rotation in the 
counter-clockwise direction is shown in Fig. 120. For the A con- 




Fiq. 119 


Fig 120. 


nection the voltage between the mains is the same as for each 
circuit and is represented by the same voltage vectors as if the 
circuits were separate. In equations (175) to (177) the currents 
in the mams are expressed in vector notation To find the 
absolute value the phase position, as well as the magnitude of 
the component vectors, must be known. Let the three-phase 
load be balanced so that both in magnitude and phase relation 


the currents and voltages in the three phases are 
stated in the form of equations: 

alike. Or, 

II 

11 

(178) 

II 

11 

(179) 

Oa = Ob — Ob 

(180) 
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Then the triangle OPH^ Fig. 120, is isosceles and the angle 
OFH equals 120®. Hence OH equals a/S times OF, or the cur¬ 
rent in the main is equal to times the current in a circuit. 

Iab - V^Ia = 1.73/^ (181) 

Similarly: 

isD ” and Ida ” y^^lD* 

Qi) Star Connection. Voltage and Current.—In the star con¬ 
nection the same current that flows in each circuit must pass mto 
the corresponding main, as only one circuit is connected to each 
main. The voltage between each pair of mains is, however, the 
resultant of voltages in the two circuits in series between the 



mains. By making connections to oscillographic vibrators sim¬ 
ilar to those explained for the currents in the preceding para¬ 
graph, it is readily seen that the voltage between each pair of 
mains is the vector difference of the voltages in the corresponding 
circuits. Hence for balanced loads the voltage and current 
relations are as shown in Fig. 121. Expressed in the form of 
equations: 

IA =Ib = Id (182) 

Ea — Eb “ Ed (183) 

Eab — ^A — Eb*j Ebd ” Eb — ^D) Eda ~ Ed — (184) 

The triangle OFH in Fig. 121 is isosceles and the angle OFH is 

equal to 120°. 



VOLTAGE AND CURRENT 


106 


Hence: 

Eab = VZEa = I.TZEa (185) 

Similarly: 

Ebd “ and E^j^ — "^ZEb (186) 

(i) Equivalent or Topographic Vector Diagrams.—To show 
directly the time-phase relations of the several voltages and 
currents in the three-phase systems, all the vectors are drawn 
through the origin, as in Tigs. 120 and 121. It is often con¬ 
venient to draw the vectors so as to indicate their position in 
the circuit diagram, forming triangles or polygons in which the 
direction and length of the sides represent the vector values. 
Thus in Fig. 121 the voltages between the mains may be moved 
into parallel positions so as to form the triangle shown in Fig. 
122. 



The sides of the triangle represent the voltages between the 
mains while the lines joining the vertices to the center give the 
voltages in the circuits. The simplicity of this form of vector 
diagram is of considerable importance when dealing with more 
complex systems, as may be seen from Figs 326, 327 and 332 to 
338 mclusive. 

(j) Sequence of Phases.—In the laboratory or in commercial 
work it is often necessary to determine the time sequence of the 
several phases in a polyphase system. Thus in the three-phase 
system indicated by the terminals A, B and D in Fig 123 the 
sequence of the phases may be either AB, BDj DA or AB, DA, 
BD. 
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A simple arrangement for determining the direction of rotation 
is shown in Fig. 123. A resistance r in series with a condensance 
eS: is connected across one phase, AD. 


A B 



Pro. 123 


D 

9 



I- 


In Figs. 124 and 125, let Ed^b and Eb—a represent the phase 

voltages of AD, DB and BA, respectively. Using a common 
origin 0, the three-phase voltages are shown in proper timo 
relation by the vectors OD, OB and OA in Figs 124 and 125. 



With a condensive reactance in the circuit AD, the current leads 
the voltage Ea-d- If the rotation of the vectors is counter-clock¬ 
wise, as in Fig. 124, the current vector I lies above Ea-d and the 
RI drop is represented by the vector OQ. 
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Likewise, if the rotation should be in the opposite or clockwise 
direction, as in Fig. 125, the current vector I must be drawn 
below the voltage Ea-d, and the RI drop will be represented by 
the vector OQ, Fig 125. Since the voltage QB indicated by the 
voltmeter V must in either case be the resultant of the RI drop 
and the phase voltage Ed-bj it is evident from the vector diagrams 
that if the voltage OP {QB in Fig. 123) is greater than E^^b the 
rotation is in the counter-clockwise direction, as in Fig. 124, and 
hence the sequence of phases would be AB^ BD, DA ; but if the 
voltage OP {QB in Fig. 123) is less than the rotation is in 
the opposite direction, as in Fig. 125, and in that case the 
sequence of phases would be AB, DA, BD 

{k) Commercial Polyphase Systems.—Besides the two-phase 
and three-phase systems, four-phase, six-phase and twelve-phase 
systems are in commercial use, although to a comparatively 
limited extent. For machines like the rotary converter a 
higher efficiency may be obtained in six- or twelve-phase designs 
than for the corresponding two- or three-phase types (see Chap. 
XVI). 

PROBLEMS 

1. Given a balanced two-phase, three-wire system (circuit diagram in 
Fig. 111). Voltage in each phase «= 120 volts; current in lines A or J5 =50 
amp,; B = 30° (current leading). A leads B, 

(a) Find the current in the common wire D. 

(b) Find the voltage between the outside wires A and B. 

(c) Draw the vector diagram 

(d) Draw curves for the voltage and currents in rectangular coordinates. 

2. Given a balanced, three-phase, delta-connected system (circmt dia¬ 
gram in Fig. 116). Voltage in each phase = 220 volts; current in each 
circuit = 36 amp ; B <= 40° (current lagging) 

(а) Find the current in each mam. 

(б) Draw the vector diagram showing the voltages and currents in the 
mains and circmts for the three phases 

(c) Draw in rectangular coordinates the corresponding curves for the 
voltages and currents 

3 . Given a balanced, three-phase, star-connected system (circuit diagram 
in Fig. 118) Voltage in each circuit = 125 volts; current in each mam = 40 
amp.; B = 20° (current leading) 

(a) Find the voltages between the mams. 

(b) Draw the vector diagram showing the currents and voltages in the 
circuits and mains for the three phases 

(c) Draw curves m rectangular coordinates for the currents and voltages. 

4 . Given a balanced, three-phase, delta-connected system. Current 
in each main = 60 amp , voltage between mams = 220 volts; & = 30° 
(current lagging) Phase sequence ABD, 
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(a) lind the current in each circuit. 

(&) Draw vector diagram for the currents and voltages. 

5. Given a balanced, three-phase, star-connected system. Current in 
each main = 40 amp.; voltage between mains = 120 volts; d = 70° (cur¬ 
rent leadmg). Phase sequence ABD. 

(а) Pind the voltage in each circuit. 

(б) Draw vector diagram showing the currents and voltages. 

6. An unsymmetrical, star-connected, three-phase load has the following 
hne voltages: 

= 100 

J^a—s “ —45 + j90 
and J&s-i « —65 — j90 
The phase impedances are: 

Zi = 10 
Zb - 2 +j7 
Z# = 2 — j9 ohms 

Solve for vector values of phase voltages and line currents. Give a com¬ 
plete topographic diagram of all voltages. Show the current vectors on the 
same plot. 

For Ejcperiments see page 683. 



CHAPTER X 


POWER IN BALANCED TWO-PHASE AND THREE-PHASE 

SYSTEMS 

The electric power in eingle-phase systems was discussed in 
Chap. VII. It was shown that the expression for the instan¬ 
taneous power for sine waves is: 

ei — sin (tot + “Vi) siii “I" ya) 

s= E7[cos (71 — 72 ) — cos ( 2 co< + 7 i + 72 )] (187) 

The equation shows that the power curve is also a sine wave but 
pulsates with double the frequency of the voltage or current. 
It was also proved that the average power for single-phase cir¬ 
cuits with sine wave current and voltage is: 

P = El cos 0 (188) 

where 6 is the difference in phase of the current and voltage. 
Similarly, the reactive power traveling to and fro in the circuit 

= El sin 6 (189) 

(o) Two-phase Circuit.—A two-phase circuit consists of two 
single-phase circuits differing by 90 electrical degrees in space 
position and hence producing voltage and current waves 90° out 
of phase. Let the load be balanced and the current and voltage 
waves be simple harmonic. 

For the first phase let the instantaneous values be: 

ii = "I sin («<) = \/2L sin («<) (190) 

€1 = “E sin (<i)t 5) = sin (wi -f- O') (191) 

Pi = eiii = 2EI sin® («<) cos 6 + 2EI sin {ut) cos (ui) sin 6 (192) 

Since the second phase voltage is 90 electrical time degrees 
from the first, the equations for the simultaneous instantaneous 
values for the second phase are: 

i 2 = “I cos (wO = cos (wt) (193) 

62 “ ^E cos ( 0 )^ -|- ^) ” cos (iiit -|- 6") (194) 

Pa = 62^2 = 2EI cos® (wO cos 6 — 2EI cos (cat) sin (wt) sin ff (196) 
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The instantaneous power for both circuits is therefore: 
p — Pi+ P2 = 2EI[sm^ (cot) + cos^ (cd^)] cos 6 = 2EI cos 6 (196) 

The instantaneous power in a iwo-phase circuit is thus found to 
be equal to twice the average power of one of the circuits. 

If the instantaneous power be constant it must be equal to 
the average power. Hence for balanced two-phase circuit and 
simple harmonic-current and voltage: 

P = 2EI cos e (197) 

Power is measured by wattmeters. In single-phase circuits 
the current from one of the mains passes through the wattmeter 
and the voltage is taken between the mains. A four-wire two- 



!Fiq. 126.—Two watmetera, 2-^, 
three-wire system 


Fig. 127—^Vecstor diagram 
for Fig. 126. 


phase circuit is merely two single-phase circuits and hence the 
power may be measured by one wattmeter in each circuit. In 
a three-wire, two-phase circuit the current connection on the 
wattmeter is made on the outside mains while the voltage is 
taken from the outside main to the common wire. The wiring 
diagram is shown in Fig. 126 where Wi and represent the 
two wattmeters, and the corresponding vector diagram in Fig. 
127. 

The so-called tangent method is sometimes found convement 
in determining the power factor in two-phase circuits. One 
wattmeter is used. The current coil is connected in the same 
way as for measuring power m single-phase circuits. With the 
voltage coil across the wires in the same circuit the wattmeter 
measures true watts 


Pi = Eili cos 6 


(198) 
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Without changing the current connection transfer the voltage 
coil to the second phase. The reading of the wattmeter is then: 

Pa = EiJi sin B (199) 

Usually El = Ei, and dividing the second reading by the first: 

^ = tan or (? = tan-i2? (200) 

Pi Pi 

Hence the power factor, cos in a two-phase circuit can be found 
by the use of one wattmeter. 

(b) Three-phase Circuit, A Connection.—^Power in three-phase 
circuits is usually measured by two wattmeters connected as indi¬ 
cated in Fig. 128. In order to prove that the two wattmeters 
at any instant will measure the total power in the three circuits, 
it is desirable to assume some directional notation. The arrows 
in both the circuits and the mains correspond, in a way, to the 
three-phase vector diagrams. It is immaterial which direction 
is assumed, only, if the current arrow in the circuit be taken 
counter-clockwise in one circuit, the arrows in the remaining two 
circmts must be in the same direction. Likewise the arrows for 
the currents in the mains may be taken from left to right as in 
the diagram, or in the reverse order, but the three arrows in the 
three mains must be in the same direction. It is evident that 
the arrangement of the arrows should be such that when the 
armature turns to a second position in which main A occupies 
the place previously held by main 5, the arrows in A and in the 
adjoining circuits must then be the same as were those of main 
B and the adjoining circuits. The arrows, therefore, represent 
directional conditions at any one position in space but not for 
the same time instant. Like the vector diagram, the arrows give 
the relative relation for all positions. 

With the direction of the arrows as given in Fig. 128 the equa¬ 
tions for the instantaneous values of the currents in the mains 
are: 


'^A. — 'ia 

(201) 

is “ ^2 — ii 

(202) 

“ ^3 — ii 

(203) 


The power indicated by the wattmeter is the product of the 
current in the main by the corresponding voltage 
For wattmeter Wii 

Pi = e2iB = 62(12 — ii) 


(204) 
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For wattmeter W 2 : 

Pa = (- es)iA = e3(^l - is) (205) 

The instantaneous power in both wattmeters: 

P = Pi + p2 = 62(12 — 'll) “ 63(^1 — ‘^3) 

= 62^2 “h (— 62 — 6 z)ii “h 63^3 (206) 

61 = 63 — 62 (207) 

Hence, 

p == 61^1 - 4 “ 62^2 H" 63^*3 (208) 

The product eiix is the instantaneous power in circuit 1, 
62^2 in circuit 2 and eziz in circmt 3. Therefore the two watt^ 
meters connected in this manner measure the total instantaneous 
power in the three circuits 



Pig 128.—Two wattmeters, 3-0, A conneotion. 


The value of the average power will be derived both analyti¬ 
cally and by the aid of vector diagrams. 

First Method .—For sine waves with a balanced inductive load 
causing a lagging current, let the voltage and current equations 
for phase 1 be: 

Cl = sin ((d) = \/2Ei sin (<^t) (209) 

ii = Vi sin (cji — 6 ) = \/2/i [sin (coO cos 0 — sin (? cos (co^)] ( 210 ) 
For phase 2 : 

62 = "^2 sin ((j)t — 120 ®) 

= ^/ 2 E 2 [— 2 sin («<) — cos (wi)] 


(211) 
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t 2 = sin (o)t — 120*^ — d) = \/2J2[— ^ sin (cat) cos 6 

— cos (wi) cos ^ ^ cos (cot) sin ^ sin (cat) sin (212) 

For phase 3: 

63 = “Ea sin (wi — 240®) 

= \/2Ea[ - ^ sin (wO + ^ cos (<o<)] (213) 

is = “Is sin {ut — 240° — d) 

= \/2Is[ - ^ (“0 cos cos (wO cos e 

+ i cos (wi) sin 5 + sin {wt) sin 8] (214) 


For a balanced load: 

El — Ea = Es = Ed and h = la = Is = Ir 

where Ec and le denote the effective voltage and current, respec¬ 
tively, tn each circuit 

The instantaneous power in the three circuits is the sum of the 
'products of the respective instantaneous voltages and cur¬ 
rents. Taking the sum of products etii, eaia, and 63*3 in equations 
(209) to (214) and reducing to the simplest form gives equation 
(216). 

V = eiii -I- eaia 4- 6313 = ZEJ^ cos 8 (216) 

Equation (215) shows that the instantaneous power is a con¬ 
stant and hence equal to the average power. 

p = P = ZEJo cos 8 (216) 

I = VS/o and E = Ed (217) 

Since the current in the mains I is equal to -\/3 times the current 
in the circuit 7«, and the voltage between the mains E equals 
the voltage in the circuit Ed, the power in a three-phase circuit 
expressed in terms of the current in the mains, the voltage 
between the mains and the power factor is: 

P = s/iEI cos 8 (218) 

Second Method. In Fig. 129 is shown the vector diagram cor¬ 
responding to the circuit diagram in Fig. 128. In the circuits 
the currents lag 8° behind the respective voltages and are repre- 
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sented by the vectors /i, I 2 and Zb- The currents in the mains 
are the vector differences of the circuit vectors and denoted by 
I A, Ib and Zj) in the diagram. The currents in the mains differ 
by 30° in phase position from the currents in the circuits and 
by the factor a/ 3 in magnitude. The power indicated by watt¬ 
meter W\y Figs. 128 and 129, is the product of the current in 
main 5, the voltage between B and Z) and the cosine of the time- 
phase angle. 

Power in wattmeter W 1: 


Pi = E 2 IB cos (30° - e) (219) 





Fio 129 —Vector diagram for 
Fig. 128. 



Fig. 130 —Topographic vector 
diagram for Fig 128. 


Similarly, the power in wattmeter W 2 is the product of the cur¬ 
rent in main A by the voltage between mains A and D and the 
cosine of the time-phase angle. The time-phase angle between 
IA and Ez is (180° — 30° — 0 ); and the cos (180° - 30° - 0) = 
— cos (30° + 0). The voltage connection,! however, is made in 
the reverse order from that of TFi, and hence this reverses the 
sign. Therefore, the power flows from the generator when cos 
(30° + B) is positive. 

Power in wattmeter 

P2 = EzIa cos (30° + B) (220) 

In a balanced circuit 

El = E 2 — Ez and I a — In ^ Id 
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Hence the total power: 

P = Pi + Pa = P/[cos (30° -e) + cos (30° + d)] (221) 


= 2EI cos 30° cos 9 = \/3EI cos 9 

(222) 

From equations (219) and (220) the power factor may be ob¬ 
tained from the wattmeter readings. 

Pi + Ps = 2EI cos 6 cos 30° 

(223) 

Pi — Pi = 2EI sin S sin 30° 

(224) 


(225) 

COS 9 = the power factor 



(c) Three-phase, Y Connection.—In Fig. 131 is shown a cir¬ 
cuit diagram of a F-connected three-phase circuit with direc¬ 



tional arrows symmetrically arranged as in Fig. 128 for the A 
connection. The corresponding vector diagram is shown in 
Fig. 132. It is seen directly from Fig. 131 that the instantaneous 
power in wattmeter Wiis: 


Pi = (“ ^0)^1 = (ei - €3)11 


(226) 


And for wattmeter W 2 ' 


Pa = ^8^2 — (ca — 63)12 


(227) 
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Hence the total instantaneous power in the wattmeters: 


But, 

and hence, 


P ” Pi "h P2 = ^2^*2 — 03^2 4 “ 61^1 — Cail 

is = — — ^1 

p = 6iii -f" 62^2 63^3 


(228) 


(229) 


Thus the two wattmeters together indicate the total power in 
the three-phase, F-connected circuit at any instant. 

The average power and the power factor in the F-connected 
system are found in the same manner as for the A connection. 
Referring to the vector diagram in Fig. 132. 




Fig 132. —Vector diagram for Fig. 133. —Topographic vector 

Fig 131 diagram for Fig 131. 

The power in wattmeter Wi is: 

Pi = Ed h cos (30° - 9) (230) 

For wattmeter Wt the power is: 

Ps = Ea h cos (30° + 9) (231) 

With a balanced circuit: 

Ejl = Eb = Ed = E and h = It = h — I in effective values 
The total power is therefore: 

P = Pi + Pi = 2EI cos 9 cos 30° = y/ZEI cos 9 (232) 
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In the same manner as for the delta connection the power fac¬ 
tor may be obtained from the two wattmeter readings. A curve 
showing the relation of the ratio of the readings to the power 
factor is given in Fig. 134. 



Fiu. 134.—Curve showing the relation of the power factor to the ratio of watt¬ 
meter madlngs in balanced 3-0 ciroiuts. 

Two important values for B may be observed directly. Fvrst, 
if the two wattmeters read alike, Pi = Pa and hence from equa¬ 
tions (230) and (231) 0 = 0 and therefore cos 0 = 1. Second, 
if one of the wattmeters, as ^2, reads zero, then W\ indicates the 
total load and cos (30° + 0) = 0, or 0 = 60°. J£Wi has no read¬ 
ing and Wi indicates the total power, then cos (30° — 0) = 0 
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and hence B — —60°. If 0 = 60° indicates a lagging current, 
then ^ = — 60° shows a similar leading current. If either 
of the wattmeters gives a negative reading, the value of 6 is 
greater than 60° and the total power delivered is equal to the 
difference of the two wattmeter readings. It is, of course, neces¬ 
sary to know that both the current and voltage coils are properly 
connected for givmg positive readings with 6 less than 60° before 
concluding that a negative reading of the wattmeter indicates a 
power factor less than cos 60°. For power in circuits with dis¬ 
torted voltage and current waves, see Chap. XXIII, and for 
unbalanced load. Chap. XXV. 

(d) Reactive Power.—If the power delivered and the power 
factor are known, the reactive power which travels to and fro 
in the circuit may be determined. 

= \/SEI smB = P tan $ = - P2) (233) 



It is, however, sometimes more convenient to obtain the reactive 
power directly by means of a wattmeter. In a balanced two- 
phase system the reactive power may be measured by a watt¬ 
meter if the instrument is connected to the circuits as in Fig. 135. 
The potential transformer is inserted to protect the wattmeter 
from short circuit between the current and voltage coils m the 
instrument. Since the current through the wattmeter comes 
from phase B and the voltage from phase Ay it is evident from 
the corresponding vector diagram in Fig. 136 that the wattmeter 
reading is given by equation (234) and represents the reactive 
power in one phase. 


EaIb co8(90° — 6) = EaIb sin ^ = JP^ 


(234) 
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SxPa = reactive power in the two-phase circuit when xPz is 
the wattmeter reading. Similarly, the reactive power in a 
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balanced three-phase circuit is measured directly by a wattmeter 
connected as in Fig. 137. For a balanced load, either star- or 
delta-connected and for any power factor, the wattmeter indi- 



Fig 138.—Vocrtor diagram for Fig. 139 —TopograDhic vector 

Fig 137 diagram for Fig. 137. 

cates the reactive power in the three-phase system. From Fig. 
138 or Fig. 139: 

EbIi cos (90° - 0) = EbIi sin 0 (235) 

= yAEj, sin 6 = total reactive power in a balanced 
3-<#> circuit when *p3 is the wattmeter reading. 

PROBLEMS 

1. Given a three-phase, delta-connected, balanced system with an 
inductive load Voltage (between mains) E - 230 volts; P 2 = 3.8 kw.; 
Pi = 8.4 kw. Circuit diagram as in Fig. 128. 
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(а) Find the power factor. 

(б) Find the current in the Tnftinfl and the current in each circuit. 

(c) Draw vector diagram showing the current and voltage in the watt¬ 
meter and the power-factor angle. 

2. Given a three-phase, star-connected, balanced system with a conden- 
sive load. E (between mains) « 230 volts; Pi = 10 5 kw.; P 2 = 4.8 
kw. Circuit diagram as in Fig 131. 

(а) Find the power factor. 

(б) Find the current in the mains. 

(c) Draw the corresponding vector diagram. 

8. With the same system and load as in problem 1 let a wattmeter be 
connected as in Fig 137. 

(а) What is the reading of the wattmeter? 

(б) Draw the vector diagram showing the current and voltage in the 
wattmeter. 

4. With the same system and load as in problem 2, let a wattmeter be 
connected as in Fig. 137. 

(a) Find the wattmeter reading. 

(&) Draw the vector diagram showing the current and voltage in the 
wattmeter. 

6. A three-phase induction motor takes 48.4 kw. at 87.5 per cent, power 
factor. The power is measured by two wattmeters, connected as in Fig. 
128. What are the readings indicated by Wi and W 2 ? If the voltage 
between rngins is 448 volts, what current flows through each wattmeter? 

6. A three-phase induction motor takes 28.5 kw. at 40 per cent, power 
factor while startmg. Voltage between mains: 238 volts. Wattmeter 
connections as in Fig. 131. 

(a) Find the readings of the two wattmeters. 

(b) Find the currents in the mama. 

(c) Draw vector diagram and indicate the currents and voltage passing 
through wattmeters Wi and Wa. 

7. In a three-phase balanced system the load consists of a three-phase 
induction motor taking 46.8 kw. at 73 per cent power factor, 22 kw. of 
incandescent lamps and an overexcited synchronous motor taking 72 5 
kw. at 93 per cent, power factor. Voltage between mams, 120 volts The 
total load is measured by two wattmeters, connected as m Fig 128 

(o) Find the readings of Wi and Wa- 

(b) Draw vector diagrams for the three loads and for the total load. 

(c) Find the reactive power for each of the three loads and for the total 
load. 

8. A three-phase, 60-cycle, 110-volt, 1,000-kv.a. electric arc furnace has 
an operating power factor of 90 per cent, at full load. With a constant- 
voltage supply, what is the maximum current that can be passed through 
the furnace, when a dead short exists at the electrodes, that is, when the 
resistance of the furnace is practically zero? The resistance of an arc 
furnace is decreased as the arcs are shortened by lowermg the electrodes. 
What is the maximum amount of power that can be forced into this furnace 
with supply voltage constant, and unaer this condition what will be the 
operatmg power factor? 
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9. Three heater unite each taking 1,150 watts at unity power factor are 
onnected in delta to a 124-volt, three-phase system. What is the resiet- 
nce of each unit? How many amperes of current flow in the mains? 

wattmeters are used to measure the power. How many watts does 
ach wattmeter indicate? 

10, Let the three heaters in problem 9 be Connected in Y to the same 
hree-phase system. What current flows in the line? How much power is 
bsorbed by each heater? Let the total power be measured by two watt- 
aeters. What is the power indicated by each meter? 

For Experiments see page 686. 


CHAPTER XI 


MAGNETIC HYSTERESIS, EDDY CURRENTS, MUTUAL 

INDUCTION 


When an alternating current flows in a conductor surrounded 
by air or other non-conducting material, energy is stored in the 
magnetic field surrounding the conductor, while the current 
increases, and is returned to the electric circuit while the current 
decreases to its zero value. If, on the contrary, in the space 
within the range of the magnetic field of the current in the con¬ 
ductor, there be conducting material, and particularly with iron 
or other magnetic bodies, a part of the energy involved will 
be changed into heat. The laws for determining these losses 
will be discussed under magnetic hysteresis, eddy currents and 
mutual induction. 

(a) Magnetic Hysteresis.—In Chap. II it was shown that the 
fundamental relation between magnetic flux and induced 
voltage E is expressed by equation (236) 


E = \/27m/"f»10"8 volts ‘ (236) 



E is the effective 
volts (simple sme wave 
assumed), the maxi¬ 
mum number of lines 
of force, n the number 
of turns in series, f the 
frequency. 

Let A = cross-sectional 
area, and (B 
maximum mag¬ 
netic flux den¬ 
sity 


= (BA 

E = \/27m/CBAlO”® volts 


(237) 

(238) 


Since the induced voltage varies with the rate of cutting lines 
of force, the voltage wave is displaced 90° from the correspond¬ 
ing flux wave, as shown in Fig, 140. If the conductor be sur- 
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rounded by a material of constant permeability, such as air, the 
exciting current, often called the magnetizing current, is also a 
sine wave and in time phase with the flux. In an iron-clad 
circuit, as in Fig. 141, the same 
voltage of sine wave form pro¬ 
duces decidedly different effects: 

1. The reluctance of the iron ^ 
is very low and hence a much 
stronger field is produced for a 
given exciting current. 

2. While the permeability of ^ 
iron and steel is large as com¬ 
pared to air, it is not constant for 
all intensities of magnetization. 

3. The ratio between the ex¬ 
citing current and the magnetic flux is different for increasing and 
decreasing values of the current. 

4. These ratios also depend upon the maximum value of the 
flux density in each cycle. 




Fig. 142,—Oeoillogram ehowing exoitmg current, Fa, of a 6 kv.a Typo H. 
G E. Co’s transformer. Vi, voltage « 110 volts, Va, exoitiug current = 0.92 
amperes, / = 60 cycles. 


Consider the electric circuit AB, Fig. 141, surrounding an 
iron core. The impressed voltage must at each instant be bal¬ 
anced by the induced voltage produced by the increasing or 
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decreasing magnetic flux cutting across the several turns of the 
electric circuit (neglecting the small ri drop in the conductor). 
Hence an exciting current will flow in the circuit just sufficient 
to produce the flux required to balance the impressed voltage. 
This relation is shown by the oscillogram in Pig. 142. The 
voltage is given by curve Pi, and the exciting current by curve 
72, as indicated in the circuit diagram. The voltage leads the 
magnetic flux wave by 90°. In the hysteresis loops, Fig. 143, 
is shown the relation between the magnetizing current mh or 
magnetomotive force 3C, and the resulting magnetic flux 
or flux density (B. While the relation may be expressed by 
the equation CB = m 5C, it must be kept in mind that the perme¬ 
ability is a variable affected by several conditions, as already 
noted. 



Plotting magnetic flux and exciting current in rectangular 
coordinates with time as abscissas gives the shape of the current 
wave as in Fig. 144. With a given hysteresis loop and sine flux 
wave the exciting current corresponding to any point on the 
flux wave is found by drawing the horizontal line Vr-p, Fig. 144, 
and taking the distance Vrs from the hysteresis curve. By laying 
off on the ordinate n-p the distance n-q equal to Vns, one point on 
the current curve is found. The maximum of the current curve 
will come at the same time as the maximum of the flux wave, but 
the current wave will not be sinusoidal in form. The wave con- 
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sists of a third and smaller fifth harmonic superimposed on the 
fundamental sine wave. Unless special accuracy is required, the 
exciting current may be considered equal to an equivalent sine 



wave as represented by the broken line in Fig. 145. The equiva¬ 
lent current wave has the same effective intensity and power as 
the actual exciting current, and unless the flux reaches the satura^ 
tion point in the iron, the maxima of the two current waves are 



approximately the same. The equivalent sine wave reaches 
the maximum before the actual exciting current and hence 
before the maximum of the flux. This time-phase lead of the 
equivalent sine wave of the exciting current over the magnetic 
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flux wave is called the hysteretic angle of advance and is repre¬ 
sented by the letter o:. If the voltage, flux and equivalent 
current are sine waves their relations can be shown in a vector 
diagram as in Fig. 146. Placing the voltage along the X-axis, 
the corresponding vector for the magnetic flux will He in the 
positive direction on the F-axis. The vector for the equivalent 
exciting current will lead the flux by a or lag behind the voltage 
by 90° — a. The power consumed by the hysteresis will be the 
product of the current, voltage and the 
cosine of the phase angle. 

kP = cos (90° ^ a) = ErJ sin a 

= hysteretic power loss (239) 

The component of the exciting current, 
the magnetizing current, produces the 
magnetic flux. 
a>P = ErJ sin (90° — a) = 

EmI cos a = reactive power. 

^ cos a = magnetizing current, (239a) 



The exciting current can therefore be considered as consisting 
of the components, J[ sin a in phase with the voltage and called 
the hysteretic or magnetic power component, of the exciting 
current, and mJ cos a, called the magnetizing component and which 
represents energy that is being stored in the magnetic field while 
the current increases and then returned to the circuit when 
the current decreases. Conversely, one may consider the voltage 
as consisting of two components: one, a power component, E 
sin a, in phase with the current, the hysteretic power component; 
and another, E cos <x, in quadrature with the current and con¬ 
sisting of the voltage consumed by self-induction. 

It is evident that the circuit producing the two components 
can be represented symboHcaUy by an impedance, i.e,, a resist¬ 
ance and an inductive reactance: 


z = r + j^x = z sin a jz cos a 


(240) 


Similarly, by an admittance or conductance and susceptance: 

y = g — jib = y 01 jy cos a (240a) 

In equations (240) and (240a) representing the exciting cir¬ 
cuit, the quantities z, r, ^ and y, g, Jb are not constant as in 
circuits without iron but depend upon the maximum density of 
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magnetic induction (B. This introduces many complications in 
the analysis of circuits containing iron and necessitates approxi¬ 
mations in calculations that otherwise could be made rigidly 
exact. 

Dr. Steinmetz has proved that the energy loss due to hys¬ 
teresis in iron and many lands of steel is proportional to the 
1.6th power of the maximum magnetic induction (B and can 
be expressed by the formula; 

hW = (241) 

kW = loss of energy in ergs, per cycle, per c.c. 

(B = maximum magnetic induction, in lines of force per sq. cm. 
= the coeflScient of hysteresis. 

The value of rj differs depending upon the material. Dr. Stein¬ 
metz found it to vary from 0.001 to 0.0055 in iron; from 0.0032 
to 0.028 in cast steel; up to 0.08 for tungsten and manganese 
steels; while for silicon steel values even lower than 0 001 were 
obtained. 

From equation (241) the loss of power for volume F, and at 
frequency/, is: 

hP = 17/FCB^ ®10“^ watts (242) 

/"*\ 1 6 

=j lO""^ watts 

For certain grades of silicon steel (probably of a non-homogene- 
ous nature) the hysteresis power loss is more closely approxi¬ 
mated by using 1.7 instead of 1.6 as exponent for (B. 

(6) Eddy Currents.—The lines of force produced by an alter¬ 
nating current move outward radially from the conductor while the 
current is increasing, and toward the conductor when the cur¬ 
rent decreases. While thus traversing the space surrounding 
the conductor carrying the current, the lines of force set up or 
induce electromotive forces in the conductor. If this voltage is 
induced in a conducting material like copper or iron, a local 
current will flow. The magnitude of this current will depend on 
the difference of potential induced in the conductor and the 
resistance in the path through which the current must flow. This 
induced current has also a magnetic field which, in turn, reacts 
upon the primary field. In solid masses of good conductors, 
such as iron or copper, the voltage induced would be considerable 
and the resistance small. As a result large currents would flow in 
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the mass taking curved paths much the same as eddies in a 
stream. In most electrical apparatus eddy currents are un¬ 
desirable; and the design must be so made as to reduce the losses 
from eddy currents to a miniTnum. This is accomplished by 
laminating the iron or using iron wire as conductor of the mag¬ 
netic flux. This method reduces the possible difference in 
potential between any two points and also increases the resistance 
of the path through which the eddy currents must flow. Eddy 
currents are true electric currents but flow in very short circuits. 
The induced voltage causing the eddy currents is proportional 
to the frequency and flux density 

OC /CB 

The resulting current is equal to the product of the voltage 
and conductivity of the circuit, hence: 

J = \JB a: X/CB (243) 

The power is proportional to the product of the current and 
voltage: 

JP cc JJE cc X/2(b2 (244) 

From equation (238),/(B is proportional to E, hence: 

*P = hE^\ (245) 

The loss of power by eddy currents is proportional to the square 
of the voltage and to the electric con¬ 
ductivity of the iron. 

Like magnetic hysteresis, eddy cur¬ 
rents produce a leading current with re¬ 
spect to the flux; or the eddy currents 
cause an angle of advance p, and there¬ 
fore the current has components both 
in phase and in quadrature with the 
voltage. The phase relations between 
the impressed voltage, the induced flux 
and the eddy current are shown by the 
vector diagram in Fig. 147. Expressing 
the angle in terms of the eddy-current conductance g and the 
total admittance of the circuit y : 



sin /3 = ^ 

y 


(246) 
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From equation (245): 

§i = k\ = g (247) 

The equivalent conductance due to the eddy currents in the iron is 
therefore a constani of the circuity depending only upon the electric 
conductivity of the iron. 

To find the power loss from eddy currents let : 

€ = eddy-current coefficient 
V = the volume of the iron. 

Dividing the expression for power in equation (244) by the fre¬ 
quency, we have the energy per cycle per c.c. 

= cX/®® ergs (248) 

Hence total power: 

eP = watts (249) 

As the quality of the iron is included in the conductivity factor, 
X, the coefficient of eddy currents c depends only upon the shape 
of the parts in the magnetic circuit. In commercial apparatus 
thin plates or sheets and wires are used, and the coefficient 
depends upon the thickness of the sheets, or upon the diameter of 
the wire. 

1. Thin Plates or Laminated Iron. —^Let the thickness of the iron 
be very small compared to the length of the sheet, so that the 



currents may be considered as flowing parallel to the surface and 
in opposite directions on the two sides and in that way forming 
a circuit. This is the case in most commercial machines, as trans- 
fonner cores, armature cores, etc. Let Fig 148(a) be an 




130 


ALTERNATING CURRENTS 


edgewise (greatly enlarged) section of a thin plate or sheet of 
iron placed in a vertical position. Let d be the thickness of the 
plate, I the length (up and down) and u the width of the thin 
plate or sheet of iron. Let ds be an elemental zone, parallel to 
the surface of the plate as shown in cross-section in Fig. 148(6). 

For currents flowing up and down in the plate the conductance 
^ for the zone ds is: 


g = 


Xw(ds) 

I 


(250) 


The number of magnetic lines of force passing across ds in a 
quarter cycle is (&sL Hence the voltage induced in this zone is: 


^ in c.g.s. units 

This voltage produces a current: 

J = g ^ 

Hence the power consumed in this zone: 
d«p = 


(251) 
(262) 
(253) 

Therefore the total power consmned by the eddy currents in the 
sheet of thickness d is: 

. d _ 

6 


Power per c.c 


(dj?) = 2nrW\ ul 

d 

2 


' + 5 


J^ s\ds) = 


^ ^ Try^CB^Xd^ 


Ivd 


ergs per sec 


ergs per sec. (264) 
(255) 


Energy per cycle, per c.c.: 


7ry®2Xd2 

.w? = y = ^ ergs 

From equations (248) and (256); 

^ 2^2 

€ = -g- = 1 645d2, if X is given in c.g.s. units. 


(256) 


As X is usually given in practical units the coefficient e includes 
the conversion factor 10“® or: 

€ = 1.645d210-® for X in practical units. 
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In practical units X varies within the limits of 10° and lO'*. 
Equation (248) can therefore be restated: 

,w = cX/(B2 = 1.645dax/fB210-» ergs (257) 

= 1.645d2x/®'10“'« joules 

Also equation (255) becomes: 

= feW = 1.645X^2/2(6210-18 watts (258) 

and the total loss by eddy currents for volume V: 

•P = = 1.645X7^2/2^210-18 watts (259) 

2. Iron Wire .—The coefficient for eddy currents in an iron wire 
may be found in a similar manner. Let Fig. 149 represent the 
cross-section of a wire of diameter d. 

The magnetic lines of force lie parallel 
to the length of the wire and move at 

right angles to their direction, either / \ 

toward or away from the center of the / // ^ V\ \ 

wire. Hence the lines of force pass I [\ I 

through the elemental sheet ds and gen- \ j 

erate voltages that tend to send cur- \ 
rents in the sheet de around the axis of 
the conductor. The resistance of an 
elemental circular zone ds in Fig 149 at 

a distance s from the center and I cm. in length is ^ and 

ZX(ds) 

the flux crossing the zone in each quarter cycle is CB7rs2. 

Hence the voltage generated in the zone: 

JE = '\/^2/(B52 in c.g s units (260) 


The current produced by this voltage: 

. _ „ _ Tfims(ds) 

V2 


The power loss in this zone: 

(d,p) = ^ J = 7r8X//2(B2s°(d5) 
The power consumed in Z cm. of wire • 



132 


ALTERNATING CURRENTS 


The power conBumed in 1 c.c. of iron: 

.p = Y P®^ ®®®- (®‘S-s- units) (264) 

Energy consumed by eddy currents per cycle, per c.c. of iron: 

•w = j= jg ergs (265) 

The coefficient of eddy currents is, therefore, from equations 
(248) and (265): 

ijp2^2 

• « = = 0.617d*, if X is expressed in c.g.8. units (266) 


For X in practical units the conversion factor 10~® must be 
introduced and then: 

6 = 0.617d»10-» (267) 

With this value for e, equations (264) and (265) may be written as 
inequations (269) and (268). 

Energy consumed by eddy currents in iron wire per c.c. per cycle: 

,w = = 0.617A(B®d®10-® ergs (268) 

Power consumed at frequency/: 

«V = /b^ = 0.617/2X(B^d®10”^® watts (269) 

Total power consumed by volume 7: 

JP = «p7 = 0.617y/®X(B^d210’'^® watts (270) 

3. Comparison of Power Consumed hy Eddy Currents in Wires 
and Laminated Iron ,—With the same quality of iron, the same 
flux density, frequency and volume, the power loss is directly 
proportional to the eddy-current coefficient e. 

For laminated iron: 


For iron wire: 


e' = 1 645 10-® 

€" = 0.617 d2^ 10-» 


For the same loss of power e' = e''and hence: 

diameter of wire _ dz _ jl 645 _ . _ 
thickness of sheet di ^0.617 ^ ^ 

For equal power losses due to eddy currents the diameter of the 
iron wire is therefore 1.63 times the thickness of the sheet, pro¬ 
vided the quality of the iron is the same. 
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(c) Mutual Induction.—The eddy currents, discussed in the 
previous paragraphs, are produced by the alternating field pass¬ 
ing into the laminated iron or the iron core. If the lines of 
force cut another conductor, an e.m.f. will also be induced therein. 
If the conductor forms a circuit, a current will flow and energy 
will be consumed. This energy must necessarily come from the 
circuit that produced the alternating magnetic flux. Thus in 
Fig. 150, if an alternating current flows in circuit A and a portion 
of the circuit lies parallel to a conductor forming part of circuit 
jB, an e.m.f. will be induced causing a current to flow in J5. The 
power consumed by the current flowing in circuit B is supplied 
by the generator in circuit A. The voltage induced in circuit 
B and the resulting current are in the opposite direction to 
the voltage and current in A. If circuit B has both resistance 




and inductance, the current will lag behind the voltage, and 
either the current may be considered as consisting of a power 
component in phase with the voltage and a reactive component 
in quadrature with the voltage, or the voltage may be divided 
into components in phase and in quadrature with the current. 
Where the amount of energy transferred is considerable, it is 
usually best to take the two circuits separately, and to determine 
the effect of mutual induction in terms of resistance and reactance 
constants for both the primary and the secondary circuits. In 
Fig. 150 let ri, Zij Ei and h for circuit A, and ^2, X 2 , and I 2 
for circuit B, represent the resistance, reactance, voltage and ' 
current respectively. The reactance Xi refers to circuit A alone 
and similarly to circuit B without taking into consideration 
the existence of the other circuit. 

If Li represents the induction due to all the interlinkages 
of the magnetic flux from unit current in A with the number of 
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turns in circuit A, and likewise L 2 the induction due to all the 
interlinkages of the magnetic flux from unit current in B with 
the number of turns in circuit 5, then xi — 27r/Li, and X 2 = 
2ir/L2. However, part of the lines of force produced by h in 
circuit A will also interlink with circuit and similarly the 
same proportion of the lines produced by current ^2 in circuit 
B wiQ interlink with circuit A, thus forming an additional 
inductance between the two circuits. The mutual inductance 
Ln is the total number of interlinkages of the magnetic flux pro¬ 
duced by unit current in circuit A with circuit B, or the total 
number of interlinkages of the magnetic flux produced by unit 
current in circuit B with circuit A. Since in either case part of 
the magnetic flux will lie between the two circuits, must be 
less than L1L2. If I/m be the mutual inductance, = 27r/L„ = 
the mutal reactance. The voltage induced in circuit B is: 

-B2 = - jXrJi (272) 


The current in S is therefore: 


j ^ - j^fnh 

^2 ^2 + jX2 

The current I2 in circuit B similarly induces a voltage E 21 
circuit A. 


(273) 
in the 


Eii 


- jXnJ2 = 


j^xj^h ^ - xjh 
r 2 + 3 x 2 r 2 + jx 2 


_ j / *^2Xrn^ I 3Xm^X2 \ 


(274) 


The impressed voltage necessary to overcome this induced 
counter e.m.f. is therefore: 


Ei2 


j ( r2xj‘ 

^ Vra** + X’^ 


. Xj‘X2 \ 
^ T2^ + X 2 V 


(275) 


This shows that the effect of the mutual inductance is equivalent 
to a circuit having a resistance and condensive reactance, 
or that the mutal inductance increases the resistance and 
decreases the inductive reactance. 


Let rs = 2 ” the equivalent resistance of mutual induction 

7*2 -r X 2 

and 

~ 2 ^ ^be equivalent reactance of mutal induction; 

7*2 "T X 2 

then: 

Eli = ii{r 3 - jxz) (276) 
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Since circuit A has resistance Vi and reactance Xi, the voltage 
impressed by the generator, causing a current h to flow through 
Aj must be the vector sum of the voltages consumed by rJi, 
XiIimdEi2- 

Eq = /i(ri + jxi) + Ei 2 (277) 

= 7i[ri + ^3 — Xs)] (278) 


The equivalent resistance is therefore increased and the equiva¬ 
lent reactance decreased in. circuit A by the mutual inductance 
between circuits A and B. The phase relations of the current 
and the components of the generated voltage consumed by the 
resistance and reactance in circuit A and by the equivalent 



resistance and reactance due to the mutual mductance between 
the two circuits are illustrated by the vector diagram in Fig. 161. 

(d) Effective Resistance, Reactance, Conductance and Sus- 
ceptance.—^From the preceding it is evident that the phenomena 
occurring in the space surrounding an alternating circuit, and due 
to the rapid changes in the magnetic field, consume power in 
addition to the ordinary losses in the circuit. Hence the 
transmission losses in a circuit are greater for alternating than 
for direct currents of equal magnitude. A similar loss is caused 
by dielectric hysteresis, corona, etc., as is shown in Chap. XX. 


Taking the power loss by means of a wattmeter for direct and 
alternating currents of equal magnitude and in the same circuit, 
we have two values for the power. 


For direct currents’ 


II 

(279) 

For alternating currents: 


JP = El COB B = zl^ = aTP 
z 

(280) 

aP > JP, hence aV > dV 

(281) 
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I The value aa measured by direct currents ^ is called the true 
I or ohmic resistance; and the quantity as measured by alternating 
I currents aT, the effective resistance. The effective resistance is 
always larger than the ohmic resistance, as it is composed of 
the ohmic resistance plus a quantity representing the power 
losses due to dielectric and magnetic hysteresis, eddy currents, 
mutual magnetic and dielectric induction, skin effect, corona, etc. 
Accordingly, the reactance of a circuit is influenced by its prox¬ 
imity to other circuits, and the actual value determining the 
phase relation of the currents and voltages is the algebraic sum of 
the reactances due to the inductance and condensance of the 
circuit itself and the effects produced by the neighboring con¬ 
ductors. This mutual induction decreases the inductive react¬ 
ance while dielectric induction increases the condensive reactance 
of the circuit. The resultant value is called the effective reactance 
of the circuit. As several of these outside-the-conductor-phe- 
nomena, affecting the value of the effective resistance and effec¬ 
tive reactance, are directly proportional to the impressed voltage, 
these are in a sense parallel circuits and therefore more conven¬ 
iently expressed in terms of conductance and susceptance. As 
the relation between resistance, reactance, conductance and sus¬ 
ceptance is fixed by the equations given in Chap. V, the terms 
effective conductance and effective susceptance correspond to 
effective resistance and effective reactance. 

In Chap. II the term effective as apphed to current and voltage 

was used to indicate —^ times the maximum value of a sine 

V2 

wave. In a broader sense, with waves of different shapes, 
it means the value actually measured by a voltmeter or ammeter 
indicating the square root of the average of the squared instan¬ 
taneous values (see page 465). Likewise the term effective when 
applied to resistance, reactance, conductance and susceptance 
refers to the quantities measured in the alternating circuit 
whether the quantities are in the conductor of the circuit itself or 
in the surrounding magnetic and dielectric fields. 

It is important to note that while the phenomena both in the 
conductor and in the space surrounding an alternating-current 
circuit are of great variety the mutual relations of the current, 
voltage and power can be expressed in a very simple manner 
by using two constants, either effective resistance and effective 
reactance, or effective conductance and effective susceptance. 
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Power (real or true) = El cos e = rP = rEI (282) 

rE = power component of the voltage = effective resistance 
by current. 

Power (real or true) = El cos 6 = gE^ = glE (283) 

gl = power component of current = effective conductance by 
voltage. 

Power (reactive or wattless) = El sin 6 zP = JEI (284) 

JE = reactive component of voltage == effective reactance by 
current. 

Power (reactive or wattless) = El sin 6 = bE^ = iJE (286) 

bl = reactive component of current = effective susceptance 
by voltage. 

The effective values can usually be measured in an existing 
circuit and may also, with a fair degree of accuracy, be pre¬ 
determined by calculation. It must be kept in mind, however, 
that, in general, effective values of r, a;, g and b are not con¬ 
stants but depend upon the frequency, voltage, current, flux 
density, etc. The notation rule for effective values of current 
and voltage applies to the resistance, reactance, conductance and 
susceptance; namely, that unless specifically stated otherwise the 
effective values are understood when dealing with alternating- 
current circuits. 


PROBLEMS 

1. Given sheet steel of thickness d = 0.07 cm.; X = 3 X 10*; =» 0.0016; 

/ = 00 cycles. 

(a) Fmd aP and for 1 c.o., 1 ou. ft., 1 kg., and 1 lb. for (B = 8 , 000 . 

(&) Plot curves for hP and «P as ordinates and (B as abscisssa, for 1 kg. 
and for values of (B from 4,000 to 18,000. 

(c) Fmd hW and tW for 24 hr. in 100 lb. of the sheet steel with (B = 
10,600. 

2 . The iron losses m a 50-kv.a. transformer for (B = 8,600 are found to be 
«P = 66 watts and hP = 182 watts. / «= 60 cycles. Find aP and aP for 
(B « 6,000, 7,600, 9,600, 11,000 and 12,000. 

8 . Two transformers have iron cores of the same kind of sheet steel of 
equal volumes. The windings differ so as to give values to (B equal to 
6,600 and 10,600 respectively. 

Find the ratios of the hysteresis losses and the eddy-current losses 

4. The total volume of iron in a certain transformer = 9,850 c.c. 77 = 
0.001; X = 6 X 10 *; d = 0.036 cm. 



138 


ALTERNATING CURRENTS 


Plot curves for hysteresis and eddy-current losses for values of (B from 
4,000 to 16,000 for / = 60 and 60 cycles 
6. A laboratory test shows that a certain transformer has 181 watts 
iron loss at 30 cycles and 446 watts at 60 cycles per sec. for the same maxi¬ 
mum flux density, (a) What is the hysteresis loss at each frequency? 
(6) What would be the total iron loss at double the flux density at 60 cycles 
per sec. ? 

For Expenments see page 686. 
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TRANSFORMERS 

A. THE “CONSTANT-POTENTIAL” TRANSFORMER 

The chief advantage of alternating over direct currents comes 
from the simple manner in which the alternating voltage may be 
raised or lowered. Transmission-line losses are, as stated by 
Joule^s law, fundamentally proportional to the product of the 
resistance and the current squared. Since the power transmitted 
equals El cos it is evident that, with constant power factor, an 
increase in voltage means that more power can be transmitted 
for the same line loss. For example, if the voltage be increased 




T 
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f' 

u. 


Fig. 162.—Shell-type transformer. 


fourfold the power that can be transmitted over the same line 
at a given line loss will be sixteen times as large as at the lower 
voltage. At the receiver end of the line the safety of the cus¬ 
tomer and the economical design of lamps, motors and other 
appliances receiving the electric power require low voltages. 
Hence the fundamental requirement for economical transmission 
and distribution of electric energy is comparatively high poten¬ 
tial on the transmission line combined with low voltage at both 
ends. This requirement is admirably met in alternating-current 
circuits by the use of the potential transformer. 

The single-phase transformer is the simplest and most efficient 
of alternating-current apparatus. It consists of a magnetic 
circuit interlinked with two electric circuits, a primary and a 
secondary. Two fundamental designs for the magnetic circuit 
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are in commercial use, the core and shell types, as illustrated in 
Figs. 152 and 153. In some designs features of both the shell and 
core types are included. The electric circuits are insulated from 
each other and the iron core so that all the energy passing from 
the primary to the secondary circuit is transmitted through the 
transformer by the magnetic flux. In both the core and shell 
types the reluctance of the iron or steel cores is very small, so 
that almost all of the magnetic flux is inside of the steel core 
with only a weak stray field in the surrounding space. 

(a) The “Ideal^^ Transformer.—At full load both the leakage 
flux and the power loss ia the transformer are small as compared 
to the total flux and the power transmitted. Therefore, in a 



preliminary discussion of the relations between the flux, im¬ 
pressed and iaduced voltages and load current it may be assumed: 

1. That all the magnetic flux passes through the steel core, 
thus neglecting the leakage flux. 

2. That all the power supplied to the primary is delivered 
by the secondary, thus neglecting the losses in the transformer. 
Let rii = number of turns in the primary. 

na = number of turns in the secondary. 

J<i> = maximum useful magnetic flux in the steel core, 
expressed in lines of force. 

iJEi = voltage induced in the primary by the flux m4>. 

^2 = voltage induced in the secondary by the flux "4> 
f = frequency in cycles per second. 

From the first assumption it follows that the total flux cuts all 
the turns in both the primary and secondary. 

volts 

^2 = volts 


(286) 

(287) 
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Hence, 

From the second assumption, 

power = 0 ^ 1/1 cos 6 = 0 F 2/2 cos or nji = 712/2 

Hence, 

h -s — 

I2 ” Til 

Therefore in an '4deal’' transformer the voltage ratio is 
directly and the current ratio inversely proportional to the num¬ 
ber of turns. The ratio between the number of turns may be 
any value and in commercial designs it varies within wide limits. 

It is difficult to represent clearly on the same vector diagram 
quantities differing much in magnitude, as, for instance, the pri¬ 
mary and secondary voltage on a 20:1 ratio transformer. Hence 



Pig 164. 


it is customary either to consider a transformer having a ratio 
of 1:1, for general illustrative purposes, or to let the vectors repre¬ 
sent ampere-tums and voltage per turn instead of current and 
total voltage. This gives vectors of equal magnitude for the 
primary and secondary because nJi = 712 / 2 , by equation (290), 

and by equation (288). 

Til 712 

For an ^^deaP' transformer the vector diagram in Fig. 154 
represents phase relations of the flux, currents and voltages. Let 
time be counted from the instant when the flux wave is passing 
through zero in the positive direction; then the magnetic flux 
vector is drawn upward along the F-axis, and since the induced 
voltage in the secondary coil lags behind the flux by 90° it is repre¬ 
sented by the vector 0^2 along the X-axis. The impressed 


(288) 

(289) 

(290) 
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voltage in the primary is equal and opposite to the voltage 
induced by the flux in the primary and is represented by 
the vector O^Ei. Let the current in the secondary lag behind 
the voltage by 6° and be represented by the vector Oh- Then the 
corresponding current flowing in the primary is the vector OJi, 
lagging behind the impressed voltage by 

(b) Exciting and Magnetizing Currents.—While the basic 
relations of the magnetic flux, the voltages and currents are 
given in the description of the idealtransformer, even an 
elementary discussion of the actual transformer must take 
into account the exciting and magnetizing currents and the effect 
of the resistance and reactance in both the primary and the 
secondary windings. With the secondary open and hence no 
current flowing in the secondary winding, a small current, 
sometimes incorrectly called the leakage current^ flows in the 
primary providing the magnetomotive force niJ[, necessary 
to produce the flux in the transformer. This is the exciting 
current. The quadrature component of the exciting current 
is called the magnetizing current. As explained in Chap. XI, 
the exciting current is not a simple sine function of the time, but 
can be represented, approximately, by an equivalent sine wave, 
of equal effective value and equal power, leading the magnetic 
flux by an angle a, the hysteretic angle of advance. The exciting 
current lags behind the impressed voltage by 90° — a, and 
can be divided into components in time phase and time quad¬ 
rature with the voltage 

rrj COB (90° “ a) = the power component, and represents the 
losses from hysteresis and eddy currents, 

rrJ sin (90° — a) = the magnetizing current or wattless com¬ 
ponent, and represents the reactive power 
in the magnetic field. 


In the symbolic notation: 

ml = mOipEl — jmbtfyEl (291) 


= ftP + eP, or 




The susceptance rjb can be found from the dimensions of the 
magnetic circuit, the quality of the iron and maximum flux 
density. 
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A = cross-section of iron core in square centimeters. 

= maximimi useful lines of force. 

(B = ^ = maximum flux density. 

(R = the reluctance of the magnetic circuit for the density (B. 

The maximum magnetomotive force required to magnetize the 
iron core is equal to the product of the reluctance of the magnetic 
circuit and the maximum core flux. 


sin (90° - a) 


10 




Jy 


10 

4;7r\/27Zri^i? 1 


= 0 56 




(293) 

(294) 


It should be noted that in equations (291) to (294) is that 
part of the total voltage Ei impressed on the primary terminals 
which is balanced by the inducing action of the magnetic flux 
cutting the ni turns of the primary winding. As will be 
shown later, however, the loss of voltage in the primary winding 
is small, and therefore in most cases the terminal voltage Ei may 
be substituted for ^Ei in equations dealing with the exciting 
current, without introducing appreciable errors. 

(c) Magnetic Leakage.—In the preceding paragraph the 
exciting current has been discussed under no load or open second¬ 
ary circuit conditions. As the maximum flux interlinking both 
the primary and the secondary circuits, that is, the useful flux 
in the iron core, is approximately the same for all load conditions, 
the exciting current remains practically the same under load as 
when the secondary is open. With the transformer loaded and 
hence a current flowing in the secondary circuit, magnetomotive 
forces equal to the product of the currents into the respective 
number of turns appear in both the secondary and the primary. 
In the primary circuit an m.m.f. equal to nili produces a flux 
which surrounds the primary wmding. This flux may be 
separated into two components, one part in the iron interlinking 
all the turns of both the primary and secondary circuits; and a 
second part, the leakage flux ^(#> 1 , m Fig. 153, very much smaller, 
lies in the space outside the iron core, occupied by the insulation 
and interlinks part or all of the primary turns, but does not 
interlink with the secondary. Similarly, the secondary m.m.f. 
produces a magnetic flux in the opposite direction, one part in 
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the iron and a second part in Fig. 153, passing through the 
space occupied by the insulation and interlinking part or all of 
the secondary turns but not interlinking with the primary wind¬ 
ing. In the shell type, Fig. 162, only that part of the flux in 
the air lying between the primary and secondary windings is the 
leakage flux. All lines of force cutting both the primary and 
secondary windings are useful and hence grouped as Since 
the m.m.f. of the primary is opposed by the m.m.f. of the second¬ 
ary, the resultant or difference is at all loads, the m.m.f. of the 
exciting current which produces the useful flux interlinking 
both the primary and secondary windings. 

712-^2 ” ’^1-^11 (295) 

riili = niml + Till11 (296) 

Hence the resultant m.m.f. for both primary and secondary, in 
the iron core: 

riili — = Wl-fn “t" ~ ^ 2^2 = Tliml (297) 

The lines of force outside of the iron core and inter linkin g all or 
part of the turns in either the primary or the secondary circuit, 
but not both, constitute what is called the leakage flux. 

i<l>i = primary leakage flux, proportional to h. 
i<t )2 = secondary leakage flux, proportional to J 2 . 

The leakage flux linkages are therefore a simple inductance in 
each circuit and can be represented by a primary and a secondary 
reactance 

In general, transformers are designed for miniTnum leakage 
reactance, but under certain conditions the service required 
necessitates the insertion of a considerable amount of reactance 
in the circuit, as, for example, in the operation of rotary con¬ 
verters on a rapidly varying load. For this service the trans¬ 
former is designed with a magnetic bridge between the primary 
and secondary windings which gives a large leakage reactance. 

(d) Circuit Diagram.—In Fig. 155 is shown a circuit diagram 
for a potential transformer receiving power over a line from a 
generator and supplying a load. 

Eq = generator voltage. 

= voltage impressed on the transformer primary. 

= voltage induced in the secondary by the flux 
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voltage in primary balancing the voltage induced 

by the flux in the primary. 

E 2 =s= terminal voltage of secondary. 
tq = line resistance. 

Xq = line reactance 
Ti = primary resistance. 
xi = primary reactance, 
ra = secondary resistance. 

X 2 — secondary reactance, 
rs = load resistance. 

Xz = load reactance. 

nQ = equivalent conductance in magnetizing circuit. 
jJ) = equivalent susceptance in magnetizing circuit 
1 1 = primary current. 

T 2 = secondary current. 
rJ — exciting current. 



Fig 166 . 


The broken lines across the magnetic flux lines are intended 
to indicate that, while the power is transmitted from the primary 
to the secondary winding by the flux, the directions of the current 
and voltage in the two windings are reversed. The exciting 
current flows in an equivalent parallel circuit having a con¬ 
ductance n,g for the hysteresis and eddy-current losses, and a 
susceptance ni> for the reactive power in the magnetic field. Start¬ 
ing at the load end, it is evident that the voltage ,^2 induced in 
the secondary is equal to the vector sum of the terminal voltage 
E 2 and the impedance drop in the secondary caused by r 2 and 

+ . 7 ^ 2 ) + E^ (298) 
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The voltage in the primary balanced by the induced volt- 

7ll 

age in the primary and equivalent to-combined vec- 

torially with the impedance drop in the primary ia equal to the 
voltage El impressed on the primary 

El = ii(ri + jxi) + ^1 = iiiri + jxi) — ^ ^2 (299) 

/Ig 

The voltage impressed on the transformer Ei combined vec- 
torially with the impedance drop of the line equals the generator 
voltage Eq, 

jBo = Ii(rQ + jrco) + Ei (300) 

The current in the primary h consists of the equivalent 
primary load current In =- -1 2 combined vectorially with 

Ui 

the exciting current 

ii = J + /ii = (301) 

ni 

(e) Vector Diagrams.—The time is selected so that the mag¬ 
netic flux vector lies in the positive direction on the F-axis. 





Fio 166 . 





Fig. 156. The voltage induced per turn in the secondary, 

Uz 


by the flux i#, lags behind the flux by 90° and therefore is 
drawn in the positive direction along the X-axis. The impressed 

dEi 

voltage in the primary required to balance the voltage m- 


E 

duced per turn in the primary by the flux is equal to 

and opposite in direction. Hence is drawn along the X- 
axis in the negative direction Let the current in the secondary 
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be in phase with the induced voltage ^-^ 2 , then the ampere-turns 
are represented by the vector ^ 2 / 2 . The impedance drop per 


turn in the secondary is given by the vectors —I 2 and ^/ 2 , 

72-2 ^2 

in time phase and in time quadrature, respectively, with the cur-’ 

E 

rent Is. The secondary terminal or load voltage — is the 

71 % 

vector sum of and Hence — closes the voltage 

712 ^2 ^^2 7h2 


X2i 


triangle in the secondary. 

The current in the primary Ji is the vector sum of the exciting 
current and In, the current equivalent to the secondary and 
differing by 180° in phase, as given by equation (301). The 


impedance drop per turn in the primary is given by —Zi and —Ii 

Til Til 

in time phase and in time quadrature, respectively, with the 

E 

primary current. The impressed voltage — per turn in the 

Til 

primary is therefore the vector sum of ~Ii and —h. 

In illustrative vector diagrams for transformers the phase 
relations are of much more importance than the relative magni¬ 
tudes of the currents and voltages. Therefore, in Figs. 157 to 
166 inclusive, the resistance and reactance drops, both in the 
primary and secondary and the exciting currents are, relatively 
to the impressed voltages and load currents, represented as 
from ten to twenty times as large as in ordinary commercial 
transformers. Also the current and voltage notation represents 
ampere-tums and volts per turn, or the ratio of the number of 
turns has been taken as unity. 

In the series, Figs. 157 to 166, the power factor of the load is 
varied so as to illustrate the effect of the transformer impedance 
on the terminal voltages for lagging and leading currents. The 
angle 4,62 refers to the phase difference of the secondary current 
and the induced secondary voltage. It is therefore the time lag 
in the secondary circuit due to the total reactance that is to the 
sum of the internal reactance in the secondary circuit and the 
external or load reactance. 

The following values are constant: 
the maximum flux. 

/, the frequency. 
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ni and 112 , the number of turns in primary and secondary. 
?’! and r 2 , the resistance in the primary and secondary. 

and X 2 , the reactance in the primary and secondary. 
ml, the exciting current (ampere-tums). 
a, the hysteretic and eddy-current angle of advance 
assumed to be 30° 



Fio. 167.— <l>6i — 75®, lagging current 



„,g and mb, the conductance and ausceptance of exciting 
circuit. 

12 , the secondary current (ampere-turns). 

Ill, component of primary current opposite and equal to 
12 (ampere-turns). 



Fio 168 — <l>$s = 60®, logging current. 


■ ^ 62 , the angle between the load current and the induced voltage 
in the secondary is assumed to have the following values: 

Fig. 167, ^62 = 75° lagging current. 

Fig. 168, ^02 = 50° lagging current. 

Fig 159, 4,82 = 26° lagging current. 
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Fig. 162.— tf^dt *■ 10®, leading current 
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Fig 160, = 10“ lagging current. 

Fig 161, i,da = 0° unity power factor. 




Fig. 162, *02 = 10“ leading current. 
Fig. 163, *02 == 25“ leading current. 
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Fig. 164, = 50° leading current. 

Fig. 165, ^02 = 75° leading current. 

Fig 166, varies from 90° lagging to 90° leading 





Fia 168— <f>92 “ 30°, leadiriR current 


In the preceding diagrams, represents the maximum useful 
magnetic flux, or the hues of force passing through both the 
primary and secondary coils. The total flux in each coil is 
the vector sum of "€> and the leakage flux i4>i In Figs. 152, 
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163, 167 and 168 are shown useful flux the primary leakage 
flux i<Pij the secondary leakage flux e<^» 2 , the total primary flux 
and the total secondary flux *'^ 2 - Since the leakage flux, 
representing the reactive power in the transformer, is neces¬ 
sarily in phase with the current, the total primary and secondary 
fluxes vary both in magnitude and phase position for changes 
in the angle of lead or lag of the load current. 

For the assumed values of ^62 the following quantities are 
found graphically: 

11 = the primary current (ampere turns). 

El = the primary impressed voltage (vplts per turn) 

01 = the phase angle of Ei and 7i. 

E 2 = the secondary terminal voltage (volts per turn). 

62 = the phase angle of E 2 and 12 ^ 


(J) Equivalent Circuits.—The transfer of power from the gen¬ 
erator to the load through the transformer is much the same 

as if the primary and secondary 
formed a series circuit. With a 
change in the secondary constants 
the transformer circuit in Fig. 
155 may be represented by the 
equivalent continuous circuit in 
Fig. 169. In the secondary cir¬ 
cuit electric energy is changed into 
heat by the r 2 l 2 ^ losses. In the 
equivalent circuit in Fig. 169 the 
same loss must be represented by the product of a resistance 
r' into the square of the equivalent primary current. 

r'/A = rs/s* (302) 



r _ 7 

I 2 — ^ J-11 
V>2 


(303) 

1 \ Z 

—j r2 (304) 

Similarly, the equivalent secondary reactance = X 2 (305) 
Likewise the equivalent load resistance = ^ j rs (306) 

And the equivalent load reactance = xa (307) 
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pinna the resistance and reactance of the primary are small, 
the difference between the impressed voltage Ei and the voltage 
inside the transformer is small compared to Ei. Hence 
the circuit may be simplified by transferring the exciting current 
circuit to the primary terminals, as shown in Fig. 170. A further 
simplification in notation may be made by letting r* equal the 





equivalent total resistance and Xt the equivalent total reactance 
of the primary and secondary windings and of the load. 


= (S) + in) 


The equivalent simple circuit diagram 
which closely approximates the actual 
transformer is shown in Fig. 171. 

(g) The Circle Diagram.—The con¬ 
ductance mQ and susceptance mb are con¬ 
stant, and hence for constant impressed 
voltage El, the exciting current JT is con¬ 
stant. The equivalent total resistance 
and reactance Xi vary with the load. For 
non-inductive load the total reactance xi 
is constant. The locus of the extremity 
of the vector representing the current 
flowing through a constant reactance Xt, 
and a variable resistance rj, for a constant 
impressed voltage Ei, is a semicircle, as 
explained in Chap. VI. The corresponding vector diagram, called 
the transformer cirde diagram, is shown in Fig. 172. Counting 
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time as in the previous diagrams, the flux is drawn upward 
along the F-axis. The exciting current J[ leads the flux by a, 
the hysteretic angle of advance. The impressed voltage leads the 
flux by 90°. From the end of the exciting current vector draw 
the line BD parallel to the magnetic flux and of length equal to 
E 

—• Upon BD as diameter describe the semicircle BFD, This is 

Xt 

the locus of the equivalent load current In. The total primary 
current Ji is the vector sum of nJ and In. 



!Pio. 173.—Assembling the cofls of a sbell-type air-bloflt transformer. 
(WealingJiouac Elec, (St Mfo, Co,) 


Qi) Regulation.—For constant-potential transformers, regula¬ 
tion is defined as the per cent, increase of secondary voltage from 
full load to no load, the primary impressed voltage being con- 
'stant. In the vector diagrams the induced voltage has been 
assumed constant, thus indicating a change in both the pri- » 

mary and secondary terminal voltage. Assuming that the drop 
of voltage in the primary due to the exciting current is negligible, 
then at no load the terminal voltages are directly proportional 
to the number of turns. Hence, at no load the secondary termi- j 

nal voltage is equal to — Ei. 

I, 

\ 


i 
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Let E 2 be the secondary terminal voltage at full load, the 
primary voltage Ei remaining constant. 


Regulation = 100 


^2 p jp 

— jG/1 — JI12 
ni 

E2 


(310) 


To determine the regulation from transformer constants either 
Ex or E 2 must be found in terms of the pnmary and secondary 
resistances and reactances and the power factor of the load. 
The vector diagram in Fig. 174 represents the full-load voltage 



current hj lagging 62 °- 


r 2 l 2 = voltage consumed in secondary by rj. 

X 2 J 2 = voltage consumed in secondary by X 2 

= equivalent voltage consumed in secondary by ri. 
” equivalent voltage consumed in secondary by Xi. 


Let the line BA be drawn perpendicular to OD extended. 


D4_(.J. + g)W,) Sin 62 + (^ 2/2 

COS 62 (311) 

BA = ^0^212 +(~) ^1-^2) cos 62 — (^272 

+ ril 2 ^ sin 62 (312) 

-^Ei = V{E 2 + DAy + {BAy (313) 
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The substitution of equations (311) and (312) gives an 
unwieldy equation and it is simpler to solve for the numerical 
values of DA and BA before substitution in equation (313). 
Approximate formulse are generally used in commercial 
calculations. 

{%) Losses.—The transformer consists of a laminated iron core, 
copper conductors and insulation material or the dielectric. 

The iron losses were discussed in Chap. XI and found to be 


jJP - 7 ? 7 /CB^ ® 10 “^ watts due to hysteresis (314) 

cXVpcfe^lO”^ watts due to eddy currents (315) 

For certain grades of siKcon steel 4 P = ^ 10 “^ watts. 

The dielectric losses are similar to the iron losses but 
relatively small as explained in Chap. XIX. In commercial 
tests they are usually included with the hysteresis and eddy- 
current losses of the iron. In the copper conductors the losses 
are given by Joule^s law: 

Pc = (316) 


These losses are slightly larger than for direct currents on 



account of eddy currents in the copper conductors. The effect¬ 
ive values of ri and in equation (316) are therefore propor¬ 
tionately larger than the ohmic resistance of the primary and 
secondary windings. 

Total loss = aP + «P + P (317) 


The power lost in the transformer is changed into heat. 

In commercial tests the losses are determined by wattmeter 
readings for the specified primary voltage, full-load current and 
frequency. The circuit diagram for finding the iron losses is 
shown in Fig. 175. The secondary is open. The copper loss in 
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the primary due to the exciting current is negligible and hence 
the wattmeter reading gives the hysteresis and eddy-current 
losses in the iron and the dielectric. 


The circuit diagram for finding the copper losses is shown in 
Fig. 176. The secondary is short-circuited through an ammeter. 



Fiq. 177.—Building up of iron of a shell-typo air-blast transformer. 

On the primary is impressed sufficient voltage, at the specified 
frequency, to send approximately full-load current through the 
ammeter in the secondary. The magnetization and voltage are 
so low that the iron and dielectric losses are negligible. The 
wattmeter reading therefore gives the copper losses. The sum 
of the two readings is the total power lost in the transformer; 
the losses in the ammeter itself are considered negligible. 

O') Efficiency,—^The efficiency is the ratio between the output 
and the input. 

_ output _ EJi cos 62 rqia'i 

^ output “1“ losses E 2 I 2 cos 62 “b Rl 2 ^ "h hP “h JP 
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R = the equivalent resistance of the secondary and primary. 

The eflBlciency is a maximum when ^ = 0. 

dl 2 


(EiTi cos 02 + + JP)E2 cos di 

— Eil2 cos 6 i{Ei cos da f 2RIa) = 0 


or 


PI = RI 


(319) 


That is, the iron loss is equal to the copper loss. 



jes 4ro 7S /oo 

A % 

Fro 178. 


Transformers are usually so designed as to have the maximum 
efiiciency between three-quarters and full load. While the 
efficiency at no load is zero, the losses at all loads are small. The 
curve rises rapidly, and lies nearly horizontal from quarter to 
full load, as is shown in the typical efficiency curve in Fig. 178. 
Potential transformers have high efficiencies; large commercial 
units give 99 per cent, at full load. In commercial constant- 
potential systems the primary voltage is impressed on the trans¬ 
former continuously, while power is taken from the secondary 
only part of the time. Thus in residence lighting the lamps 
are lighted only a few hours out of the twenty-four The 
average efficiency, or all-day efficiency, as it is called, will there¬ 
fore be lower, since the iron losses are constant throughout the 
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24 hours. If the transformer carries a steady unity power factor 
load, for k hr. each day, the all-day efficiency will be expressed 
by equation (320). 

All-day energy efficiency: 

Etljo 

Edik -1- Rllk + 24(aP 2 -f- 

Distributing transformers are designed with a smaller iron 
loss than full-load copper loss, thereby increasing the average 
efliciency. 

(Jk) Rating.—Transformers are designed for service at specified 
terminal voltage, frequency and load. For a properly designed 
transformer the temperature becomes the limiting factor in 
determining the load which the transformer can carry. The 
copper and iron losses are converted into heat inside the trans¬ 
former. The temperature will necessarily rise until the rate of 
removal and generation of heat are equal In small transformers 
the heat is dissipated by radiation and air conduction. The 
windings and core are immersed in oil to assist in the conduction 
of the heat to the surface of the casing. To increase the radiating 
surface the casing is often corrugated. Large transformers are 
usually water-cooledj that is, the heat is removed by means of 
cold water flowing through a system of pipes inside the trans¬ 
former. The essential point is the fact that the temperature 
limit is the most important factor in determining the kilowatt 
or kv.a rating of transformers. By the A.I.E.E. Rules the 
temperature of the transformer should not rise more than 50°C. 
above the surroundmg air temperature. 

Polarity.—The windings of transformers are so connected to 
the leads extending out through the casing that the direction of 
flow of current in the secondary with respect to the adjacent 
primary terminal is m the same direction for some types and 
in the opposite direction for other types, as illustrated in Fig. 179. 
This difference in bringing out the terminals^ gives rise to the 
terms subtractive and additive polarity of alternating-current 
transformers, which may be defined as follows: 

Consider a single-phase transformer having two high-voltage 
and two low-voltage external terminals. Connect one high 

^ For rules and regulations on polarity markings for the leads of trans¬ 
formers on all standard types and ratings, see BuLlehn on Transformer 
Standards^ published by the Electric Power Club, Cleveland, Ohio. 
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voltage terminal to the adjacent low-voltage terminal and 
impress an alternating-current e.m.f. across the two high-voltage 
terminals. If the voltage across the unconnected high-voltage 
and low-voltage terminals is less than the voltage across the two 
high-voltage terminals the* 'polarity is svhtractive^ and if greater 
than the voltage impressed on the high-voltage terminals the 
polarity is additive. 


' O High o HjT 
yo/fa^c 


^ Lo\^ 

XfO yo/iage oXz , 




H/g, 

Vom 


^agc 


0/6 


-TpO 


yo/tage 


oXu 


I I 

x.\ \M, Mi\ \Xt 


xA 


I 

\ff> 


Hi\. \x, 



J^o/cmfy Acfc^/t/ye J^/ar/fy 

Fig, 179.—Polanty of amgle phase transformers. 

The high- and low-voltage transformer terminals should in all 
cases be marked so as to indicate the relative direction of flow in 
adjacent terminals, and, in addition, the name plate of single¬ 
phase transformers should have the statement '^subtractive 
polarity'' or "additive polarity" to indicate definitely the 
polarity of the transformer to which it is attached. 

(Z) Voltage Ratios.—In order to manufacture and operate 
transformers, lamps, motors and other electrical appliances in an 
economical maimer, uniformity in voltage is necessary; and 
certain standard voltages have been adopted for commercial 
systems. Thus for residence lighting and for small motors 
110 and 220 volts are considered standard. The distribution 
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2200 


220 


2200 


HO 


network between the substation and the transformer near the 
customer is generally operated at 2,200 volts. Hence the pole 
transformer transmitting energy to the lighting and small motor 
load in any small division of the distribution system has a 10 and 
20:1 voltage ratio. Circuits connecting the several sub-stations 
in large systems are operated at voltages from 11,000 to 22,000. 
Hence the substation transformer ratio is from 5 :1 to 10:1. 

Long-distance transmission lines 
operate at higher voltages as 60,000, 

110,000 or some similar voltage best 
adapted to the particular system, and 
this again requires transformers giving 
the required voltage ratio, stepping up 
at the generatiug station and stepping 
down at the substation end of the 
high-tension line. While the trans¬ 
former can be buUt for any voltage 
ratio within wide limits, most stand¬ 
ard types are designed for a 6, 10 or 
20:1 ratio. 

By dividing both the primary and 
secondary coils into two parts, differ¬ 
ent ratios may be obtained by connect¬ 
ing the coils in series or in parallel as 
shown in Fig. 180. 

(m) Connections.—Although innu¬ 
merable ways for connecting trans¬ 
formers may be devised, only a few 
forms are in general commercial use. 

Simplicity in wiring, efiBiciency in the 
use of apparatus, miniTnum insulation 
stresses, standardization of voltages 
and distributing apparatus have made unifonmty in transformer 
connections necessary. 

1. Singler-phase, Three-wire System .—The secondary is divided 
into two coUs, or a tap is brought out at the middle point as 
shown in Fig. 181. The middle or neutral wire is grounded in 
order to protect the customer as well as the apparatus. In 
general, the 2,200-volt side has only two wires and no neutral 
connection. In the vector diagram OD represents the voltage 
from either line to neutral and OH the voltage between the 


//oo 



//o 
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mains A and B. The system is widely used for general distribu¬ 
tion, residence lighting, small motors, etc 
2. Two-phase, Four-wire System .—^This system consists essen¬ 
tially of two separate single-phase circuits both on the primary 



and secondary side, Fig. 182. The voltages in the two phases 
differ by 90 electrical degrees. The secondary circuits often are 
three-wire systems for each phase aimilRr to Fig. 181. To 
save copper the neutrals for both phases are combined. Fig. 183. 



Pig. 182 . 


The five wires on the secondary side -give 110 and 220 volts in 
both phases. 

3. Two-phase, Three-wire System —By combining one wire 
from each phase in a two-phase system less copper is required, 
since the current in the common wire is the vector sum of the 
currents in the two phases. In a balanced system the current 
in the common wire is times the current in either of the 
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other wires. Hence for the same voltage drop the copper re¬ 
quired for the third wire is in the ratio of 1.41:2 as conapared to 



Fig 187. 


the correspondiQg two wires in the four-wire system. Wiring 
and vector diagrams are shown m Figs. 184, 185 and 186. 

4. Three-phase^ Y-connection, Three-wire System .—The con¬ 
nections and voltage relation are shown in Fig 187. This system 
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is well adapted for general power transmission but if one trans¬ 
former is disabled the whole system is interrupted. The Y 



—Tl^e-phas© transformer, air cooled. 12,000 kv a., 44,000 volts; 
60 cycle. View from the low voltage side. (OenercU Electric Company.) 


arrangement of the transformers provides a desirable neutral or 
ground connection. 

5. Three-phase, Y-connection, Four-wire System.—YY ub system 
is sometimes used for a combination of power and lighting loads, 
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especially in connection with rotary converters in combination 
with the Edison three-wire system The connections are shown 
m Fig. 189, secondary side. 

The chief advantages of this system are: (a) increased flexi¬ 
bility, and (6) the neutral wire carries all unbalanced currents. 

6. Three-phase, A-connection, Three-wire System, —The con¬ 
nections are shown m Fig. 190. One advantage of the A con¬ 
nection is the possibility of supplying power on all three phases 
by the use of only two transformers, as explained in the next 
paragraph. 

7. Three-phase, Open Delta or V Connection. —In three-phase 
circuits, single-phase transformers are used in each of the three 



Fig 189. Fig. 190. 


phases. In the delta connection continuous operation may be 
maintained by means of any two of the three transformers. 
This is sometimes desirable in a new district with light load. The 
third transformer may be added as soon as the load increases 
beyond the capacity of the two transformers. Also in case one 
transformer is damaged the V or open delta connection becomes 
a convenient arrangement for continuing the service until the 
damaged unit is repaired or replaced. However, the V connec¬ 
tion introduces certain undesirable features that may cause 
dangerous disturbances in the system. It should also be noted 
that the two transformers in open delta will heat faster for the 
same load than when in the closed delta connection. As proved 
below, the capacity is reduced to 86.7 per cent, of the full-load 
rating; so that two transformers in open delta will carry, with the 
same rise in temperature, only 86.7 X % = 57.8 per cent, of the 
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load carried by the three transformers in closed delta. The 
circuit diagram is shown in Fig. 191 and the corresponding vector 
diagram in Fig. 192. 



Fia, 193 —Three-phase, shell-type transformer. Under construction 


The load is balanced and hence, 

ii = ^2 = is, = ^2 = -fs and Qi = 6^ = 9^ 

The power passing through the transformers is measured by the 
two wattmeters connected as shown in Fig. 191. The same cur- 







TRANSFORMERS 


167 


rent flows through the transformers as in the current coil of the 
wattmeter, and hence the same as in the mains instead of in the 
circuits as would be the case with three transformers connected 
in delta. 



Fiq. 194 —Outdoor transformer, view from the low voltage side. 2,600 kv.a. 
60 cycle, {(general Electric Co.) 

K the connection of the voltage coil for wattmeter Wi be taken 
as indicated by the arrowp in the figure, then the connection 
for wattmeter PF 2 is in the reverse direction. 

Wi = EJi cos (30® — 6) and 
W 2 — EJs COB (30® -f- 6) 


( 321 ) 
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Total power (two transformers) 

= S7[cos (30*^ - d) + cos (30° + 6)] 

= 2EI cos e COB 30° = 2EI cos d X 0.867 (322) 

For three transformers the total power for full load would be: 

W = SEI cos d 

Therefore, the full-load capacity of two transformers m open 
delta is only 67.8 per cent, of the three transformers in closed 
(delta. 

8. Distributed Y for Three-wire Edison System, —(See Fig. 338 
Chap. XVI.) 

9. Parallel Operation and the A and Y Three-wire Connection ,— 
If two transformer banks operate in parallel on both the primary 
and secondary sides, ten combinations of the A and Y con¬ 
nections are possible. In six of these combinations the time- 
phase relations are the same for the two banks, while the 
remaining four will not work in parallel. This is shown in con¬ 
densed form in Table III. 


Oombmation 

1 

2 

3 

4 
6 
6 

7 

8 
9 

10 


Table III 

Primary 

A B 

A A 

Y Y 

Y A 

A Y 

Y Y 

Y A 

A A 

A A 

Y Y 

Y Y 


Secondary 

A B 

A A 

Y Y 

Y A 

A 7 

A n 

A 7 

A 7 

7 A 

A 7 

7 A 


Numbers 7 to 10 will not work, since the secondary voltages 
will be 30° out of time phase, as is evident by inspection. 

10. Phase Transformation, Two-phase^ Three-phase, The 
“T” or Scott Connection, —^Let the primaries of two single-phase 
transformers be connected to a two-phase four-wire system as 
indicated in Fig. 195. Let the ratio of transformation in the two 
transformers be such that the secondary voltages are in the 

-/q 

ratio of 1:—^; hence, if Ea = 100 volts, Eb = 86.7 volts. 
Connect one of the terminals of phase B to the middle point of 
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phaae A, as indicated in Fig. 195. The voltage between the three 
remaining terminals will be equal in magnitude and 120® different 
in phase, forming a three-phase circuit. This is readily seen 
from the vector diagram in Fig 196 in connection with the cir¬ 
cuit diagram in Fig. 195. The direction of the arrows and the 





ik 


AA/b0^^iraW(5I«)(r| 
f^has€ A I 


Fig 196 



notation in the two diagrams make it evident that Ea. = E^ 
both in phase and magnitude; that Ez is the vector difference 

JP , , W 

of Eb and and that Ex - —Eb —Since Eb = Ea 

the vectors Ex, E^ and Ez are equal in magnitude - 
and differ by 120° in phase. By this simple 
method a two-phase circuit is changed to three 
phase. It is apparent that by the same arrange¬ 
ment a three-phase system can be changed into 
a two phase. A neutral connection can be made 
by tapping transformer B at a point Nj one-third 
the number of turns from the junction with the 
middle point of A. This excellent method for phase transfor¬ 
mation was invented by Charles F. Scott, and is often called the 
Scott connection. 

The diagram in Fig. 197 is a convenient method for showing 
the relation of the voltages or currents in two-phase or three- 
phase systems. Instead of drawing the vectors through the 
origin, a triangle is formed by connecting the free end of phase 
B to the terminals of phase A, Thus the base and perpendicular 
represent the two-phase voltages and the sides of the triangle the 
three-phase voltages. The directions of the arrows indicate 
phase relations. 





170 


alternating currents 


11. Other transformer connections in commercial use are the 
four phase^ Fig. 198; the main and teaser, Fig. 199; and the 



Si-^r^ to 

Fig. 198. 


monocyclic, Fig. 200. Several phase transformation connec¬ 
tions from two phase to six phase and from three phase to six 



Fig. 199.—The main and Fig. 200.—The monocyclic 

teaser connection. connection. 


phase are discussed in Chap. XVI. See circuit and vector 
diagrams in Figs. 332 to 338 inclusive. 

(n) Autotransformer.—If a single winding be placed around an 
iron core, and taps brought out as shown in Fig. 201, power can 
be transmitted with a change in voltage in much the same way 
as in a transformer having two windings. The voltage on the 
generator and load leads wiU be in proportion to the number of 
turns. Thus in Fig. 201, if between the supply mains there are 
ni turns and between the service mains turns, the voltage and 
current relations are the same as if the transformer had two 
windings, a primary of ni turns and a secondary of 7i2 turns. 
However, in the winding itself, and in the part carrying the 
current for both the supply and service circuits, the actual current 
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flowing will be the difference between the currents in the outside 
mains. On this account the copper losses are less in an auto- 
transformer for the same load than in the ordinary transformer 
having two windings However, while the voltage between the 
wires m the service circuit may be low, the difference of potential 



Pig. 201. Fig. 202. 


to ground is the same as on the supply circuit. For this reason 
autotransformers can be used only on circuits where the voltages 
ra both sides are low or where the necessary protection is pro- 
vided'm other ways. In places where the danger factor is absent 
it is economical to use autotransformers, as both first cost and 



Fig. 203 —Three-phase, core typo 

operating losses are less than for a regular transformer of equal 
rating. By means of several taps any number of voltages may 
be obtained from one autotransformer, as m Fig. 202. This 
autotransformer receives power at 220 volts and delivers at 300, 
240, 220, 150, 120, 100 and 90 volts. Power may be taken from 
any or all of the secondary circuits at the same time. 
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(o) Three-phase Transformers.—Since the magnetic jBiuxes in 
three single-phase transformers, connected to a three-phase sys¬ 
tem, bear the same time-phase relation as the voltages, a saving 
in iron may be secured by combining the 
three transformer cores forming one unit, 
called a three-phase transformer. In Fig. 
203(a) are shown the electric and mag¬ 
netic circuits, diagrammaticaUy, of a core¬ 
type, three-phase transformer. The cor¬ 
responding magnetic flux vector diagram 
is shown in Fig 203(6). It is apparent 
that the vector sum of the fluxes in the 
cores is the same in magnitude as the 
resultant fluxes in the yokes. Hence for 
the same flux density the cross-sectional 
area of the iron must be the same in all 
parts of the magnetic circuit. 

A similar diagram for the electric and 
magnetic circuits of a shell-type trans¬ 
former is shown in Fig. 204(6) and the 
corresponding magnetic flux vector dia¬ 
gram in Fig. 204(c). Note that the wind¬ 
ing in the middle section is reversed in 
direction, compared to the two end wind¬ 
ings. From the vector diagram it is 
evident that the fluxes in the crossbar 
portions of the yoke, <^> 7 , <!>%, 09 , are equal 
in magnitude to 04 , 05 and 08 . The cross- 
section of the iron core, for the same flux 
density, is in proportion to the total mag¬ 
netic flux in each of the magnetic circuits. 
Hence the cross-sections of the central 
cores for 0i, 02 and 03 are twice the cross- 
sections of the crossbars for 07 , 08 and 
09 , or for the yokes 04 , 06 and 06. 

A modified form of the shell type, called the hexagonal type, is 
shown in Fig. 206, and the corresponding magnetic flux vector 
diagram in Fig. 206. From the diagram it is seen that the flux 
magnitude in each core 0i, 02 , or 03 , is \/3 times the flux m 
any part of the yoke 04 , 0b or 06; and therefore the correspond- 
iag cross-sectional areas should be in the proportion of Vs : 1. 






V 



Fig 


204 —Three-phase, 
shell type. 
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The more important advantages gained by using one thjree- 
phase transformer in place of three single-phase transformers of 
equal rating and magnetic flux density are: 

1. The weight of the iron core is less by about 16 per cent. 

2. The efficiency is increased by 0.15 to 0.4 per cent. 

3. The required floor space is reduced by about 50 per cent 

4. The first cost is less by about 25 per cent. 

The chief disadvantage is in the probability of having more 
frequent interruptions in the service. Damage on either of the 
three phases in the three-phase transformer interrupts the service 
until the repairs have been completed. When three single-phase 




transformers are used, any one may be removed for repairs with¬ 
out interrupting the service, the two remaining transformers 
(open delta connection. Fig. 191) supplying the three-phase load. 

Induction Regulators.—Induction regulators are essentially 
transformers of special design used to regulate the voltage on 
distribution feeders in alternating-current systems or the 
impressed voltage on rotary converters. 

The most important feature of the induction regulator, con¬ 
sidered as a transformer, is that the primary winding may be 
turned in space position with respect to the secondary winding 
If the two windmgs are in the same or parallel planes, an alter¬ 
nating current flowing m the primary wUl produce a magnetic 
flux that will cut or thread the secondary. In the parallel 
position the maximum percentage of the flux will thread the 
secondary, and hence a maximum voltage, under the given 
conditions, is induced m the secondary winding. By turning 
the primary with respect to the secondary the magnetic flux 
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passing through the secondary will be decreased until zero value 
is reached when the coils are in space quadrature. Hence by 
turning the primary coil 90° a change from the ini tial maximum 



Fig. 207 —Feeder voltage regiilator— 
46 kva, 2,300 volts, 60 cycle. {General 
Electric Company.) 



Fig. 208 —Induotion voltage reg¬ 
ulator. Complete with panel and 
automatic accessories. 46 kv a, 
2,300 volt, 60 cycle. {Wesivnohouee 
Elec, & Mfg, Co.) 


value to zero has been produced in the secondary voltage. By 
continuing the rotation of the primary in the same direction, 
an increasing number of magnetic lines of force will thread tbe 
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secondary, until the two windings again become parallel to each 
other, A corresponding increase takes place in the secondary 
voltage until the initial maximum is reached, but its direction 
will be reversed with respect to the primary. 

In power systems the primary winding is connected across the 
feeder or circuit to be regulated while the secondary is con¬ 
nected in series. Therefore, it is evident that by turning the 
primary winding through 180° the feeder voltage may be either 
“boosted” or “bucked” by an amount varying from zero to the 
maximum value for which the regulator is designed, depending 
upon the position of the primary with respect to the stationary 
secondary winding. In commercial systems the operation of 
induction regulators, Figs. 207 and 208, so as to give the desired 
feeder voltage regulation, is made automatic by means of auxil¬ 
iary apparatus, viz,, contact-making voltmeters, relays, current 
transformers and line-drop compensators. 




B. THE “CONSTANT-CURRENT” TRANSFORMER 

In constant-potential systems variations in the load are accom¬ 
panied by corresponding changes in the current. Similarly, in 
constant-current systems the voltage varies with the load. In 
America practically all electric systems operate on the con¬ 
stant-potential basis; and the current 
varies with the load. The important 
exceptions are the series arc and in¬ 
candescent lamp circuits for street 
lighting. In most cases the street 
lighting is only a small part of the 
total load, and hence the electric 
energy is generated and distributed 
by constant-potential circuits, except 
the particular feeders supplying the 
street-lighting circuits. The con¬ 
necting link between the constant- 209. 

potential busbars and the constant-current series lamp circuit 
is the constant-current transformer. In design this transformer 
differs from the constant-potential types chiefly by having the 
secondary winding movable with respect to the primary, as 
shown in Figs. 209 and 210. Since the currents in the primary 
and secondary coUs flow in opposite directions the magnetic 
fluxes between the two coils pass in the same direction. The 






Fio. 210.—Constant current tmnsformor, Typo RU, 60 kv ti., 2,200 volt, 6.6 amp , 
26 cycle. {Ocncral Electric Company ) 


weight of the secondary coil the magnetic repulsion may be 
balanced against gravity so as to control the position of the coil 
by small changes in the current. 
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If the resistance in the series lamp circuit is decreased, the 
current will increase; this causes an increase in the magnetic 
repulsion and the secondary coil is pushed further away from 
the primary. As a consequence, the leakage flux is increased 
and the induced voltage in the secondary is decreased. Thus the 
voltage in the secondary may be made very nearly proportional 
to the resistance in the series lamp circuit and the current kept 



Fig 211—Type "A" current Fig 212.—Type "KA” current 

transformer, 000 volts maximum transformer, 3,000 volts maximum 

approximately constant. In the primary coil the increased leak¬ 
age flux mcreases the reactance and hence supplies the required 
increase in the primary impedance. For an increase in the 
resistance in the series lamp circuit the current tends to decrease, 
the secondary coil is drawn nearer to the primary by the force 
of gravity and the secondary induced voltage increases so as to 
keep the current practically constant. 

By this simple device the energy from the constant-potential 
busbars is transformed and delivered to the series lamp circuit 
under constant-current conditions. The transformer is auto¬ 
matically self-regulating but its efficiency is low as compared to 
the constant-potential transformer. 
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C. INSTRUMENT TRANSFORMERS 


By means of current and voltage transformers the range of 
alternating-current ammeters, voltmeters and wattmeters can 
be extended and these meters used upon circuits having larger 
currents and higher voltages than could be applied to the ter¬ 
minals of the instruments. The voltage that may be applied 
to most types of switchboard voltmeters is from 0 to 150 volts, 
and the range of the current in the ammeters is from 0 to 5 amp. 
In principle the instrument transformers are similar to the larger 
power units, but the dimensions must be proportioned so as to 
comply with the required service. The transformer is a source 
of error in the instrument readings and must be carefully 
calibrated. The voltage drop in the transformer introduces a 
time-phase lag which may affect the current and voltage-phase 
displacement in the wattmeter. In properly designed trans¬ 
formers the impedance drop is very small, generally less than 
one-tenth of 1 per cent of the voltmeter terminal voltage. 

The current transformer consists of one or more turns on the 
primary and a secondary of as many turns as the desired ratio 
requires. The resistance and leakage reactance are very small 
The secondary is short-circuited through the ammeter or through 
a short-circuiting switch before the ammeter is removed from 
the circuit. 

PROBLEMS 

1. In a 60-kv a., 2,200/220 transformer the hysteresis loss is 198 watts 
and the eddy-current loss 34 watts At full load the copper loss is 508 watts 

(a) Find the efficiency for 26, 50, 76, 100, 126 and 160 per cent of full 
load. Load having unity power factor. 

(b) Same os (a) but for a load having 85 per cent, power factor, lagging 
current 

(c) Plot the efficiency curves for (a) and (6). 

2. At full load the equivalent reactance _drop of the transformer m 
problem 1 is 3 1 per cent, and the resistance drop 1.1 per cent of the rated 
terminal voltage Find the regulation. 

(a) For cos Ot = 1.00. 

(h) For cos di = 0.86. 

3. The average flux density of the transformer in problem 1 is 64 kilo¬ 
lines per sq. in. 

Find the core loss for CB = 30, 40, 50, 60 and 70 kilo-lines 

4. Given a 6-kv.a., 2,200-220/110-volt transformer. 

fcP =« 31 watts; JP = 14: watts; RP (full load) = 85 watts. 

Average (B = 8,500 per cm.®; equivalent resistance drop 1.7 per cent, 
and reactance drop 2 8 per cent, of the rated terminal voltage. 
Core weight 92 lb. 
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(а) Plot efficiency curve from 0 to 160 per cent, load; cos 02 = 96 per cent. 

(h) Find the regulation for loads having power factors = 100; 96, 90, 

85 and 80 per cent. Lagging current 

(c) Find core loss CB = 6,000, 7,000, 8,000, 9,000, 9,600, 10,000 and 10,600 
per cm.® 

6. Let the following data apply to a transformer 
^Ei = 1,100 volts; ratio of ^Ei : ^^2 = 5:1 
n « 3.3 ohms; rj = 0 13 ohm; xi = 6.5 ohms; ^2 = 0 26 ohm. 
nJ = 0.3 amp.; li (full load) « 126 amp. Gagging), ^^2 = 30®; 
hP -j- JP = 148 watts. 

(o) Find Eij Eij 0i, ^2 and h for full load. 

(б) Draw the vector diagram to scale. 

6. With the same data as in problem 6 except the current leads the 
voltage, ^^2 = 30°, obtain answers for (o) and (6). 

7. Two transformers are used in changing 2,200 two-phase to 220-volt 
three-phase, (a) Neglecting losses, find the ratios of the number of turns in 
the two transformers. 

(6) Draw in rectangular coordinates the sine waves for the voltages 
between mains in the two-phase and three-phase circuits 

(c) Draw vector diagram of the voltages and currents in the three-phase 
and two-phase circuits with the load current lagging 40° 

8. Draw a vector diagram for a constant-current transformer taking 
power from constant-potential moms, (a) When under full load (all the 
series lamps m circmt), (6) for one-fourth load (one-fourth of the lamps in 
circuit) 

9. Three 2,200/220-volt transformers, connected in delta, supply a light¬ 
ing load of 150 kw One of the transformers is damaged and removed for 
repairs. 

{a) What current was flowing in each transformer when the three trans¬ 
formers were in service? 

(6) What current flows in each of the two transformers after the third 
has been removed? 

(c) What is the rating of each transformer if the two transformers on 
open delta carry full load? 

10. In a 600-kva. 60^ transformer, = 820 watts; aP = 1,780 watts; 
(full load) = 3,250 watts, eqmvalent resistance drop = 0.65 per cent. 

and equivalent reactance drop 6 per cent of the terminal voltage (full load) 
<B * 10,800 per cm.® E% = 220 volts 

(а) Plot the efficiency curve from 0 to 160 per cent full load. Umty 
power factor. 

(б) Find the regulation for power factors = 1.00, 0 90, 0 85 and 0 75 
Leading and lagging currents 

(c) Find core loss for CB = 6,000, 7,000, 9,000, 10,000, 11,000 and 12,000 
per cm,® 

11. Two transformers havmg constants as given in problem 5 are con¬ 
nected in “V.” Balanced three-phase voltage (1,100 volts) is supphed to 
the piimary and three equal load resistances of 1 ohm each are connected in 
delta on the secondary. Neglect the exciting current and calculate the 
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oquivaloiit rcBistanuo and roacianuo of each tramsformcr. Caloiilato the 
secondary voltages and currents and plot a complete vector diagram. 

12. The following data are for singlo-phaso transformers, oil-inaulated, 
self-cooled, 60-cycle, 2,300 volts primary, 230 and 115 volts secondary, 
used on distribution systems for lighting load. 


I 


Hlio of tmnaformer, kv a 

r> 

1., 1 

20 ' 

GO 

100 

Flux density in f Inside 

10,360 

10,350 

10,900 

11,380 

12,330 

gausses.\ Outside 

6,600 

5,500 

0,250 

5,976 

9,670 

Apparent iron losses in volt- 






ampoi’CB. • < • 

05 

UO 

320 0 

590 0 

1570.0 

True iron losses in watts. ... 

■U 

70 

120 0 

240 0 

480.0 ! 

Weight of iron in lbs. 

sr> 

135 

195 0 

395 0 

436 0 1 

Weight of copper in lbs. 

15 

00 

105 0 

180 0 

316 0 

Copper loss per lb. at full load in 





3 2 

watts. 

2 

3 

2 S 

2 9 


(a) Plot efficiency curves 0 to 125 per c(‘iif. full lontl 
[h] Find the regulation from no load lo full loud 
(r) Draw full-load vesetor diagrams. 

18. The following data are for .singl(*-pliaK(‘ transfoniwu’s, oil-insulatod, 60- 
cyclo power-load distribution systems. 


Sian of tmiiHrornior in kv u 

— . „ - - ' 



Nnlf-roiiliil 




1 Wiitnr- 
1 nuolcd 


2ri 


7r. I 

2.'>e 


IIKM) 0 


1 1(K)0 0 


Pnniary voltage 

11,000 

0 

23,000 00 

4,400. 

.0 

13,200 

0 

33,000 

0 

Secondary voltage . .. 

410 

0 

2,200.00 

410 

0 

2,300 

0 

2,300 

0 


11,650 

0 








Flux density in gausses. 

8,350 

0 

12,600 00 

12,300 

0 

11,000 

0 

12,500 

0 

Apparent iron losses in 










kv.a. 

0 

7 

8 72 

12 

6 

30 

6 

69 

6 1 

True iron losses in kw.... 

0 

2 

0.83 

1 

7 

5 

1 

7 

0 

Weight of iron in lbs. . 

190 

0 

434 00 

954 

0 

3,735 

0 

3,600 

0 

Weight of copper in lbs. 

100 

0 

190 00 

435 

0 

1,186 

0 

619 

0 

Copper losses at full load 










watts per lb . . 

4 

0 

6 00 

5 

2 

4 

2 

13 

6 


(a) Plot efficiency curves from 0 tt) 125 piT cent full load | 

{b) Find regulation from no load lo full load 
(c) Draw full-load vector diagrams 

14. Determine the current in the windings a three-phase two-phase 
autotransformor bank when transforming l()()-kv a balanced load l 

(a) 2,300 volts three-phase to 2,300 volts two-plia.se 
(&) 2,300 volts three-phase to 3,()()() volts two-phase 
(c) 2,300 volts three-phase to 1,800 volts two-phase. 
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16. Determine the currents in the windings of a lOQ-kv.a., three-phase 
deltarconnected autotransformer transfornung from 4,600 to 2,300 volts by 
means of taps from the centers of the phases 

16. Determine the currents m the primary and secondary windings of 
a delta to deltanionnected bank of transformers 22,000 to 2,200 volts with 
taps out from centers of low-voltage phases to give 1,100 volts, (a) When 
supplying 600 kv.a 80 per cent, power factor balanced load at 1,100 volts. 
(6) Same as (a) with an additional balanced load of 600 kv.a , 100 per cent, 
power factor at 2,200 volts. 

17. In oil-insulated, water-cooled transformers, coils of pipe are located 
in the oil through which water is circulated. The loss in the form of heat is 
removed from the transformer by heat flow from transformer to oil, then 
from oil to water through the walls of the cooling coil. The normal heat 
flow through the walla of the cooling coil is approximately watts per 
sq. in, of surface What difference in temperature rise would be produced 
if iron coohng coils be substituted for copper, both having the same 
dimensions? 

18. Two 260-kva., sipgle-phase transformers operating in parallel. 

Unit 1 has 1 per cent, resistance, 6 per cent, reactance. 2,200 to 22,000 

volt ratio. 

Unit 2 has 1 per cent resistance, per cent reactance 2,200 to 22,100 
volts ratio. 

When the bank is dehvering 600 kv.a., 80 per cent, power factor, what 
currents will flow in each unit? 

For Experiments see page 688 
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INDUCTION MOTORS 

As already noted, the magnetic field passing between the pri¬ 
mary and secondary windings of a transformer produces mechan¬ 
ical forces tending to push the coils apart. In 'the potential 
transformer the two windings are rigidly fixed in position and 
hence, although the forces exist, no motion is produced and no 
energy changed into the mechanical form. On short-circuits 
with excessive currents fiowing, these forces may tear the trans¬ 
formers to pieces. In the constant-current transformer the 
secondary winding is, to a certain extent, movable, and the reac¬ 
tion between the two fields furnishes the means for automatic 
regulation. In the induction motor the windings of the succes¬ 
sive phases are so arranged in space around a rotating spider that 
a continuous torque is produced in one direction. The induc¬ 
tion motor was invented by Ferrari and Tesla in 1887 and is 
essentially an apparatus for transforming electric energy into 
mechanical energy Some forms of the induction motor are 
extremely simple in design, requiring very little attention, and 
still give excellent service. Like the transformer, the induc¬ 
tion motor has a primary and a secondary. Either may be 
placed on the rotating spider, but as the outside offers more space, 
it is generally desirable to wind the primary with the highest 
voltage on the stationary drum or stator^ and place the secondary, 
low-voltage winding on the rotating spider, or rotor. The basic 
principles of the induction motor are more nearly like those of 
the transformer than those of the direct-current motor, and 
hence it is customary to refer to the 'primary and secondary, 
or the stator and rotor instead of the armature and field windings. 

(a) The Revolving Field in Pol 3 rphase Motors.—^Let the coils 
be placed with their sides parallel in the position shown in Fig. 
213. If they be connected in parallel from the same pair of 
busbars the magnetic fluxes are in the vertical direction and 
vary from a positive to a negative maximum, equal in magnitude 
to the sum of the maxima for the separate coils. If the two coils 
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be connected to a two-phase circuit the maxima of the separate 
coils come 90° apart in time and the total resultant maximum in 
between, equal in magnitude to the square root of the sum of 
the squares of the component maximum fluxes. If the maximum 
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fluxes in the two coils are equal, the direction of the flux in space 
is always either up or down. In Fig. 214 is shown the vector 
diagram for the two coils on the same phase, and in Fig. 216 the 
corresponding diagram with the two coils connected to a two- 



PiQ. 214.—Coils in space phase Currents Fio 216—Coils in space phase 
in time phase Flux stationary, pulsating Currents in time quadrature 

Flux stationary, pulsating 


phase circuit. The instantaneous flux m both cases is the pro¬ 
jection of the resultant vector on the F-axis. If the two coils be 
placed mechanically at right angles, as in a two-pole, two-phase 
induction motor, shown diagrammatically in Fig. 216, the flux in 
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coil A will be along the F-axis as before, but for coil B the direc¬ 
tion of the flux will be horizontal. If the two coils are connected 
in parallel on the same phase or to a single-phase circuit, the 
instantaneous values for the flux in A are the projections along 
the F-axis and for coil B along the X-axis, as shown in Fig. 217. 
If the two coils are alike the resultant flux Hes at 45 space 
degrees, or midway between the two axes. Since the fluxes 
in both coils are in time phase and therefore reach their maxi¬ 
mum and zero values simultaneously, the resultant flux also 
reaches its maximum and zero values coincident with the two 
components. The positions in space of the three fluxes are. 



Fig 216 —Coils in space quadrature. 

however, constant; for coil A along the F-axis, for coil B along 
the X-axis and for the resultant at an angle of 45 space degrees. 

Let the coils be connected to a two-phase system; then the 
two fluxes are in time quadrature since the currents in the two 
phases are a quarter cycle out of phase, and in space guadrcdure 
because the two windings are at right angles The instantaneous 
values of the flux for coil A are long the F-axis and similarly 
for coil B along the X-axis, on account of the space quadrature 
of the two coils. Since the fluxes are also in time quadrature the 
instantaneous values are as the sine and cosine of the same 
time angle because the maximum values of the two coils come 
a quarter cycle apart. The resultant flux therefore moves in 
space position from the X-axis when the flux in coil S is a maxi¬ 
mum to the F-axis in a quarter cycle. Thus the resultant flux 
is constant in magnitude but rotates in space 360 electrical degrees 
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for each cycle of the two-phase current. This is shown in Fig. 
218. The field for phase 1 lies vertically and for phase 2 in 
the horizontal position. The magnitude of the instantaneous 
values depends on the time elapsed. 

<^a = sin ut (323) 

</>i = "^1 sin (ut -h 90®) = "$1 cos ut (324) 

Equations (323) and (324) give the instantaneous values and the 
positions of the coUs determine the directions. In Fig. 218, 
<f>i and ij >3 are drawn along the Y- and X-axes, respectively. 



Ftg. 217—Coils in space quad¬ 
rature Currents in time phase. 
Flux stationary, pulsating 



218.—Coils in space quadrature. 
Currents in time quadrature. Flux 
rotating, constant 


The resultant flux is constant in magnitude and contmually 
changes its position with cat 

In the two-phase induction motor the coils are arranged in 
space as shown in Fig. 216. A revolving field is produced by the 
combination of space-phase and time-phase factors as determined 
by the relative space positions on the motor windings and the 
conditions of the circmt from which power is derived This is 
shown diagrammatically in Fig. 219 for a two-phase, two-pole 
induction motor. The vertical lines mark the time and are 
spaced one-eighth of a cycle apart. Neglecting losses, the mag¬ 
netic flux is m phase with the primary current in each phase. 
The cross and dot indicate the direction of the currents, and the 
'arrows show the corresponding directions of the magnetic fields. 
The rotation of the resultant field is shown by the series of 
magnetic flux vectors. 
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The stator-winding diagram for a three-phase, two-pole induc¬ 
tion motor is shown in Fig 220 and the correspondiug revolviag 
field in Fig. 221. The resultant flux is constant in magnitude 



"Fxq, 219.—Diaerammatical and vector representation of revolving field in 2-^, 
two-pole, induction motor. 

.r 



Fig. 220. 


and rotates in space position as in the two-phase motor. In a 
four-pole, two-phase motor two pairs of north and south poles are 
formed and a complete revolution in space requires two cycles 



INDUCTION MOTORS 


187 




188 


ALTERNATING CURRENTS 


of the inagnetic flux as shown in Fig. 222. Precisely similflr 
action takes place in the three-phase, four-pole motor, as indi¬ 
cated in Fig. 223. The rotation of the magnetic field should 
therefore be measured in electrical degrees, as each pair of poles 
represents a complete wave in the magnetic circuit. The pri¬ 
mary windings on the stator must, therefore, also be spaced in 
electrical degrees, 90° for two-phase circuits and 120° for three- 
phase systems. In order to reduce the magnetic reluctance, the 



Fig. 223. 


primary winding is placed in slots on the inside of a hollow 
cylindrical core made of sheet steel 
(6) Two-phase Motor Obtained from Four-phase Design.— 
It should be noted that the so-called two-phase motor is designed 
as a four-phase machine. By merely rearranging the connec¬ 
tions between the conductors inside the machine aU the advan¬ 
tages of four-phase design may be gained for the two-phase motor. 
The fundamental principles involved are more easily explained 
by first replacing the rotor by a two-pole rotating field, as in Fig. 
224(a) and considering the direction of the induced voltages in 
the several stator conductors. In the figure, four conductors 
are shown, spaced 90° apart. The voltage induced when the 
bipolar field rotates may be represented by the vector diagram 
in Fig. 224(b), four vectors, differing successively by 90 time 
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degrees and hence four phase. With four conductors in each 
group connected into four phases as in Fig. 224(c), the stationary 
part of the machine can be used either as the armature of a 
four-phase generator or as the stator of a four-phase induction 
motor. The voltages in the four phases, taken in order, are in 



time quadrature or 90 time degrees apart, and the corresponding 
vector diagram is similar to Fig. 224(6). In multipolar machines 
the windings are spaced 90 electrical degrees, that is, 360 electri¬ 
cal degrees divided by 4, the number of phases. 

By reversing the connections of coils SJPz and S 4 F 4 , as in Fig. 
225, or using connections as in Fig. 216, the directions of the voltage 



vectors for the third and fourth phases are reversed. The cor¬ 
responding vector diagram is shown in Fig. 226(a). From the 
connections it is seen that the first and third, and the second 
and fourth phases are in series between the corresponding pairs 
of leads. The vector diagram for the voltages between the leads 
is therefore two phase, as shown in Fig. 226(6). Hence by 
the simple expedient of changing the winding connections inside 
the machine, the four-phase motor is converted into the so-called 
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two-phase motor. All two-phase motors in commercial use are 
fundamentally four-phase machines with the conductors con¬ 
nected inside the machine so as to operate on two-phase systems. 

(c) Three-phase Motors, Six-phase Motor Design.—The 
actual three-phase motor has the windings for the three phases 



spaced 120 electrical degrees, with the conductors connected 
in some such way as indicated in Fig. 227. Only a few real 
three-phase motors have ever been built. The so-called three- 
phase induction motor, so extensively used in industrial power 
applications, is essentially a six-phase motor with the conductors 



Fig. 229. 


SO connected inside the machine that with three leads the machine 
operates on three-phase systems. In a six-phase motor design 
the conductors for the six phases are spaced 60 electrical degrees; 
that is, 360 electrical degrees divided by 6, the number of phases 
The wmdinp may be connected to six leads, as indicated in Fig 
228(a) with a common neutral. The corresponding vector 
diagram for the voltages between the leads is shown in Fig. 228(6). 
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From the vector diagram it is apparent that, if the connections 
for the conductors in phases 2, 4 and 6 be reversed, the voltage 
vector diagram is represented by Fig. 229(a). If the windings 
for phases 1 and 4, 3 and 6 , and 5 and 2 be connected in series as 
indicated in Fig. 230 (vector diagram 
Fig, 229(&)), and the terminals Fg, F 4 , Fe 
jomed at a common point, then the ter¬ 
minals Sij Szj Szj form the three leads Of 
the so-called three-phase motor. Phase 
1 is produced by coils SiFi and S 4 F 4 
reversed, phase 2 by coils SzFz and SzFe 
reversed and phase 3 by coils SJFz 
and ^ 2^2 reversed. The three resultant 
phases with the terminals Si, Ss and Sb 
connected to the leads are spaced 120 
electrical degrees, but the individual coils are only 60 electrical 
degrees apart. 

(d) The Rotor.—The rotor, or secondary, consists of a grooved 
cylinder of laminated steel moimted on a spider. The conduc¬ 
tors lie in grooves in the steel core and the nature of the rotor 
winding largely determines the type of motor. In order to keep 
the magnetic reluctance as low as possible, the air gap between 
the stator and rotor must be a minimum, consistent with safe 
clearance For this reason the shaft is extra stiff and the bearings 
comparatively large. 

The secondary may be wound on the rotor in much the same 
way as the armature of a direct-current motor or may consist 
of parallel copper bars short-circuited by brass rings at both ends 
or merely a cast cylindrical grid. The latter design, known as the 
squirrel-cage type, has a wide application and is in most general 
use. In the wound rotor the terminals are brought out to col¬ 
lector rings in order that outside variable resistance may be 
inserted in the secondary. The conditions requiring additional 
resistance in the secondary wiQ be discussed in the paragraph on 
Torque, Whether the rotor be of the squirrel-cage or wound 
rotor types, it consists of a resistance and an inductive reactance 
and its electrical properties may be stated quantitatively in the 
form of an equation. 

(e) Rotor Voltage and Current. Slip.—With the rotor at 
standstill, the revolving field produced by the primary induces 
voltages in the secondary of the same frequency as in the pn- 
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mary. This induced voltage causes a secondary current to flow 
in the same way as in a transformer. 

If the rotor runs in synchronism with the revolving field, called 
the synchronous speed, no lines of force cut the secondary 
conductors and hence no secondary voltage is generated. 

The operating speeds of the rotor and of the revolving field 
are usually expressed in terms of the slip and are often given in 
per cent. Slip is defined as the ratio of the difference between 
the synchronous and rotor speeds to the synchronous speed. 
Thus if the synchronous speed is 1,800 and the rotor speed 
1,764 r.p.m., the slip is: 

« = = 0-02 = 2 per cent. (326) 


Since the voltage generated depends upon the rate of cutting 
lines of force, the secondary voltage depends on the rotor slip. 
Likewise the reactance in the rotor circuit is directly propor¬ 
tional to the frequency of the secondary current, and, hence, 
also dependent upon the slip. 

Let 

/ = frequency of primary current. 

E 2 = secondary voltage at standstill. 
aaXi = secondary reactance at standstill. 
r 2 = secondary resistance. 

Then 

SaaX 2 = secondary reactance at slip s 
'Vr 2 ^ + s^a^ 2 ^ = secondary impedance at slip s 
SE 2 = secondary voltage at slip s 
SE2 

2 2 = secondary current at shp s 

+ SaaX2^ 



(326) 

(327) 

(328) 

(329) 


cos 02 


r2 

\r2^ + S^saX2^ 


power factor in secondary at slip s (330) 


The resistance of the secondary is small when compared to X 2 , 
the reactance at standstill, but large enough to make the reactance 
8^2 negligible near synchronism. It is therefore evident that 
the secondary current depends very largely upon the shp. Near 
synchronism the secondary current varies directly with the shp; 
and near standstill, aside from any changes in the primary flux, 
the secondary current is practically iadependent of the speed, 
since both the secondary impedance and the induced secondary 
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voltage are affected in the same proportion by changes in the 
speed. The secondary current in squirrel-cage motors is about 
5.5 times as large at standstill as at full load. 

(/) Torque in Polyphase Motors.—Torque is produced by the 
reaction of the secondary current upon the primary field. The 
quantitative value of both the instantaneous and average values 
depends both upon the magnitude and phase relations of the 
current and field. From equation (330) the power factor of the 
secondary circuit depends upon the slip, being approximately 
unity near synchronism and decreasing with an increase of the 
slip. The secondary voltage is in time phase with the flux and 
hence both the time- and space-phase angles between the primary 



flux and secondary current increase with the slip. In Fig. 231 
is shown, by the drawn curves, the phase relations of the primary 
magnetic flux the secondary voltage 62 , secondary current 
and torque T, for one phase of a two-pole induction motor 
under fuU-load conditions. The current and field are nearly m 
time phase and the torque curve is positive except for a very 
short time in each half cycle. The average torque produced in 
one phase windmg is the quotient of the difference between a 
positive and a negative area divided by the time of one-half 
cycle. The other phases produce similar torque curves (broken 
curve in Fig. 231), displaced 90° for two-phase and 120° for three- 
phase motors. The instantaneous torque m both two-phase and 
three-phase motors is constant, since the torque is a sine wave of 
double frequency The relations of 62 , H and torque for 
phases A and B with the motor near standstill are shown in 
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Fig. 232. The secondary current and primary flux differ in 
phase by a large angle and therefore the torque has large negative 
as well as positive values. The difference, representing the 



resultant torque, is less than at full load, although the standstill 
current is much larger. In two-phase and three-phase motors 



the torque curves are displaced 90 and 120°, respectively, and 
hence produce a constant total torque. It is evident that, while 
the secondary current increases from zero at synchronous speed 
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to a maximum at standstill, the torque has its maximum at a 
point between synchronous and standstill conditions. A typical 
torque curve for a squirrel-cage induction motor is shown in 
Fig. 233. 

The torque, while zero at synchronous speed, rapidly rises 
to a maximum value with the increase of slip, and then falls to a 
comparatively low value at standstill. 

This decrease is due to the change in the 
power factor in the secondary circuit as 
explained above and to a decrease of the 
primary field with the slip. The action 
is the same as already discussed for the 
decrease in secondary voltage for induc¬ 
tive load in transformers. The variation 
is, however, small as compared to the 
change in secondary current and power 
factor, and will be neglected in the prelim¬ 
inary discussion. Assuming, then, with 
a constant impressed voltage of constant frequency, on the pri¬ 
mary, a constant primary flux $i, the equation for the torque Ti 



at slip s is: 

Ti = cos 03 


__^ _ 7*2 

Vr* + s^xl Vrl + s*a:* 


rl + s^l 


(331) 


For variable shp the torque is a maximum when the rotor 
resistance and reactance are equal. 

For maximum torque, r 2 = 5 x 3 (332) 

In the wound rotor, shown diagrammatically in Fig. 234, the 
secondary resistance may be varied by means of the outside 
rheostat. By continually keeping the total resistance in the 
secondary equal to 8 X 2 the same maximum torque may be ob¬ 
tained at all speeds. A series of torque curves for the wound- 
rotor motor having variable secondary resistance is shown m 
Fig 235. From equations (331) and (332) it is evident that all 
the maximum values are of the same magnitude; and hence the 
maximum torque is, within limits, independent of the secondary 
resistance. Substituting the value of the resistance for maximum 
torque m equation (331). 

VJ1 _ ^iS^E2 X2 _ 

2s^xl ~ 2X2 


( 333 ) 
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From equations (329) and (332) the secondary current for maxi¬ 
mum torque is constant and independent of the resistance. 


Vr\ + 5**, 


Fa 

y/2x% 


The secondary power factor for maximum torque is a constant. 


cos 02 = -, = 0.707 (335) 

V -j- 

At standstill s = 1, and hence ra = xi for maximum torque. 

Maximum torque at standstill = ^ ^ 335 ^ 

rl + x’^ 2r2 '■ ' 



Fig. 235 . —Torque— Blip curves. Induction motor. Wound rotor. Secondary 
resistance variable. 


If ra is less than X 2 the starting torque can be increased by 
increasing the resistance. The maximum possible torque is 
reached with ra equal to xa. Any further increase of the resist¬ 
ance decreases the torque. Load conditions determine the choice 
between the squirrel-cage and wound-rotor types of induction 
motors. As the cost of construction of the squirrel-cage type 
is less than for wound-rotor design, the cheaper type is used for 
aU cases where the load conditions fall within the torque-speed 
limitations. For loads having a large starting torque the 
more expensive wound-rotor type must be used. From Fig. 235 
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Pig, 236.—OsciHogrom ehowiag starting ourrents of an induction motor having 
a wound rotor with slip nng connections for external startmg resistance. E •= 
96.6 volts, primary starting current, Vi ■= 14 amperes; rotor current, startmg, 
F 2 « 95 amperes External resistance, E «= 0 



Fro. 237 —Oscillogram showing starting currents of an induction motor 
having a wound rotor with slip nng connections for external starting resistance. 
JS = 159 volts, primary current Vi >» 43.5 amperes, secondary current, startmg, 
Vi = 22 amperes, resistance, R, all in. 
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it is apparent that by inserting a variable resistance in the 
armature circuit the maximum starting torque can be made 
available from standstill up tc full speed. 

The running-position curve lies between the synchronous speed 
and the maximuTin point on the torque curve. Ordinarily the 
fun load requires less than one-third of the maximum torque. 
If the load be increased, the speed decreases slightly with a rapid 
increase in the torque. If the load be increased past the maxi¬ 
mum value of the torque, the motor stops, or breaks down. 
While an induction motor will carry, momentarily, overloads up 
to the breakdown point, it can not do so contmuously without 
overheating. For overloads.the efficiency is slightly lower and 
the losses are greatly increased, producing more heat than can 
be dissipated at safe operating temperatures. As a consequence, 
the temperature rises and if the excessive overload be con¬ 
tinued the insulation may be damaged and the motor burned 
For excessive overloads the rotor temperature may rise 
rapidly until the soldered joints give way. Motors having the 
copper bars welded or brazed to the short-circuiting rings on 
the rotor. Fig. 242, or cast-iron rotors, can operate at higher tem¬ 
peratures, for short periods, without serious damage. 

{g) Power and Efficiency,—The power output of the motor is 
proportional to the product of the torque and the speed. 


P2 ^ 


(1 — s)T oc 


(1 — 8)s Eir^^i 

r\ + 


(337) 


The power is a maximum at a slip less than that at maximum 
torque, since it is the product of speed and torque. When the 
speed is near synchronism, as is the case under normal loads, 
the iron losses in the rotor are small due to the low frequency of 
the secondary currents, and may be neglected The copper losses 
in the secondary are: 


nl\ = 



SE2T' 


(338) 


The copper loss is therefore proportional to the product of the 
slip and the torque; or for a given torque the slip is proportional 
to the rotor copper loss and independent of the secondary react¬ 
ance. The copper losses in the secondary may also be expressed 
in terms of the voltage, current and power factor. 

Co^qj^r Iqpses in secondary = SE 2 I 2 cos ^2 (339) 
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The electrical input into the secondary in terms of the second¬ 
ary current, secondary voltage and power factor: 

Input for rotor = cos (340) 

The mechanical output is equal to the electrical input minus 
the electrical losses in the secondary. 


Mechanical output = E 2 I 2 cos 62 — SE 2 I 2 cos 62 
= ^ 72 / 2(1 — s) cos 62 

Considering only the copper losses in the rotor and ne 
the primary losses and iron losses in the secondary 
efficiency may be obtamed from equations (340) and 


Approximate efficiency = output 

rotor mput 

_ EJ 2(1 — s) cos ^2 _ _ 

E 2 I 2 cos ^2 


(34z; 


Hence the approximate efficiency, under the stated restric¬ 
tions, is equal to the speed in per cent, of synchromsm. How¬ 
ever, to obtain the actual efficiency of the motor all the losses 
must be taken into account. In addition to the copper losses in 
the secondary, there are iron losses in both the primary and 
secondary, copper losses in the primary, rotor windage and fric¬ 
tion losses The expression in equation (342) is of some interest, 
as it shows that the actual efficiency must always be less than the 
speed expressed in per cent, of synchronism. 

Qi) Transformer Features of Polyphase Motors.—After this 
preliminary discussion it is evident that, by inserting in the 
secondary a resistance, like the load resistance in the secondary 
of the transformer, sufficient to consume the same power as the 
mechanical load, the circuits for the induction motor are the 
same as for the transformer. The circuit diagram for one phase 
is shown in Fig 238 

El = impressed voltage on the primary 
Ti = primary resistance 

Xi = primary reactance, due to the leakage flux. 

7*21 = equivalent of the secondary resistance in the primary 
circuit 

X 21 = equivalent of the secondary^xe&ctance in the primary 
circuit due to leakagcr flux. * 


f 
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rsi = equivalent load resistance. This is assumed to be of 
such magnitude as to make equal to the mechan¬ 
ical load. 

E^i = equivalent of secondary voltage. 

1 1 = primary current. 
mJ = exciting current. 

In = equivalent of secondary current. 
mg — conductance for J[, 


J> = susceptance for rJ, 

The exciting current is much larger m the induction motor 
than in a transformer of like capacity, due to the larger leakage 

flux caused by the air gap m 
":AVyV75W| the magnetic circuit. With 

' A S the rotor at synchronous 

r $ f > speed, the total current flow- 

mg m the pnmary is the ex- 
^ citing current. 

Frcj. 238. 

The component taken by the 
conductance mQ represents the part supplying the core losses and 
IS in time phase with the voltage, while the magnetizing current 
IS in time quadrature with the voltage and in the diagram is indi¬ 
cated by the susceptance m 6 . On account of the air gap between 
the stator and rotor the magnetic leakage is much larger in the 
induction motor than in the transformer. The secondary react- 
ance is proportional to the 

frequency of the secondary j vvYYUOOO'-n^V 
current, hence to the slip, i ^ 5 

and it therefore varies with ^ | 

the load. As the slip, un- ^ 

der operatmg conditions of 1 > 

squirrel-cage induction mo- v -T/ | T 

tors, is only a small per cent. ^39. 

of the speed, the reactance of the secondary is necessarily small 
as compared to the reactance of the primary. It may therefore 
be assumed that the equivalent total reactance for both stator 


and rotor is a constant and equal to Xi + X 21 . By moving the 
exciting current circuit from the position between the primary and 
secondary to the position shown in Fig 239 the solution of the 
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problem is greatly simplified. The errors introduced in the cal¬ 
culations by this change are negligible. 

In the equivalent circuit diagram, Fig. 238, Ei, ri, r 2 i, 2 : 21 , 
mb and nJ are constant The load resistance rai varies and, 
consequently h and hi- The simplified equivalent circuit 
diagram in Fig. 239 gives a very close approximation of the actual 
conditions 

The symbolic equations for the circuit in Fig. 239 are: 

ml = mgEi - JmbEi (344) 

ti = ml hi (346) 

El = (ri + r2i + r3i)/2i + j(xi + a;2i)/2i (346) 

(i) The Circle Diagram for Polyphase Motors.—From the 

circuit diagram in Fig. 239 it is evident that, aside from the excit¬ 
ing current, the induction motor with variable load is equivalent 
to a circuit having constant reactance and variable resistance. 
This may be shown with equation (334) by diving by the slip s. 



For variable load the locus for 72i is a circle, as shown in Figs. 
76 and 77, and the complete performance of the polyphase induc¬ 
tion motor may be derived from the circle diagram. This can 
best be illustrated by describing a common commercial test on 
induction motors Two sets of readings are reouired 

1 . At no load, corresponding to open secondary on a 
transformer 

2 . Rotor locked, corresponding to short-circuit conditions for 
a transformer 

1 . At No Load —The rated voltage is applied to the terminals 
and readings taken of current and power input The ammeter 
gives the exciting current J^, and the wattmeter the core losses, 
windage and friction The losses due to windage and friction 
are small, so the power mdicated by the wattmeter may be 
considered as due to conductance in the exciting circuit as 
shown in Fig 239. The exciting current has therefore com¬ 
ponents in time phase (power component) and time quadrature 
(magnetizing current) with the voltage, and their magnitudes 
are determined by the amperes, volts and watts taken at no load 
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2. At Standstill —For the second set of readings the rotor 
is clamped and sufficient voltage applied to give about twice the 
full-load current in the primary. Readings are taken to obtain 
the volts, amperes and watts. At standstill the rotor current is 
very nearly directly proportional to the impressed voltage and 
hence the value of the equivalent current in the primary at the 
rated voltage of the motor is found by multiplying the observed 
value by the voltage ratio. Let aJ^i be the equivalent secondary 
current in the primary at standstill and at the rated voltage of 
the motor 

E 

ashi = , ^ (approximately) (348) 

Xi + Xii 

The wattmeter reading represents the copper loss (ri + 
r%i)aJ 2 i^ and hence is proportional to the square of the current. 

From the two sets of readings, quantitative values are obtained 
for the power and reactive components of the currents at no load 
and at standstill, and from these data the constant and variable 
losses may be calculated. 

At no load: 

mi = mOEi — jmbEl* 

ml = exciting current. 

mgEi = power component, due to core loss, windage and fric¬ 
tion; the constant losses m the motor. 

mhEi = reactive component or magnetizing current, providing 
the revolving field. 

At standstill: 

sail — {aag + m9)El ““ j(aa& + mh)Ei (349) 

aJi = current at standstill in the primary. 

a^Ei == power component, due to copper losses in stator and 
rotor; the variable losses in the motor. 

aabEi = reactive components, due to leakage flux, or the stator 
and rotor reactance. 

From these data the circle diagram may be constructed as in 
Fig. 240. 

El = constant impressed voltage, drawn from M along the 
F-axis. 

MN = mgEij in time phase with the voltage 
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NO = jmbEi, magnetizing current in time quadrature with 
the voltage. 

Hence 

MO == rJj the exciting current. 

OS = jaebSi, in time quadrature with the voltage. 

/SQ == saQ^i) to time phase with the voltage. 

Hence 

MQ = 5 J 1 , the primary current at standstill. 

OQ = aaliij the equivalent secondary current at standstill. 

With the center on the line NO extended, draw the circle 
OPQV passmg through the points 0 and Q. 

Divide the line QS at 0 so that QG and GS are in the same ratio 
as the secondary and primary copper losses, respectively. Con¬ 
nect 0 and G. 

The complete performance of the motor may be determmed 
from the diagram, Fig. 240. Since the circle is the locus of the 



Fig. 240 —Circle diagram for polyphase induction motor 


secondary current, for any pomt P the following values are 
given directly from the diagram: 

PM = / 1 , the primary current. 

PO = J 21 , the secondary current. 

MO = ml, the exciting current. 

If the quantities in the circle diagram represent values per 
phase, the corresponding quantities for the motor should be 
multiplied by n, the number of phases. 

PL = giEi; nEi{PL) = input in watts. 

MN = mgEx, nEi{MN) = core loss, windage and friction. 

HK = ,.giEx]nEx{HK) = primary copper losses. 


204 


ALTERNATING CURRENTS 


FH = udiFi] nEi(FH) = secondary copper loss. 

FP = g^i] nEi(FP) = mechanical load, or output in watts. 


PL 

Power factor = cos (EMP) = 


(350) 


Efficiency = ^ 

_ rotor loss _ FH 
“ rotor input “ PH 

tiE (PF^ 

Torque (in kg. at 1 -meter radius) = 2^(9 gQg) (^. p j 

m /■ lu X, ^ n^i(P^’)33,000 

Torque (m lb. at 1-ft. radius) = ^ 


(351) 

(352) 

(353) 
(364) 



A convenient way of expressing torque is in terms of syn- 
chronous watts or synchronous horsepower j which is the power 
that would be developed by the torque at synchronous speed 
Torque (in synchronous watts) = nEi{PH) (355) 

Torque (in synchronous horsepower) = 

Torque (in ft.-lb.) = nEi{PH) 

syn. r.p.m. 
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The maxiinum power output of the motor is found from the 
circle diagram by taking P at the point of tangency of a straight 
line tangent to the circle and parallel to OQ. The value of the 
losses, efficiency, power factor, torque, etc, at maximum output 
may be found for the given position of P in the same manner as 
above. Complete performance curves for the motor may be 
developed by plotting the values for a succession of positions 
of the point P on the circle diagram as in Fig. 241. 

(j) The Revolving Field of a Single-phase Induction Motor.— 
In order to produce a revolving field, two alternating-current 



Fia 242. —Squirrel-cage rotor, showing welded end rings. 

(Omcral JSleclnc Co,) 

circuits differing both in time and space phase are required 
In the single-phase motor only one of the component fields can 
be supplied directly from the mams. The single-phase current 
coming from the mams passes through the stator winding and 
produces a magnetic field at right angles to the plane of the coil 
This flux, known as the transformer fields varies with the current 
from a maximum in the positive to an equal maximum in the 
negative direction. This is shown diagrammatically in Fig 243. 
Throughout the whole cycle the direction of the flux is always in 
the up or down direction m the figure. With the rotor at stand¬ 
still this is the only flux m the motor. In Fig. 245 is shown the 
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vector diftgTain with the inBtantaiiieous values as the projections 
on the y-axis. The pulsations of the transformer flux 
generate a voltage and this, in turn, produces currents in the 
rotor conductors in the region marked A A' in Figs. 243 and 244. 



^ I 

Fig 243.—Transformer field, 1-^ Fig. 244—Speed field, 1-0 
induction motor induction motor 


The maximum voltage is mduced by transformer action in the 
conductors at AA' and no voltage at BB', 

With the rotor in motion, the conductors at BB' cut the trans¬ 
former flux and thereby generate a voltage in the conductors m 
the region BB'. The resulting current in 55' 
creates a field at right angles to 55', as shown 
in Fig. 244. This field, due to the rotation of 
the rotor, is known as the speed field. From 
Figs. 243 and 244 it is seen that the transforrm' 
jield and speed Jield are in space quadrature. 
The voltage induced at AA ' due to transformer 
action is in time quadrature with the flux m 
the transformer field. The maximum voltage 
generated in 55' due to rotation is necessarily 
coincident with the maximum strength of the 
transformer flux. As the maximum rate of 
cutting lines of force in the speed field must be coincident with 
the maximum voltage, the speed field is m time quadrature with 
the transformer field. Hence the two fields are m space and time 
quadraiure and combined produce a revolving field. This is shown 
graphically in Figs. 246, 247 and 248. By drawing the rotating 



Fig. 246.—Magnetic 
flux, 1-0 mduction 
motor at standstill. 
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vectors $ and representing the maximum values of the trans¬ 
former and speed fields, along thesame line, the diagram correctly 
expresses both the time-phase and space-phase relations if the 



Fjq. 240.—Rovolvmg Sold, induction motor Speed below synchronism. 

projections of along the F-axis, and of along the X-axis, 
represent the instantaneous values of the two fields. If the 



Fro. 247 —Revolving field, 1-0 induction motor Synchronous speed 

speed IS less than synchronous, the speed flux is less than the 
transformer flux and the resulting locus of the revolving field 
t+a<j) is an ellipse with the major axis as shown in Fig 246. At 
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synchronous speed the two fields are of equal magnitude and 
each equal to the resultant revolving field. 

(at synchronous speed) (357) 

The revolving field is constant and its locus a circle as in Fig. 
247. By increasing the speed of the rotor above synchronism 
the speed field becomes stronger than the transformer field and 
the locus of the revolving field again becomes an ellipse, with the 
major axis along the speed field as shown in Fig. 248. 

Again referring to Figs. 243 and 244 it is evident that voltage 
is produced in the rotor conductors by two methods: 

1. By transformer action; that is, the lines of force produced 
by the primary current cut the rotor conductors. 



Fia 248—Revolving field, 1-^ induction motor. Speed above synchronism. 

2 . By the conductors cuttmg lines of force due to the rotation 
of the rotor. 

In the conductors at AA' voltage is generated: first, by the 
pulsation of the transformer field; and, second, by the cutting 
of the speed flux by the rotation of the rotor. Likewise in the 
conductors at voltage is generated: first, by the cutting of 
the transformer flux: and, second, by the pulsation of the speed 
field. 

= voltage in AA' due to pulsation of transformer field 
tJEJa = voltage m AA' due to rotor cutting speed field 
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rtEa = voltage in 55' due to rotor cutting transformer field. 
psEb = voltage in 55' due to pulsation of speed field. 

By noting the direction of the motion of the rotor conductors 
and also of the magnetic fluxes in the fields at any instant it is 
seen that the voltage induced at AA', and likewise at 55', 



Fia 249 


by pulsation of one field is opposed by the voltage induced by 
rotation of the rotor At synchronous speed the pairs of 





Fio 260 

voltages are equal and a balanced condition exists. At any 
speed below synchronism the difference in the opposing voltages 
causes a current to flow m the conductors AA' and 55'. The 
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phase relations are shown in Fig 249 for A A' and in Fig. 260 
for BB\ 

The exciting currents are shown as separate vectors to indi¬ 
cate the similarity of the action to that in the transformer and 
polyphase induction motor. Also the leakage or reactance in 


Fiq 



251.—Diagrammatic reprosentation of oiromta in n l-<^ induction motor. 


each circuit is omitted. By comparing Figs. 243, 244, 249 and 
250 it is seen that I a and and likewise Is and are both 
in time phase and space phase. Hence there is a reaction or 
torque produced both at AA^ and BB* when the rotor is m motion. 
At standstill equals zero and hence Is is also zero, and no 
torque is produced. Hence the single-phase induction motor has 
no starting torque and must be brought up to speed by means of 
special devices. 



Fig. 252 —Representation of approximately equivalent circuits of a 1-^ induction 

motor 


Circuit diagrams similar to the polyphase motor and trans¬ 
former may be drawn for the single-phase induction motor. In 
Fig. 251 are shown the circuit diagrams representing the equiva¬ 
lent conditions of the single-phase motor. The transformer and 
speed fields require separate excitmg currents as shown in 
the diagram. By modifying the diagram into the approximately 
equivalent arrangement of Fig. 252 the solution of the problem is 
greatly simplified, while the errors introduced are relatively small. 
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case. Let MO be divided at R so that MR represents the exciting 
current mJ for the transformer field, and RO the similar current 
jrJ. for the speed field. With the rotor locked, the power com¬ 
ponent is represented by QT and the reactive component, 
magnetizing current, by Mr. The circle diagram is then con¬ 
structed by drawing a circle through 0 and Q with its center on 
NO produced, as in Fig. 253. It is often inconvenient to 
obtain the low voltage required for the locked rotor readmgs. 
As the center of the circle diagi'am must be in the line 07, the 
locus may be determined by finding the point P for any conven¬ 
ient load. A perpendicular from the middle point of the line 
joining 0 and P intersects the line 07 at the center of the required 
circle 0P7 

The complex equations are, at no load and synchronous speed: 
ml “ mil 

mi = {mtg + m9g)Ri — j(mtb + nJ})Ei (362) 

rJ. = total primary current, at no load. 

{miQ + mag)E\ == powor componcnt due to core loss in both 
the transformer and speed fields 
{mi> + mJ>)Ei = reactive component, or magnetizing current, 
for both the transformer and speed fields 

Similarly at standstill: 

Bail = {mtg + aagi + ftag^Ei — j{mth + m&I + Bahl)E\ (363) 
= power component due to copper losses in 
stator. 

..^ 2^1 = power component due to copper losses in 
rotor. 

(m5i + aah^Ei = reactive component due to leakage or stator 
and rotor reactance. 

It should be noted that the current at standstill does not 
contain the excitmg current for the speed field In constructing 
the circle diagram this error is neglected and the construction 
made as if the power component of the current at standstill 
were due to the total losses in the motor while runnmg. 

After the circular locus of the current is found, complete 
performance curves may be determined directly from the circle 
diagram. 
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Torque is also equal to the output divided by the speed. 

Hence torque in synchronous watts = 

Ei(PF) synchronous speed 
rotor speed 

From equations (366) and (367): 

rotor speed _ /PF\^ 
ssmchronous speed \PH/ 

Substituting this value in equation (366): 

Torque = Ei\^(PF) (PH), in synchronous watts (369) 


(367) 


(368) 


(J) Equivalent Single-phase Values.—^For convenience in 
solving numerical problems in polyphase systems, equivalent 
single-'phaae values for the current and the resistance are often 
used. By the equivalent single-phase current is understood that 
current which transmits the same power in a single-phase system 
with the voltage between mains the same as in the corresponding 
polyphase systems. Similarly, the equivalent single-phase resist¬ 
ance gives the same heat losses in the single-phase circuit with 
the equivalent single-phase current as is dissipated in the cor¬ 
responding polyphase system. 

Let I 2 = current in one of the mains of a balanced, two-phase, 
four-wire system. 

r 2 = resistance in^ either phase of the twO-phase, four-wire 
system. 

Is = current in one of the mains of a balanced three-phase, 
three-wire system. 

rs = resistance of one phase (between terminals or mains) 
of the three-phase, three-wire system. 

h = equivalent single-phase current. 

ri = equivalent single-phase resistance. 


For two-phase, four-wire systems: 

Ji = 2 I 2 (370) 

ri = Hri (371) 

For three-phase, threfe-wire systems, either A or 7: 

h = VS/a (372) 

ri = 3-^ r, (373) 



INDUCTION MOTORS 


215 


(m) Perfonnance Curves by One Wattmeter^ and Volt¬ 
meter.—The performance curves of an induction motor may be 
calculated from data giving the primary and secondary resistances 
and the voltmeter and wattmeter input readings from no load 
to full load. The primary resistance is usually determined by 
direct'Current methods and the secondary resistance from 
standstill data. These are obtained by clamping the rotor 
and impressing a sufficient voltage on the motor terminals to 
send approximately full-load current through the stator circuit 
Under these conditions the input may be considered as equal to 
the primary and secondary copper losses, and the equivalent 



secondary resistance may be calculated. By taking voltmeter 
and wattmeter input readmgs from various loads, all the required 
points for determining the performance curves may be cal¬ 
culated. In three-phase circuits the readings oi Wi and W 2 
may be obtained by means of one wattmeter by changing the 
voltage connection as shown in Fig. 254. 

The method is best shown by an example with the calculations 
arranged in tabular form as in Table IV. 

The equivalent resistance ri = 0.23 ohm and = 0.30 ohm. 
The observed input data are given in columns 1, 2 and 3. The 
method for finding the calculated quantities is indicated at the 
top of each column. The correspondmg performance curves axe 
shown in Fig. 255. 

The same method is applied to a single-phase motor in Table 
V The observed data are given in columns 1, 2 and 3 and the 
calculated values are derived as indicated at the top of each 
column. The performance curves are plotted in rectangular 

iMcAllibtbe, “Alternating-current Motors,” p. 26 
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0 092 ohm, Bs *=■ 0 15 nh™, Synobronous speed 1,800 r p m. 
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coordinates, in Fig. 256. The simplicity of the experimental 
part of this method is apparent. 

(n) Starting Single-phase Induction Motors.—The single¬ 
phase induction motor has no starting torque, and hence some 
other means must be provided to bring the machine up to speed. 
It is evident that for commercial purposes it is desirable to 
make the machine self-starting. Hence the starting device is 



part of the machine and its action should be automatic. Some 
small motors are started by hand and have no seK-starting 
arrangement. These are, however, unimportant exceptions. 
Of the automatic devices in commercial use, the repulsion motor, 
split-phase and shading coils are in general use. 

Repulsion Motor Starting .—The repulsion motor is described 
in Chap. XVII. In order to make available the high starting 
torque of the repulsion motor for bringing the induction motor 
up to speed, a wound armature with a commutator like that of a 


INDUCTION MOTORS 


221 


direct-current motor is required. The armature winding is 
short-circuited through a pair of brushes and the position of 
the brushes, relative to the field, determines the direction of 
rotation and the magnitude of the torque and starting current. 
When the motor reaches full speed the brushes are automatically 
removed from the commutator and simultaneously all the com¬ 
mutator bars are short-circuited, thus converting the repulsion 
motor to a squirrel-cage induction motor at full speed. Except 



Fig. 266.—^Performanoe curves of 104-volt, 1-^, 60-cyoIe, 6-hp., induction motor. 

for small motors this method of starting is the best. The wound 
rotor and commutator with the automatic device for converting 
the winding at full speed to the squirrel-cage type greatly increase 
the cost of manufacture of single-phase induction motors as 
compared to polyphase motors of the same rating. The ideal 
simplicity of the polyphase induction motor is lost in providing 
a starting torque, and more care is required in operating single¬ 
phase motors 
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Split Phase ,—The requirement of two magnetic fields differing 
both m time and space phase for producing a revolving field, 
may be provided from a single-phase circuit by means of the 
spUiyphase device. It consists essentially of two parallel cir¬ 
cuits, as shown in Figs. 257 and 258, one of which, S, has resist^ 
ance and the other, A, either inductive or condensive reactance. 
As the current is in phase with the voltage in circuit 5, and 
either lags or leads in circuit A, the fields of magnetic flux are 
similarly out of phase. Hence by connecting the two circuits to 
windings differing in space phase the desired revolving field is 
obtained at standstill and consequently the required starting 
torque. Due to high first cost and to excessive maintenance, 
condensive reactance devices are not in commercial use. The 






Fia 267. 




JVWW\W- 


Fig. 258. 


inductive reactance produces a low-power factor on the line and 
gives only a weak starting torque, and hence is undesirable except 
for small motors. The split-phase device, using an inductive 
reactance, has a low first cost and small maintenance. It is 
used extensively for small motors requiring only a small starting 
torque. 

Shading Coil .—^Another device frequently used on small 
fan motors is the shading coil. The motor field has salient 
poles like a direct-current motor but made of laminated iron. 
Each pole is divided into two unequal parts as shown in Fig. 
259. Around the small part is wound a short-circuited coil. In 
this coil induced currents flow, thus changing the time phase 
of the flux inside the shading coil as compared to the flux in the 
main part of the pole. The combination of the two fluxes 
differing in both tune and space phase produces a revolving field 
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and consequently a starting torque. Necessarily, this torque 
is small and the device can be used only with small motors 
requiring small startmg torques. 



(o) Starting Polyphase Induction Motors.—The polyphase 
motor has inherently a torque at standstill and no special device 
is required. At standstill, however, the motor acts like a short- 
circuited transformer and necessarily takes comparatively large 
currents from the mains. With smaE motors the starting 
current is not sufiELcient to disturb the system from which the 
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motor receives power and hence the small motor is started by 
throwing the supply switch directly on the mains For over¬ 
load protection the small motor generally has a double-throw 
switch; one side for starting directly on the line, and the other 
side a running position with the circuits properly fused to pro¬ 
tect the motor under continuous operation. With large motors 
the starting current at full voltage may be larger than can 
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y be supplied by the distributing sjrstem. To prevent 
ssive currents while starting, a starting compensator is 
3 d between the mains tod the motor. This apparatus is 
}ly an autotransformer with circuit diagrams as shown in 
260. The number of steps in the compensator depends on 
.ype of motor, the relative size of the motor and the canying 
.city of the line. In most cases the autotransformer has one 
lion for starting and one for running in addition to the 
position of the lever, when the circuit is open. In the 
ing position the motor is connected directly across the mains. 
) Induction Meters.—The fundamental principle upon 
h induction-type wattmeters are designed is that rotating 
3 can be produced by two alternating currents of the same 
lency passing through circuits diSering in space phase, 
ntially the instruments are small induction motors with 
idrical or disk rotors. The load for the integrating watt- 
)T consists of a metal disk rotating between the poles of a 
lanent magnet. In the indicating meter the torque pro- 
d by the rotating field is counterbalanced by spiral springs, 
torque at any instant is proportional to the product of the 
ige (current in the shunt coil) and the current (series coil), 
hence for the complete cycle the average torque is pro- 
Lonal to the watts. In the integrating wattmeter the speed 
le rotating element is proportional to the torque, and the 
ument measures the energy delivered to the load. 

PROBLEMS 


In a test on a 6-lip. 60-cycle, six-pole, three-phase induction motor the 
ang data were obtained 



1 miowatta 1 



Volta, 

1 


Ohms, 

Ohms, 

E 1 

Wi 

Wi 

n 

n 

1 

130 

1 36 

-0 90 

0.266 

0 18 

130 1 

1 45 

-0 86 

(Equiv. 10) 

(Equiv. 1^) 

130 

1 66 

-0 75 



129 1 

2 07 

-0 20 



128 

2 40 

0 00 



129 

3 06 

0 56 



128 

3 60 

0 96 



128 

4 26 

1 42 




dilate and plot performance curves as in Table IV and Fig. 266. 
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2 . In a test on a 6-hp., four-pole, 60-cycle, single-phase motor the follow¬ 
ing data were obtained: 

Volts, E Ampereflt I | Kilowatts, W | Ohms, n | Ohms, n 

110 20.7 

110 21 6 

110 26 6 

110 33.3 

110 37 6 

no 41.2 

no 48 6 

no 62.3 

Calculate data as in Table V and plot performance curves similar to Fig. 
256 

3 . A test on a 440-volt, 60-cycle, six-pole induction motor gives the 
following data: no-load hne current = 4.2 amp j no-load power factor = 
0.32; looked-rotor line current (reduced to full-load voltage) = 65 2 amp , 
locked-rotor power factor = 0 51; pnmary resistance = 2 28 ohms, between 
terminals. 

Draw the circle diagram, Fig. 240, and plot the performance curves as m 
Fig 241 

4. On test a 500-volt, three-phase, 60-cycle induction motor gives the 
following data: At no load the input is 6.35 kw and the current is 146 amp 
With blocked rotor and for 250 volts impressed, the motor takes 56 1 kw 
and 802 amp. The motor is star-connected m both the stator and rotor 
Stator resistance between mama = 0.03 ohm. 

Draw the circle diagram and plot the performance curves. 

6. Let the resistance of the rotor in problem 4 be increased until the start¬ 
ing torque is a maximum. Plot the corresponding performance curves for 
the motor 

6. Assume a simple balanced mine hoist with two cages, motor operated 
with motor direct connected to the drum. Depth of mine is 300 ft. Diam¬ 
eter of drum is 8 ft. 

(а) How long will it take one cage to make the tnp from bottom to top 
(300 ft)? The runmng or full speed is 1,200 ft. per min The system is 
accelerated to full speed, 4 sec, and brought to rest from full speed m 
6 sec 

(б) It is desired to hoist 2,500 tons of coal from the mine in 8 hr, assuimng 


Weight of coal per trip 

2 tons 

Delay between tnps 

. , 5 sec 

Acceleration . - 

4 sec 

Retardation 

6 sec 


What should be the full speed of the motor, direct connected to the hoist 
drum, to secure this tonnage? 

(c) How far will the cages travel during acceleration and dunng 
retardation? 


0.70 0 09 0.18 

0 08 
1.67 
2 01 
3.46 
3.90 
4 69 
4.95 
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7 . A 10“hp. induction motor is furnished with external secondary resist¬ 
ance which reduces the output to 2.6 hp. at one-fourth speed? thus develop* 
ing full-load torque Find at what percentage speed the motor will develop 
2 hp., assuming that for this value of secondary resistance the torque is 
directly proportional to shp. 

For Experiments see page 690. 



CHAPTER XIV 
ALTERNATORS 


One of the notable features in the development of the elec¬ 
trical industry during the past fifteen years has been the enor¬ 
mous increase in the size of the central stations. This has been 
due both to an increase in consumption of electric energy and to 
the combination of a large number of small plants into com¬ 
paratively few large systems. Simultaneously with the growth 
of the central station has come the increase in the size of the gen¬ 
erating units. At the Columbian Exposition “Jumbo/^ the 
largest generator in the world, had a rating of 750 kv.a., while 
today single units deliver 50,000 kv.a. continuous load Any 
discussion of the historical development of the modem alternator 
is outside the scope of this volume, and only a few of the more 
important features in the design are mentioned. The increase in 
speed, largely due to the invention of the steam turbine, is the 
chief factor in making possible economical designs of large 
units By placing the armature winding in slots the reluctance 
of the field circuit is greatly reduced and also made to a large 
degree independent of the size of the armature conductor. With 
the field placed on the rotating spider, only the exciting current 
need pass through brushes and collector rings, while the gen¬ 
erated power is transmitted through stationary and well-pro¬ 
tected copper conductors. To provide adequate voltage 
regulation for rapid changes in load used to be a very difiSicult 
problem for the designers of alternators. The regulation is now 
secured, to a much more satisfactory degree than was possible in 
the self-regulating alternator, by means of regulating devices, out¬ 
side the generator, such as the Tirrill regulator. 

(a) The Field.—The number of poles is determined by the 
speed and the frequency. Except for small machines the field 
forms the rotating part. The poles are built up of punchings 
of sheet steel, about 0.025 in. thick, and riveted together between 
cast-steel end plates. The excitmg current is led to the pole 
wmdmgs through brushes bearing on cast-iron or cast-brass 
slip rings. The exciting current comes from a separate exciter 
entirely independent of the generator. The excitation voltage 
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.rolts, and hence the fields have few turns and 
bively large current. Except for small machines 
made from copper strips bent on edge, forming a 
‘"’•-shaped coil. 

^ire.—The armature conductors are placed on 
tXIC JLLUUUC UX Uixc O tator surrounding the rotating field. In order 
to produce a magnetic circuit with low reluctance, the armature 
conductors are placed in slots, thus leaving only a small air gap 
between the iron cores of the field and armature. The armature 
core is made from punchings of sheet steel of about half the 
thickness of the sheet used for the fields. Ducts are provided 
in the iron core through which the air circulates, keeping the 
machine cool. 

As already noted, the armature winding determines whether 
the machine is a single-phase, two-phase or three-phase alter¬ 
nator. The two-phase alternator has two single-phase windings 
spaced 90 electrical degrees apart, and, similarly, the three-phase 
machine has three smgle-phase windings spaced 120 electrical 
degrees. Very few alternators of the strictly two-phase and 
three-phase design have ever been built. The so-called two- 
phase and three-phase alternators are fundamentally designed as 
four-phase and six-phase machines with their windings spaced 
90 and 60 electrical degrees, respectively. In the same manner 
as already explained for the mduction motor, the four-phase 
and six-phase designs are converted into the so-called two- 
phase and three-phase alternators, respectively, by merely chang¬ 
ing the connections inside the machine. 

The three windings on the three-phase alternator may be 
connected in star or in delta as explained in Chap. IX. Alter¬ 
nators are generally wound star-connected, as this requires fewer 
turns, eliminates the third harmonic and provides a convenient 
neutral point. The windings for any of the above alternators 
may further differ by being placed in several slots for each pole 
and for each phase, forming the so-called distnhuted winding. 
Moreover, the arrangement of the wires between each pair of 
poles may be of the wave or lap (chain) system, or a combination 
of the wave and lap form of wmding. The windings may be in 
single or double layer, and the pitch may cover the full 180 
electrical degrees or only a fraction of that distance. All of 
these factors influence the shape and magnitude of the generated 
voltage wave. 
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(c) Wave Forms.—The voltage wave produced by each arma¬ 
ture conductor depends directly upon the distribution of the 
lines of force in the magnetic field. The distribution of the 
lines depends upon the reluctance of the magnetic paths, and 



Fig 261. 


hence is largely affected by the shape of the field pole. • As a 
rule, the distribution is not such as to give a simple sine wave 
of voltage but more of a rectangular shape, as in Fig. 261. If 
the winding is placed in three slots spaced y electrical degrees. 



each one of the coils produces the same shaped waves but 
differing in phase position by 7 ° Hence the resultant wave 
at each point is the sum of the mstantaneous values of the 
component waves, as shown in Fig 262 In general, armature 
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windings are distributed and placed in several slots per phase per 
pole. The number of slots and the distribution of the field flux 
have a direct bearing on the harmonics in the voltage wave, as 
explained in Chap. XXIII. The magnitude of the total gener¬ 
ated voltage per phase depends upon the number and spacing 
of the slots per phase per pole, Fig. 263. Assuming that the 
voltage wave for each conductor can be expressed by an equiva¬ 
lent sine wave, then the relation of the total voltage per phase to 
the e.m f. generated in each conductor may be found by taking 
the vector sum of the component voltages as shown in Fig. 264. 
Let A, 5, C and D be voltage vectors equal in magnitude and 
displaced in position to the same extent as the spacing of the slots 



5^0. 263. Pro. 264. 


on the armature. Then the resultant vector E represents the 
total voltage per phase both in magnitude and in phase position. 

The ratio of the magnitude of the total voltage per phase 
to the product of the number of slots and the voltage generated 
in the conductor in each slot is known as the distribution factoT 
and is represented by the letter k The values of the distribution 
factor for several slots per pole are given in Table VI for two- 
and three-phase generators. 


Slots per pole 
1 
2 

3 

4 
6 


T^lb VI 

k, 

Two-phase 
1 000 
0 924 
0 911 
0.906 
0 903 


k 

Three-phase 
1 000 
0 906 
0 060 
0 668 
0 956 
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The value of the total voltage per phase is also reduced if 
the winding is shorir-pitch; that is, the two sides of the armature 
coil are less than 180 electrical degrees apart, Fig. 265, and hence 
the voltage generated under the north pole is not quite in phase 
with the voltage wave produced simultaneously by the cor¬ 
responding south pole in the other side of the same coil. If 
the two sides of the coil are out of phase by 5 electrical degrees 

the total voltage per phase is reduced by the factor cos 

as may be seen from Fig. 266. Let the distributed winding 
be in four slots and the voltages on one side under a north pole 
be represented in phase and magnitude by the lines Ay B, C 
and jD, Fig. 266; and let the corresponding voltages on the other 
side, under a south pole, be represented in phase and magmtude 



Fia 266. Fig 266. 


by Fj Gy H and /. In each coil the two voltage waves are dis¬ 
placed by 5 electrical degrees and hence the resultant voltage 
is equal to the product of the voltage generated per conductor, 

the niimber of conductors, the distribution factor and cos 

Hence the terminal voltage may be expressed in terms of the 
constants of the design, n the number of turns, k the distribution 

factor, cos | the pitch factor and the number of lines per pole 

A 

cut by each conductor. Equation (42) in Chap. II gives the 
fundamental relation for the production of voltage by mduction 
per turn. This is also the expression for a full-pitch concentrated 
winding; that is, all the turns placed m one slot per phase, per 
pole. 
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Let n = the number of turns, or half the number of conductors. 
f = the frequency. 

= the maximum useful flux per pole. 
k = the distribution factor 

g 

cos = the short pitch factor. 

z 

The generated voltage, per phase per pole, therefore equals: 

(a) For concentrated winding, full pitch, i.4A^f volts 

(374) 

(b) For distributed winding, full pitch, 4.44An/ volts 

(375) 

(c3 For distributed winding, short pitch, 4.44An/ cos ^ 
volts. (376) 



Fia. 267.—OsciUogram of three-phase, alternating ourrents. 7=8 amperes, 
= 160 volts, / = 60 oyoles 


(d) Armature Reaction; Reactance and Resistance.—For a 
given machine ru n n i ng at constant speed the factors ft, n, / 

and cos ^ constant. The only variable factor in equations 

(374), (375) and (376) for the generated voltage is the number 
of lines cut by the armature conductors. The m.m.f. producing 
useful flux depends, first, upon the field excitation and, second, 
upon the armature reaction. The field excitation is supplied from 
some independent source and is usually varied with the load 
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requirements by means of an automatic regulator. The currents 
in the armature also produce magnetic fluxes that combine vec- 
torially with the main field to form the useful flux in equation 
(376). This factor is called the armature reaction^ and it affects 
both the magnitude and time phase of the generated voltage 



Fig. 268 —Unity power factor. 


wave. Since the armature flux is in time phase with the ci 
the armature reaction depends both on the magnitude of th 
current and the load power factor. At no load the armature 
reaction is zero 

For any load the armature flux is proportional to the current 
and also its effect upon the field flux depends upon the power 



4 


Fig. 269 .—6 = 75°, lagging current. 

factor. With unity power factor the armature current reaches 
its maximum at the instant the conductor is directly under the 
pole as shown in Fig. 268 The flux in each pole is increased 
on the left half and decreased on the right half of the pole face. 
The total number of lines is approximately the same, the chief 



Fig 270 —0 = 75°, leading current 


effect is the shifting of the distribution of the flux and a conse¬ 
quent change in the voltage wave form. However, if the load 
takes a laggin g current then the armature current reaches a 
maximum value in a position between the two poles, as indicated 
in Fig. 269. The armature flux in this case is in opposition to the 
field flux on both sides and it thereby decreases the useful flux 
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for the same field excitation. With a load taking leading current, 
the armature flux is in the same direction as the field flux, as 
shown in Fig. 270. Hence for armature currents of the same 
magnitude, the leading current increases the useful flux and 
hence the generated voltage 

A small part of the armature flux, not affecting the field flux, 
surrounds the conductors in the same way as the leakage flux in 
transformers. Most of this leakage flux is on the ends of the 
armature, that is, around portions of the coils that do not pass 
under the fields. This portion, known as the leakage fliiXj 
appears in the circuit as an armature leakage reactance. Evidently 
the magnitude of the leakage flux depends directly upon the 



Fig. 271 .—da =* 30®, lagging current 


current and is not affected by the lag or lead of the load current. 
In modem alternators the effect of the armature reaction is 
three or four times as large as the armature leakage reactance. 
The armature reactance like the armature resistance consumes 
voltage and hence the terminal voltage is less than the generated 
voltage in magnitude and differs in phase position. These 
relations are readily seen from a vector diagram. Referred 
to the armature windings the field flux pulsates, although of 
constant value in space. Let the wave shape of the fluxes, voltages 
and currents be of the equivalent simple sme form in order 
that their phase relations may be represented by the crank vector 
diagram. Let the diagram in Fig. 271 be drawn for the flux, 
voltage and current relations in one phase of the armature 
winding. 
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"^0 = maximum flux due to the fleld excitation and passing 
through the armature windings; the useful flux at no 
load. 

JEo = voltage produced by the flux 

la = armature current (lagging m this case). 

= flux representing armature reaction. 

"<E> = leakage flux producing armature reactance. 

= useful flux. 

Eg = voltage generated per phase 

JE = voltage absorbed by armature reactance. 

rE = voltage absorbed by armature resistance. 

Et = terminal voltage. 
dt = terminal phase angle, 
cos 9t = load power factor. 

With a lagging current the terminal voltage is less than the 
voltage generated in the alternator. In Fig. 272 the phase 



relations of the same quantities are shown for a load having a 
leading current. The terminal voltage is increased as the 
armature reaction adds to the field producing a larger useful 
flux than at no load 

In Fig. 273 is shown the corresponding vector diagram for 
unity power factor, and m Figs. 274 and 275 the diagrams for 
currents of equal magmtude but lagging and leadmg the voltage, 
respectively, by 90°. For a given armature current the locus of 
the terminal voltage is a circle, as shown in Fig 276. 
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The above vector diagrams refer to constant-current conditions. 
With constant load the current increases with the decrease of 
the power factor, and, as the drop due to armature reaction and 



1?IG 273 .—do = 0°, ourrent m phase 


reactance are proportional to the armature current, the effect 
at low power factors is greatly increased and the locus of the 
terminal voltage is no longer a circle. However, m commercial 



274 .—do = 90°, lagging current. 


systems the voltage is kept constant or even caused to rise at the 
terminals of the generator with increase of load by increasing 
the field excitation. To keep the terminal voltage constant, 
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the field excitation must be increased so as to compensate for the 
effects of armature reaction, reactance and resistance. The 
number of ampere-turns required also depends upon the previous 



Fig. 276 —do - 90°, leading ourront. 


magnetization or the point on the magnetization curve at which 
the generator is operating. 

(e) Magnetization or Saturation Curve at No Load.—As in 
direct-current generators, the magnetization curve is merely the 



Fig. 276 — 6o vonable Flux, current and voltage loci. 


relation between the terminal volts at no load and the field 
current. Usually the field currents are plotted as abscissse 
and the corresponding volts as ordinates, as shown in Fig, 277. 
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Experimentally, the data for the curve are found by running the 
alternator at the rated speed and taking a series of readings of 
field currents and the corresponding volts at the terminals of 
the machine. For predetermining the saturation curve, when 
designing an alternator, accurate values of the reluctance of the 
magnetic circuit for the increasing flux densities must be known. 

(f) Synchronous Reactance.—Both the armature reaction and 
reactance drop are proportional in magnitude to the armature 



Fig. 277 . 


current, and the voltages consumed by both are in time phase for 
all power factors as seen in Figs. 271 to 276, Both factors may 
therefore be represented by one equivalent reactance. This is 
called the synchronous reactance aOJo, and is measured experi¬ 
mentally in the following manner: The armature is short-cir¬ 
cuited through an ammeter and the generator is brought up to 
synchronous speed without field excitation. Field current is 
then applied and a series of readings taken of the field currents 
and the corresponding armature currents, until the armature 
current reaches about 50 per cent, above normal full-load value. 
From the magnetization curve the voltages correspondmg to the 
field-current readings are obtained. A curve is plotted as in Fig. 
278 with armature currents as abscissae, and the termmal volts 
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corresponding to the field currents as ordinates. The curve is 
nearly a straight line, drooping slightly as the iron approaches 
saturation. Under short-circuit conditions the armature power 
factor is nearly zero and the vector relations are as shown in Fig. 
274. The voltage consumed by the synchronous reactance is 
practically equal to the total voltage, as the part taken by the 
resistance is small and almost in time quadrature with the 
induced voltage. 



Fig. 278. 


From the synchronous reactance curve: 

+ aXa“ 

E 

f^a = approximately 

J- a 


(377) 


The value obtained for the synchronous reactance by this 
method is, however, considerably larger than the actual syn¬ 
chronous reactance of the alternator when operating under full 
load. Moreover, the synchronous reactance, and hence the 
synchronous impedance, vary with the load While the data 
gained by the saturation and short-circuit reactance tests are of 
importance when studying alternator characteristics, the cal¬ 
culated regulation is only an approximation to the actual value. 
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In modem alternators from 10 to 25 per cent, of the total 
synchronous reactance is due to armature reactance, while the 
remainder is caused by armature reaction. This is illustrated 
by Fig. 279. The ordinates represent the short-circuit current 
of a large alternator and the abscissae the time in seconds after 
the short-circuit began. The instantaneous short-circuit cur¬ 
rent, taken as 100 per cent., gives the ratio of the voltage to 
the armature impedance. After 2 sec., the current reached the 
sustained short-circuit value which represents the ratio between 
the voltage and the synchronous impedance. The quantitative 



7/m tn SeccrKfs 
Fig. 279 

values of the synchronous reactance and armature leakage react- 
ance are usually given in terms of the voltage consumed by full¬ 
load current and expressed in per cent, of the rated tenmnal 
voltage. A synchronous reactance of 40 per cent, means that 
for full-load current the voltage consumed in the synchronous 
reactance of the armature is 40 per cent, of the rated terminal 
voltage. 

(^) Field Excitation at Any Load and for Any Power Factor.— 
From the saturation curve at no load, the synchronous reactance 
curve and the armature resistance, the approximate value of 
the required field excitation, for any load and at any power factor, 
may be determined. In the vector diagrams in Figs. 271 to 276, it 
is shown that the voltage drop caused by armature reaction, 
reactance and resistance may tis represented by a triangle so 
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drawn that the resistance drop is in phase, and synchronous 
reactance drop in quadrature, with the current. Let the con¬ 
ditions be a constant-terminal voltage, constant-load current 



and variable-load power factor. In Figs. 280 and 281 the cur¬ 
rent la is drawn on the X-axis, and the terminal voltage Et 
is leading by The vector for 
the armature resistance drop is 
parallel to the current, and the 
corresponding vector for the ar¬ 
mature synchronous reactance 
drop in quadrature with the cur¬ 
rent or perpendicular to the 
X-axis. The vector sum of J?*, 
rJa and ^xja is the required 
voltage Eq, This is the voltage 
that appears at the terminals at 
no load, and hence is propor¬ 
tional to the main field flux. 

From the no-load saturation 
curve the field excitation corre- 
spondmg to Fo may be found 
By varying the power factor 
but keeping the terminal voltage 
and armature current constant 
'the loci of Et and Eq are circles, 
with Et as radius and points 0 
and D as centers, as shown in 
Fig 287. The locus of the gen¬ 
erated voltage may be found by separatmg the synchronous react¬ 
ance drop into the parts proportional to the armature reaction 
and the armature reactance. Under ordinary operating condi- 
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tions the load power factor, the terminal voltage and the arma¬ 
ture current are all variable. 

Assuming two factors as constant and the third variable, 
three combinations are possible. The corresponding loci are 
shown in Fig. 281 

First Case.—Et and la constant, 6t variable. 

la = armature current, assumed constant. 

Et = the terminal voltage, assumed constant. 

Ta = armature resistance. 

Xa = armature reactance. 

sXa == synchronous reactance of armature, equivalent 
to both the armature reactance and reaction. 

Eg = the generated voltage, proportional to the useful 
flux. 

Eq = the no-load voltage corresponding to the same 
fleld excitation, and proportional to the field 
flux. 

di = angle of lead or lag, variable. 

OA - Et 
ON = rJa — rEa 
NF = Xja = aJSo 
ND = a^ala = 

OB = Eg 

OC = ^0 

Eg ^ Et rEa H" xEa — Et COS dt + r-^o 

+ sin dt + xEa) _ ^ (378) 

Eq = St "I" rEa “h == Et COS 6t 4" rEa 

+ j{Et sin Bt + «*Sa) (379) 

Circle PAV = locus of Et (0 center, Et radius). 

Circle QBV = locus of Eg {F center, Et radius). 

Circle SCT = locus of Eq {D center, Et radius) 

cos 6\ = power factor of locus for perfect regulation 
Since the sides of the triangle OND are directly proportional 
to the armature current, similar constructions may be drawn for 
any load current and the value of the field excitation determined 
Second Case.—Et and dt constant; la variable 
For constant power factor and terminal voltage the locus of 
the no-load voltage Eq is along the line CA; for with a change 
in la the point D moves along the line OD, and as Et and dt are 
assumed constant the point C must move along the line CA 
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Third Case.—dt and la constant; Et variable. 

For constant power factor and current with variable terminal 
voltage, the triangle OND remains constant and the no-load 
voltage is the resultant of OD and the several values of Etj and 
the locus of Eq is along the line DC. The required field excita¬ 
tion may therefore be found from curves in Figs. 277, 278, and 
281 for any load at any power factor and for any terminal 
voltage. 

(h) Regulation.—^By the regulation of an alternator is meant 
the per cent, increase in voltage when full load is thrown off the 
machine, the frequency and field excitation remaining constant. 

Using the same notation as in Fig. 280, the regulation is ^ 

X 100, in per cent. From the previous discussion it is evident 
that the regulation of any given alternator depends upon the 





power factor of the load, as shown in Fig. 281 and hence a state¬ 
ment of the regulation of an alternator should mclude the power 
factor of the load. For close regulation the voltage lost in the 
armature must be relatively small. The resistance may readily 
be reduced to the required value, but not the synchronous react¬ 
ance. Fundamentally, the separately excited alternator is not 
self-regulating and none of the internal automatic devices have 
proved satisfactory. As an example, the diagram in Fig 282 
shows a composite excitation having a series field producmg a 
compounding effect as in the direct-current compound-wound 
generator. Part of the alternating current transmitted by the 
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transformer is rectified by the commutator, while the larger 
portion passes through the shunt. 

The TA Regulator .—Since the invention of automatic regulators 
entirely separate from the alternator, all the earlier methods of 
self-regulation have become obsolete. By proper adjustment the 
automatic regulator insures highly satisfactory regulation on the 



Fig. 283. —Type TA, form F-S, voltage regulator. (Oeneral Electric Co.) 

system, although the inherent regulations of the alternators may 
vary widely. With the use of an automatic regulator, like the TA 
type manufactured by the General Electric Co , inherent regular 
tion of the alternator makes very little difference, as the regulator 
so adjusts the excitation that constant voltage is obtained under 
' all conditions of load, Fig. 283. 

An elementary diagram of the type TA, form A-2 regulator 
connections with an alternating-current generator and exciter 
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is shown in Fig. 284. The regulator has a direct-current control 
magnet, an alternating-current control magnet and a relay. 
The direct-current control magnet is connected to the exciter 
busbars. This magnet has a fixed stop core in the bottom and a 
movable core in the top which is attached to a pivoted lever 
having at the opposite end a flexible contact pulled downward 
by four spiral springs. For clearness, however, only one spring 
is shown in the diagram. Opposite the direct-current control 
magnet is the altematmg-current control magnet, which has a 
potential winding connected by means of a potential transformer 



to the alternatmg-current generator or busbars. There is an 
adjustable compensating winding on the alternating-current 
magnet connected through a current transformer to the principal 
lighting feeder. The object of this winding is to raise the voltage 
of the alternating current busbars as the load increases. The 
alternating-current control magnet has a movable core and a 
lever and contacts similar to those of the directrcurrent control 
magnet, and the two combined produce what is known as the 
floating main contacts. The relay consists of a U-shaped magnet 
core having a differential winding and a pivoted armature con¬ 
trolling the contacts which open and close the shunt circuit 
across the exciter field rheostat One of the differential windings 
of the relay is permanently connected across the exciter busbars 
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and tends to keep the contacts open; the other winctog is con¬ 
nected to the exciter busbars through the floating main contacts, 
and when the latter are closed neutralizes the effect of the ^t 
winding and allows the relay contacts to short-circuit the exciter 
field rheostat. Condensers are connected across the relay con¬ 
tacts to prevent severe arcing and possible injury. The circuit 
shunting the exciter field rheostat through the relay contacts is 
opened by means of a single-pole switch at the bottom of the 
regulator panel and the rheostat turned in until the alternating- 
current voltage is reduced 65 per cent, below normal. This 



weakens both of the control magnets and the floating main con¬ 
tacts are closed. This closes the relay circuit and demagnetizes 
the relay magnet, releasing the relay armature, and the spring 
closes the relay contacts. The single-pole swdtch is then closed 
and as the exciter field rheostat is short-circuited the exciter volt¬ 
age will at once rise and bring up the voltage of the alternator 
This will strengthen the alternating-current and direct-current 
control magnets and at the voltage for which the counterweight 
has been previously adjusted the main contacts will open. The 
relay magnet wall then attract its armature and, by opening the 
shunt circuit at the relay contacts, will throw the full resistance 
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into the exciter field circuit, tending to lower the exciter and 
alternator voltage. The main contacts will then be again closed, 
the exciter field rheostat short-circuited through the relay 
contacts and the cycle repeated. This operation is continued 
at a high rate of vibration due to the sensitiveness of the control 
magnets and maintains, not a constant, but a steady exciter 
voltage. The oscillogram in Fig. 285 shows the exciter and 
alternator field currents and the alternator voltage with the 
TA regulator in operation. 

Westinghowe Voltage Regulators for Alternating-current Oen- 
eraiors. —These regulators operate on the principle of controlling 
the alternating-current voltage indirectly, by varying the exciter 
voltage by means of relays which open and close a shunt circuit 
across the exciter field rheostat 

The control element consists of a cast base on which are 
mounted all the control element parts. The main control 
magnet as shown is of the solenoid type, having its core attracted 
upward and its core stem connected to the floating lever, which is 
pivoted to the bell crank lever of the vibratmg magnet. A 
counterweight is used to assist the pull of the main control 
magnet, and to bring the lever and core to a balanced position 
at the normal voltage to be regulated. The vibratmg magnet is 
also of the solenoid type, having its core attracted upward. Its 
core stem is connected to one end of the beU crank lever which 
is pivoted to the base, and its opposite end carries the floating 
lever of the main control magnet. The puU of this vibratmg 
magnet is assisted by a single spring, as shown. These two 
magnets are energized from the same voltage transformer and 
actuate the movable main contact into and out of engagement 
vdth the fixed contact. These magnets are very sensitive and 
are provided with adjustable dashpots. 

The relays are wound with two opposing windings^ one of which 
is permanently energized while the other is energized intermit¬ 
tently through the main contacts. Springs on the relay armatures 
pull the relay contacts closed when the magnet is deener¬ 
gized by equal currents in the opposing windings. When the main 
contacts are open, one circuit is interrupted and the other wind¬ 
ing energizes the relay magnet and pulls the relay contacts open. 
Hence, the closure of the main contacts causes the immediate 
closure of all relay contacts. Opening of the main contacts 
causes the opening of all relay contacts. 
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Fia. 286.—Westingbouee voltage regulator for A. C. generators. 
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An inspection of the schematic diagram, Fig. 287, shows 
one of the relayB, called the vibration relay, connected so 
that the closure of its contacts shunts a small portion of the 
resistance in series with the vibrating magnet, thus increasing 
its pull and opening the main contacts. The opening of the 
main contacts opens all relay contacts and inserts the full resist¬ 
ance into the vibrating magnet circuit, weakening the pull and 
closing the main contacts again. 

From the above it is evident that the system consisting of the 
main control magnet, vibrating magnet, levers, rheostat shunting 
and vibrating relay constitutes a vibrating system when the 
circuits are properly energized and the control element balanced. 



Fig. 287 —Schematic diagram of type AB-4 or AIM voltage regulator. (Weei^ 
inghouae Elec» <Ss Mfg. Co ) 

A necessary condition to the continuous vibration of the system 
is that the weight of the vibrating magnet core and the bell crank 
lever must be exactly balanced by the tension of the control 
spring plus the average pull of the magnet. This follows from 
the fact that when the system is vibrating the main contacts 
merely play on each other without exerting or requiring any 
appreciable pressure, but they compel the lever system to 
assume a definite mean position. Since no force is transmitted 
through the main contacts, all the forces in the vibrating magnet 
system must be in equilibrium about the main pivotal 
point of the bell crank lever, that is, the spring tension and the 
magnet pull must balance the weight of the moving parts. 
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For a given line voltage, there is a definite upward pull on the 
vibrating magnet core when the vibrating relay contacts are 
open, and a definite puU of a greater value when the relay 
contacts are closed. When the vibrating magnet is in action, 
the upward pull of the magnet varies between the two values, 
contacts open and contacts closed. The average or effective 
upward pull depends upon the length of time the contacts are 
closed, as compared to the total tune of opening and closing, that 
is, upon the time of contact engagement. 

Assuming a condition of continuous vibration, an inspection 
of the lever system shows that for each position of the floating 
lever, as determined by the main control magnet core, there is a 
definite position of the beU crank lever and a corresponding 
definite tension of the control spring. Since the spring tension 
added to the average magnet pull must always equal a constant 
force, namely the core weight, it follows that a change 
in spring tension compels a corresponding change in the average 
magnet puU and, therefore, of the time of contact engagement 
which produces this average puU. Hence, for every position of the 
floating lever there is a corresponding definite time of contact 
engagement. 

When the regulator is connected to the system, the rheostat 
shunting relays open and close a circuit across the shunt 
field or regulating rheostat of the exciter and the effective resistance 
of this rheostat is determined by the time of contact engagement. 
For example, the longer the contacts remain closed, as compared 
with the time of opening and closing, the less will be the effective 
resistance of the exciter field rheostat, and, therefore, the higher 
the exciter voltage. Ajx increase in time of contact engagement 
causes an increase in exciter voltage and a corresponding increase 
in excitation of the alternating-current generator. Since it has 
been shown that the position of the floatmg lever determines the 
time of contact engagement and the time of contact engagement 
determines the altematmg-current generator excitation, it follows 
that the position of the floating lever determines the excitation 
of the alternating-current generator. 

The main control and vibrating magiHets are energized from 
the alternating-current bus. The mam control magnet requires 
a certain alternating-current voltage to balance the weight of 
its core. The system voltage must come to equilibrium at this 
value, for if the alternating-current voltage is less, the pull of 
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the main control magnet will be unable to sustain the weight 
of its core, which will move downward, thus increasing the 
time of contact engagement and therefore increasing the genera¬ 
tor excitation. This excitation must continue to increase until 
sufficient alternating-current voltage is developed to reestablish 
the balance between the core weight and the magnet pull 

When in service, maintaining constant voltage under steady- 
load, the regulator will have a definite rate of vibration and time 
of contact engagement which corresponds to a definite effective 
resistance of the exciter field rheostat. This effective resistance 
produces an exciter voltage sufficient to maintain the alternating- 
current voltage for which the regulator is balanced. If a load 
is thrown on the system which lowers the alternating-current 
voltage, the main control magnet is weakened, thus upsetting 
the balance between the magnet pull and the core weight, allow¬ 
ing the core to descend. This closes the main contacts and 
stops vibration completely, or if vibration continues, it shifts 
the lower end of the bell crank lever to the right, thus weakeniog 
the tension of the control spring, which calls for an increased 
average magnet pull, resulting in an increase in time of contact 
engagement. Since the vibrating magnet is energized from the 
alternating-current bus, its puU (when vibrating relay contacts 
are opened, and when closed) is also weakened, and since the 
average magnet pull for any given spring tension must remain 
constant, the time of contact engagement must, of necessity, 
be much greater than if the main control magnet were acting 
alone. Since the damping of the vibrating magnet is very slight, 
the increase in time of engagement of a given drop in alternating- 
current voltage is almost instantaneous and proportional to the 
drop. 

The effective resistance of the exciter field rheostat is rapidly 
reduced, thus causing the exciter to build up untU the altematmg- 
current voltage is sufficient to reestablish the balance between the 
magnet pulls and core weights. When this balance is reestab¬ 
lished the alternating-current voltage is normal and the regulator 
continues to vibrate at a new rate and with a longer time of 
contact engagement. 

{i) Rating.—While the ratmg of an alternator includes a 
statement of the normal terminal voltage, whether wound for 
one, two or three phases, speed and frequency, the term essen¬ 
tially applies to the capacity or guaranteed output of the machine 
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With the other factors given, the output depends upon the tem¬ 
perature rise on continuous operation at full load. This increase 
of temperature is usually specified, in degrees above room 
temperature, for continuous full load and short period of over¬ 
load. The temperature rise depends directly upon the rate of 
heat generation by the losses in the alternator, and the rate 
of heat dissipation from the surface of the machine. The 
temperature rises until the dissipation equals the heat produc¬ 
tion. Since the copper losses vary as the square of the current, 
and for a given load the current varies inversely as the power 
factor, the temperature rise, and hence the rating, can not be 
given for any specific load in kilowatts without stating the power 
factor. Therefore alternators are rated in kilovolt-amperes 
(lev.a.). This is necessary, since the manufacturer can have 
no control over the power factor of the load that the machine 
will be required to carry in service. As the iron losses also 
change somewhat for different power factors, the rating in kv.a. 
is often supplemented by a statement of temperature rise for 
two power factors, usually unity and 85 per cent, lagging current 

(j) Losses.—The losses in an alternator are similar to those in 
the direct-current generator, and may be grouped as friction, 
windage, copper and iron losses. The friction losses are in the 
bearings and under the brushes These and the windage are 
usually determined by empirical formulse or are measured by 
means of a calibrated motor. The brush and windage losses are 
small and may be neglected except in high-speed machines like 
turboaltemators. The following empirical formula for bearing 
friction gives a close approximation: 

in watts (380) 

d = diameter of bearing in inches. 

Z = length of bearing in inches. 

V = rubbing velocity of the bearing in feet per min. 

The copper loss is partly in the field and partly in the arma¬ 
ture. The field or excitation loss is readily determmed by tak¬ 
ing volt and ampere readings. In the armature the resistance 
and the current are measured to determine the rJl losses In 
large machines the resistance is very small and difficult to deter¬ 
mine by direct measurements. If the dimensions of the armature 
conductors are given, the resistance may be calculated. The 


Bearing friction loss = O.SlcZZ ^ 
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leakage flux produces eddy currents in the armature conductors 
which cause an additional copper and iron loss, sometimes called 
the load losses. The best way to determine these losses is by 
means of a calibrated driving motor. The alternator is run at 
normal speed with the armature short-circuited through an 
ammeter. The field excitation is adjusted until full-load current 
flows through the ammeter. The input of the driving motor is 
recorded and the power required to drive the alternator deter¬ 
mined from the efficiency curve of the motor. For a second 
set of readings the alternator is run at the same speed with the 
armature circuits open and without field excitation. The power 
required to drive the alternator is again determined from the 
motor input and motor efficiency. The difference in the two 
cases is the raZ| loss and the short-circuit core loss, including 
the load loss and iron loss due to the core flux. As the latter is 
also included when measuring the iron losses, it is necessary to 
separate the two parts in the short-circuit core loss. This is 
usually done empirically as recommended in the Standardization 
Rules of the A. I. E. E.: 

Stray load losses are to be determmed by operating the machine on 
short circuit and at rated-load current. This, after deducting the 
windage and friction and PR loss, gives the stray-load loss for polyphase 
generators and motors. 


Having determmed the friction, windage and load losses the 
iron loss may be found by taking a third set of readings for the 
input of the driving motor, the alternator running at normal 
speed, with full field excitation and open armature circuits. 

(k) Efficiency.—The efficiency of an alternator is the ratio of 
the powei* output to the power input, amd is usually expressed 
in per cent. 


Efficiency in per cent. 


power output X 100 
power input 
(output in kw.) X 100 
output in kw. + losses in kw. 


(381) 


A typical efficiency curve for large generators is shown in Fig. 288. 

For Table VII the losses are given separately for several 
alternators. The relative amounts of energy changed into heat 
in the armature and field vary considerably for different de¬ 
signs The ratios between the field amperes for no load and 
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normal terminal voltage (taken from the no-load saturation 
curve) to the field amperes for full-load current with the termi¬ 
nals short-circuited (taken from short-circuit saturation curve 



Pig. 288 . 

—straight line) are given in the S.C. ratio column. Armature 
resistance is between terminals at 25°C. Synchronous reactances 
are given m per cent, of terminal voltage at full-load current. 

Table VII 


FuU 

load, 

kr.a 

Et 

Volts 

Oydes 

Speed, 
r p.m 

Phase 

SC 

ratio 

ton 

loss, 

kw. 

Friction 

and 

windage, 

kw. 

Field 

RI* 

loss, 

kw. 

Armature 
resistance 
across ter^ 
minols, 
ohms 

aa 

Per cent 

600 

2,300 

60 

360 

2 

1 4 

18 7 

6.1 

6 0 

0 260 

45 

600 1 

2,300 

26 

300 

3 

1 8 

8 1 

8.2 

6 4 

0 273 

44 

750 

2,300 

60 

400 

3 

2 2 

17 0 

7.1 

6 8 

0 111 

40 

1,000 1 

2,300 

25 

500 

3 , 

1 6 

12 6 

9 5 

7.3 

0 084 

42 

1,600 

2,300 

60 

200 

3 

2 2 

24 6 

10 0 

7 8 

0 037 

44 

1,600 

2,300 

26 

750 

3 

1 5 

31 4 

16 3 

7.6 

0 043 

46 

1,800 1 

2,300 

60 

360 

3 

1 0 

28 1 

11 8 

7 8 

0 023 

47 


(0 Parallel Operation of Alternators.—In most power plants 
it is necessary to connect several generators to the same dis¬ 
tribution system, as this arrangement gives the best operating 
economy. In constant-potential systems the alternators must 
therefore be operated in parallel. The alternating nature of the 
voltage wave and the constant speed required for constant 
frequency make the operation of alternators fundamentally 
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different from similar arrangements of direct-current generators. 
Consider the two alternators in Fig. 289, operating in parallel 
and dehvering energy to the same busbars. If both machines 
produce simple sine voltage waves, it is possible to adjust the 
field excitation and the phase position of the two machines so 
that the voltages from the two alternators shall at every instant 
be equal. At the busbars the two voltages arrive in phase, 
are of equal magnitude and may be represented by one vector, 
as in Fig. 290. The load current is the sum of the currents 
coming from the two machines. With respect to the busbars the 
two machines are therefore in parallel and the voltages and 
current waves are in phase. However, between the machines, 



Fig. 289. 



the two armature windings and the connections to the busbars 
form a series circuit, and therefore relatively to each other the 
two voltage waves are in opposition, and may be represented by 
the diagram in Fig. 291. The two diagrams in Figs. 290 and 291 
represent the same voltages, the difference in phsise position 
merely depends on whether the parallel circuits for the load or 
the series circuit through the two armatures are under discussion. 
The conditions for parallel operation, with no cross-currents 
flowing between the alternators in the series circuit and for 
simple sine voltages, are • 

1. The machines must be in synchronism, that is, generate 
voltage at the same frequency. 

2. The voltages must be equal in magnitude 

3. The voltages must be in phase (referred to the parallel 
circuit) or the machines must be m step 
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(m) Synchroiiizing Current.—Given the two alternators oper¬ 
ating in parallel and the voltages represented by vectors 180° 
apart as in Fig. 291. Let the power supplied by the pnme-mover 
driving machine A be increased by a small amount. This tends 
to increase the speed of A and bring the voltage vectors less than 
180° apart, as indicated in Fig. 292. The voltages in this phase 



Fig. 291. Fig 292 


relation will not neutralize completely but form a resultant 
voltage, causing a current to flow in the series circuit 
through the armatures of both alternators. The synchronizing 
current lags behind the resultant voltage by an angle ,0, 
depending upon the total resistance and reactance of the series 
circuit, therefore including the resistance and reactance of both 
armatures. 


r = total resistance in the series circuit. 

^ = total synchronous reactance in the series circuit 
F(u = open-circuit voltage in alternator A . 

Sob = open-circuit voltage in alternator B. 
sE = resultant voltage causing the current J to flow m the 
series circuit. 

al = synchronizing current. 


cos bS = - = 


y/r^ + 


With the two voltages Eoa and Eob 180°-7 apart, as in Fig. 
292, the synchronizmg current leads Eoa by 90° — (.0 + ^y) 
and lags behind Eob by 90° + (aS — ^). With aO large com¬ 
pared to 7 , the angle of lag of the synchronizmg current with 
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respect to is greater than 90*^ and hence the cosine negative, 
while for generator A the angle of lead is less than 90® and hence 
the cosine is positive. This means that alternator A gives out 
power, that is, acts as a generator, while machine B receives 
power from the series circuit. Hence the synchronizing current 
transmits power from A to B and therefore tends to retard A 
and accelerate B and thus bring the two machines back into 
phase opposition, or to keep them in synchronism. In the 
series circuit between the two alternators: 

The power supphed by A = EoabJ cos (90® — — § 7 ) 

(383) 

The power received by 5 = EobsI cos (90® + ,0 — ^ 7 ) or 

(Using the negative sign) = —EobbI cos (90® — + I 7 ) 

(384) 

The difference in the power supplied by A and the power received 
by B is equal to the power lost in the senes circuit, or aEal cos 

EoAsJ cos (90® - ad - h) + EobbI COS (90® + - ^ 7 ) 

== aEal cos ad 
or 

EoabI cob (90® — ad - ^ 7 ) - EobbI cos (90® - + I 7 ) 

= aEal COS ad (385) 

Eoa — Eqb] bE = 2Ecb COS (90° — J 7 ) (386) 

If several alternators are connected to one set of busbars the 
synchronizing current tends to keep all the machines in step. 
If the prime mover of any one machine tends to increase its 
speed, a resultant voltage is generated, causing a synchronizing 
current to flow. The machine that leads delivers power, is thus 
retarded and thereby tends to hold the machine in synchronism 
and in step. If, on the other hand, the prime mover of one of 
the alternators gives less than its share of the load the machine 
lags behind and receives power by the synchronizing current and 
therefore is m phase relation similar to machine B in Fig. 292. 
The power supplied by the synchronizing current accelerates the 
laggmg alternator, thus tendmg to keep the machine in syn¬ 
chronism. The maximum value of the synchronizmg torque 
IS proportional to the maximum power supplied or received 
through the series circuit. For the alternator tendmg to run too 
fast, the expression for power is given in equation (383), and for 
the lagging machine in equation (384). 
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From (383) 

= EoaJ cos (90° ~ ,6 — ^ 7 ) 

(.a: cos ^7 + r sin § 7 ) (sm 


( 387 ) 


Considering ,r and 7 constant, differentiate with respect to 
,x to find the value of the synchronous reactance in terms of 
the resistance and phase angle for maximum torque 


d.PA 

d,x 


= 0 . 


Or 


Hence (r“ + ,x^) cos ^7 — (,x cos ^7 

+T sin § 7 ) 2,a: = 0 

(1 - sin ^ 7 )?- 
(cos H) 


(388) 

(389) 


For small values of 7 , that is, with the machines nearly in 
the desired 180° phase position, cos ^7 is very nearly unity and 
sin ^7 very small, and therefore the condition for maximum 
torque with the machines in step is' 


,x = r 


(390) 


For the machine tending to lag, the value of the synchronous 
reactance: 


^ (1 + sm ^ 7 ) j. 
(cos ^ 7 ) 


(391) 


Hence, the condition for maximum torque is the same when the 
value of 7 is very small whether the machine tends to go faster 
or slower than synchronous speed. With the alternators in 
step the maximum synchronizing force is obtained when the 
synchronous reactance and resistance are equal, or ad = 45 °. 
For larger values of 7 , the value of aX is less than r, to give maxi¬ 
mum synchronizing torque. It is, however, neither necessary 
nor desirable to design the machines for a maximum synchronous 
torque, as a considerably smaller value is ample for practical 
operation Other factors entering into the design of alternators 
make it necessary to let the synchronous reactance be several 
times as large as the armature resistance. 

(n) Synchronizing^ and synchroscopes.—In order to connect an 
alternator to a system already in operation, the conditions for 
parallel operation must be met, or the alternator must be syn- 

^For an extended discussion on Synchronizing see article, ^'Vanous 
Methods of Synchronizing/^ Oen, Elec. Rev, vol. 28, p 692. 
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chronized before it is connected to the busbars. The incoming 
machine must be adjusted to comply with the three required 
conditions: 

1. The machme and busbar voltages must be approximately 
equal in magnitude. 

2 . The voltages must have the same frequency. 

3. The voltage waves must be in phase. 

The first condition is met by adjusting the field excitation, using 
the switchboard voltmeter as indicator. The voltage is usually 
kept a little higher on the incommg machine Conditions 2 
and 3 are of much greater importance than a careful adjustment 
of the voltages. To determine the speed and phase relations 



for conditions 2 and 3 special indicators or synchromzing devices 
are used. These may be grouped as indicating and automatic. 
The indicatmg s 3 mchronizing device, or synchroscope, should 
show three things: 

1 . Whether the speed of the incoming machine is too fast or 
too slow. 

2 . The amount of the difference in speed from synchromsm. 

3 The time of comcidence of phase relations of the incoming 
machine and the busbars. 

The simplest of aU synchroscopes is the incandescent lamp; 
when used for this purpose it is called a synchromzing lamp. 
In Fig. 293 let machines A and C be in operation while B is being 
synchronized. The synchronizing lamps, connected as indicated 
in the diagram, will pulsate in brightness as the machme B 
approaches synchronous speed. The rapidity of the pulsations 
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indicates the difference in speed. When the machine runs in 
synchronism with the busbar voltage the pulsations cease; and 
when the lamps are at their greatest brilhancy, the phase rela¬ 
tions are correct and the machme may be thrown into circuit. 
By connecting the lamps as on machine C, Fig. 293, the lamps 





Fig 294 —Synchronizing 
Irightt usiDg two trana- 
fonnera with the aooondanea 
in series. 



Fig. 295.—Synchronizing 
dark, using two transformers 
with the secondaries m oppo¬ 
sition 


are dark when the machine and busbars are in phase. For 
machines having a higher voltage, transformers are used and the 
connections made so as to have the lamps either dark or bright 
when the machmes are in phase, as shown iu Figs. 294 and 295. 

For three-phase machmes, as in Fig. 296, the 
lamps become bright in a definite order while 
the speed of the incoming machine is too low, 
and in the reverse order when the speed is 
above synchronism. At synchronism the 
right-hand lamp will be dark and the other 
two of equal brightness. For small machines 
the synchronizing lamps serve the purpose but 
for large alternators more accurate indicators 
are necessary. 

The Lincoln Synchroscope .—A pointer mov¬ 
ing in front of a dial, like the hands of a clock, 
indicates the relative speeds and phase posi¬ 
tions of the machines to be synchronized. The direction of rota¬ 
tion shows whether the speed of the incoming machine is too 
fast or too slow. The speed of the pointer indicates the 
relative speeds of the alternators. When the machines are 
runnmg at the same speed and the voltage waves are in phase. 



Fig. 296 
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the pointer remains stationary in an upnght position. The 
circuit diagram of the instrument is shown in Fig. 297. A 


To Rut9/9/r9^ A^ac^f/76 



To Z/fCom/zf^ MocJ?//^^ 

Fia 297 —^Lincoln synchro¬ 
scope 



To Mach/n€S or' 

Fig. 298 


stationary lammated iron core AfM' is magnetized by a current 


from the busbars flowing through coil 
A and resistance r 2 . The rotating part 
carrying the pointer consists of two 
coils B and D, rigidly attached to the 
axle, in space quadrature to each 
other. Both coils are connected to 
the terminals of the incoming ma- 
chme; B through a resistance ri, and 
D through an inductive reactance xi. 
The currents flowing in B and D there¬ 
fore differ in time phase by nearly 90°. 
Hence the resultant magnetic field 
produced by the currents in B and D 
rotates m synchromsm with the fre¬ 
quency of the voltage from the incom¬ 



ing alternator. The magnetic flux m ^ or susms 

MM^ pulsates in synchronism with the 

busbar voltage. The reaction between the stationary pulsating 
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flux produced by the current in coil A and the constant rotating 
flux produced by the currents in coils B and D gives the required 
torque for turning the pointer. When the voltage from the 



incoming machine has the same frequency and is in time phase 
with the busbar voltage the torque during one-half cycle is bal¬ 
anced by an equal torque in the opposite direction during the 


^ ^ ^ next half wave. The pointer is 

Y ^ fastened to the movable coils so 

^ upright position when 

the machines are in synchronism. 
Circuit diagrams showing the con- 
nections to the synchroscope m 
/// X grounded and ungrounded systems 

qJ//X shown in Figs. 298 and 299. 

/jy/B A Induction Synchroscope .—The 

mechanism consists of three sta- 
tionary coils, A, B and D, Fig. 300, 
^ central movable iron core, 
~ X to which IS attached a pointer. 

gQj Coil A is connected to the busbars 

through a resistance The cur¬ 
rent in A produces a pulsating flux in the iron armature Coils 


B and D, in space quadrature, are connected to the incommg 
machine; coil B through a resistance, ri, and coil D through an 
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inductive reactance a;i. The currents in coils B and D produce 
a constant rotating held. The torque is produced, in the same 
manner as in the Lincoln synchroscope, by the reaction between 
the pulsating and rotating fields. If the speed of the incoming 
machine is too slow, the pointer rotates in a counter-clockwise 
direction; if too fast, the direction of rotation is reversed. When 
the machines are in synchromsm the pointer remains stationary 
in an upright position. 

(o) Division of Load, in Parallel Operation.—The division of 
the load depends fundamentally upon the governors of the prime 
movers. Without entering into an extended discussion of the 
problem the essential principle involved may be shown by Fig. 
301, assuming similar machines. 

Let the diagram represent the current and voltage relations 
for one phase 

OT = Etj constant busbar or terminal voltage 

OA = Ic, constant-load current 
dt = angle of lag for h and Et. 

Ta = armature resistance. 

Xa = armature reactance. 

First Condition ,—The two machines are in phase. 

The voltage drop in each armature, per phase, is: 

Za = Ta 2^ + jXa ^ (cach altemator supplies half the busbar 

current) (392) 

Eo = 2o ^‘ + Et (393) 

OG = Eqj generated voltage in each machine. 

Angle GTL = aO = armature angle of lag. 

The two machines are dividing the load equally. 

Power generated m A = Egj, ^ cos GOA 

Power output from A = Et^ cos Qu 

Power generated in 5 = Egs ^ cos GOA. 

Power output from B = Et^ cos 6^ 

Second Condition —^Let the governor for the prime mover of 
altemator B be adjusted slightly to increase the amount of power 
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supplied This tends to increase the speed of B and hence 
to make the voltage differ from A by an angle p 
Keeping the same position for the terminal voltage OT, the 
generated voltage of B is ahead and of A behind 00. 
It is also assumed that 
OF = OH. 

OF = EgB generated voltage m B. 

OH = Eg^ generated voltage in A . 

TF = ZoJb armature drop in B. 

TH = ZcJji armature drop m A. 

Upon TF and TH construct right triangles similar to TOL. 

TM = rJa] FM = xJb, 

TK = ToIa] HK ~ xJa 

From 0 draw OB parallel to TM, and OC parallel to TK 
In length, let OBi^OA: :TM:TL, or OBi^It: .rJaiVa ~ (394) 

A 

Hence OB = /j, the current from machine J?, in phase and 
magnitude. 

Similarly, OC = Iaj the current from machine A, in phase and 


magnitude. 

it = Ib Ia (395) 

Power generated in 5 = EobIb cos FOB (396) 

Power output from B = EJb cos TOB (397) 

Power generated mA= EgAlA cos HOC (398) 

Power output from A = EJa cos TOC (399) 


Under the conditions assumed for the diagram it is evident 
that B delivers more power than A 
In the above discussion it is assumed that the generated 
voltages in the two machines are equal in magnitude. This 
need not be the case, but the division of the load will in any event 
depend upon the power supplied by the prune mover to each 
alternator; and since the alternators must run in synchronism 
the amount of power supplied by the prime movers and there¬ 
fore the division of the load depends upon the adjustment of the 
governors. In direct currents the generated voltage depends 
upon the product of the speed and the field excitation. For 
constant voltage an increase ia one requires a corresponding 
decrease in the other. For alternators running in parallel both 
the speed and the terminal voltage are constant, while the field is 
separately excited and hence variable. Referring to Figs. 271 
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and 276 it will be recalled that the useful flux has two components, 
one from the field excitation and another from the armature 
reaction. The product of the useful flux and the speed deter¬ 
mines the generated voltage and for constant speed and constant 
voltage the useful flux must also be constant. Hence if the field 
excitation is changed while the speed and voltage are constant, 
the armature reaction must make a 
corresponding counter change to keep 
the useful flux constant. This is done 
automatically by the synchronizing 
current, as may be seen from Fig. 302. 

Let the two alternators be operated in 
parallel with equal field excitations 
and each taking half the load. If the 
excitation of A is increased, the volt¬ 
age EgA. nses slightly and the machine 
tends to carry more load. As the 
power supply is regulated by the gov¬ 
ernor of the prime mover, the speed 
of the machine deareciaes slightly until 
the two voltage waves differ by a small angle /3 less than 180°. 
This produces a resultant voltage ^E in the series circuit and, as a 
result, a current J in both armatures. Since the armature react¬ 
ance is inductive the synchronizing current J lags with respect 
to EgA and leads Eqb^ The armature reaction therefore decreases 
the field flux in A and correspondingly increases the field in 5. 
The effect of the armature reaction automatically equalizes the 
resultant useful fluxes in the machines so as to produce equal 
terminal voltages. 

PROBLEMS 

1. From the data given in Table VII find the eflSciencies of the several 
alternators at 26, 60, 75, 100, 126 and 160 per cent, full load. Assiune that 
the load losses vary with and at full load are equal to 60 per cent of the 
iron losses. Neglect field rheostat losses. 

(a) For cos Ot = 1.0 

(b) For cos dt = 0.86 

2. With Et constant and Ja constant and equal to the values for 60 per 
cent full load, and cos dt varying from 70 per cent lagging current to 70 per 
cent, leading current, draw the loci for Bo and Eg for alternators Nos 2 and 7 
in Table VIL Let .X^a be 12.6 per cent, of tXa. 

3. In problem 2 let Et be constant and cos dt = 88 per cent, (lagging cui- 
rent) and let la vary from no load to full load 

Draw the loci for Eo and Eg 
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4. Given two alternators operating in parallel. The two machines have 
equal excitation, but the prime mover for B tends to make it rotate faster 
than A 

(а) Draw vector diagram for the synchronizing circuit. 

(б) With the same notation as in the diagram write the equations for the 
power dehvered by A and B. 

(c) Prove that for the synchronizing circuit alone machine 5 is a genera¬ 
tor and machine A a motor. 

6. Let A and B be alternators of the same type and rating as Nos 3 and 
6 respectively in Table VII. The prime mover of A tends to nm too 
fast, so that the voltage wave from A leads that from B by 3°. 

(а) Find the synchronizing current. 

(б) Find the power in the synchromzmg circuit flowing from AtoB. 

6. In problem 4 let the load current lag 32° behind the busbar voltage. 

(а) Draw the vector diagram for the load circuit. 

(б) With the same notation as in the vector diagram, write the power 
equations for the output in the load circuit for A and B, 

(c) From the equations show that B takes more than half the load 

7. Two alternators like No 6 in Table VII operate in parallel. The 
voltage wave from A leads that from B by 2°. Let Xa = 12 5 per cent 
of ,Xa. Assume that the prime mover regulators are adjusted so that 
machine A takes half of the load plus the required synchronizing power, 
while machine B takes half the load minus the synchromzing power. The 
load power factor at the busbars is 87 per cent., current lagging. Total 
load 1,700 kw. 

(а) What is the load, in kw., for A? In kv a.? 

(б) What is the load, in kw., for B7 In kv.a ? 

(c) If B dehvers full load, what is the load on A.? Assume 70 per cent, 
power factor for machme B. 

(d) What power is passing from A to B in the synchromzing circuit? 

8 . The following data apply to the test for core-loss of a three-phase, 
100-kva., 2,300-volt generator when driven by a separately excited motor 
at normal speed: 



Motor 


Generator 


Condition 







E 

■Z’ 1 


h 


Belt off. 

623.5 

4 0 




Belt on. 

526 6 

6 4 

0 0 

0 0 

0 0 

Open circuit . 

627 6 

8 6 

2,000 0 

7 0 

0 0 

Open circuit . 

628.0 

9 5 

2,600 0 

9 5 

0 0 

Open circuit 

629.0 

10 6 

2,900 0 

12 2 

0 0 

Open circuit . 

630 0 

11 7 

3,200 0 

14 6 

0 0 

Short circuit 

628.6 

10 0 

0 0 

4 8 

20 0 

Short circuit. 

630.6 

12 1 

0 0 

6 0 

26 0 

Short circuit 

532 6 

13 7 

i 

0 0 

6 8 

28 2 
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Stax-connected ammeters used during short-circuit test. 

Kesistance of direct-current motor armature, 0.87 ohm. 

Resistance of generator between terminals, 0.862 ohm 

Calculate the efficiency and regulation of the above machine at full load 
on 86 per cent, power factor (lagging). 

9. Alternators hke Nos. 3 and 6 in Table VII are run m parallel. Before 
No. 3 IS connected, No. 5 supplies 1,600 kw. to a 2,306-volt load at 86 per 
cent, power factor lagging. Alternator No. 3 is now connected and the 
governors of each driving turbine so adjusted that each machme carries 
its share of the load (600 kw. for No. 3 and 1,000 kw. for No. 6). The field 
of No 5 is not changed and that of No. 3 is adjusted to bring the line voltage 
to 2,300 volts. What are the load currents and power factors of each 
machine? Give a complete vector diagram. 

10. Two similar 1,670-kv.a, F-connected, 2,300-volt, 25-cycle, three- 
phase generators, designated as A and B, are mstalled in a generating station 
and may be connected to the same set of busses. A is running, and it is 
desired to s 3 mchromze B with it. When synchromzing the operator care¬ 
lessly throws the switch of machine in, when it is 16® ahead of exact-phase 
opposition to A. (a) Which machine supphes power to bring the two 
machines into step? (6) How many kw. are supplied? (c) What are 
the value and phase position of the resultant voltage in the circmt of the 
two machines? (d) What is the value of the circulating current? 

The synchronous reactance of each machine is 40 per oent., and the 
resistance 1.5 per cent. 

11. The machines in problem 10 are driven by pnme movers such that 
the speed regulation of machme A is 4 per cent, and that of machine B 
is 6.6 per cent, at full load of 1,670 kv.a. and 85 per cent, power factor, 
and normal frequency. The rise or drop in speed is a constant amount per 
kw. change of load, {a) What is the combined kv.a. output of the two 
machines when A is delivering 125 per cent, of its rated kv.a. output? (6) 
What is the frequency at this load? 

12. In problem 2 the combined load of the two machines is reduced to 
2,400 kv.a, load power factor remaining constant, (a) What is the fre¬ 
quency? (6) How many kw does A dehver? (c) How many kw. does 
B dehver? 

For Experiments see page 693. 



CHAPTER XV 


SYNCHRONOUS MOTORS AND SYNCHRONOUS CON¬ 
DENSERS 



Consider two similar alternators, connected in parallel to the 
same busbars as in Fig. 303, with equal field excitations, and 
running in synchronism carrying equal loads. In the series 
circuit between the alternators no cross-current is flowing and 
the voltage vectors are 180° apart. If the power supply of 
machine M is reduced, the voltage vector Eu lags behind the 
first position, relative to the voltage Eg by an angle 7 , as indicated 
in Fig. 304. The synchronizing current flow- 
iug in the series circuit transmits power from 
ff to M as explained m Chap. XIV. If all 
power supply is cut off from the prime mover, 
machine M still continues to run, receiving 
the necessary power from alternator G. If, 
in addition, a mechamcal load is connected 
to Mj additional power is transmitted from 
(? by an increased current in the series circuit. 
The difference in phase position of the volt¬ 
age vectors for the two machines is larger 
with M carrying a mechanical load than 
before, but the two machines continue to run in synchronism. 
Alternator M is thus changed into a motor running in synchro¬ 
nism with an alternator G by varying the phase position of the 
voltage waves. A synchronous motor is, therefore, m principle, 
simply a reversed alternator. Instead of receiving mechanical 
energy and generating electric energy, it receives electric energy 
at synchronous speed and delivers mechanical energy If the 
excitation of the motor is less than the generator, the resultant 
voltage and the synchronizing current change somewhat in phase 
position and magnitude but the motor stays in synchronism and 
power is transmitted from the generator G to the synchronous 
motor M under wide differences in field excitation and for a con¬ 
siderable range of load. For 80 per cent, field excitation of the 
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motor the current lags behind the generator voltage, as shown in 
Fig. 305, and power is still transmitted from (? to Af; or (? is a 
generator and M a motor. For changes in load the generator 
and motor voltages vary in phase position, and for any^ given 
excitation of the motor the locus of the motor voltage is a circle 
as shown in Fig. 306. For changes in the field excitation of the 
motor and for phase positions of the motor voltage with re¬ 




spect to the generator voltage Eo the resulting voltage ^E changes 
in both magnitude and phase position. Hence the current flow¬ 
ing in the motor likewise changes both in magnitude and phase. 

(a) Cmrent Loci. Power Input.—The interrelation of the 
motor voltage, current and power is best shown graphically by 
vector diagrams. The loci of the voltages and motor current for 
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different field excitations and loads are shown in Figs. 306 and 

307 

Eo — generator terminal or busbar voltage, assumed constant 

Eu = motor-generated counter e.m f, depending upon the 
motor field excitation, and given in per cent, of generator 
voltage Eo> 

bE = resultant voltage causing current to flow in the motor 
armature. 

lit — current in motor armature. 

bT = effective resistance of motoi: armature and leads at 
synchronous speed 

bX — synchronous reactance of motor 

bZ = ar + jsX = synchronous impedance of motor. 

T 

b6 = cos-’^^ (assumed constant). 

aZ 

,E = Eo + E„ (400) 



The line OF is drawn at an angle ,6 from Eo, and the distance 
OF is equal to the quotient of Eo and . 2 . 

OF = al„ (402) 

The current vector in Fig. 307 is drawn for 80 per cent, motor 
field excitation. The locus of the motor voltage F,, is a circle, 
and hence the locus of the resultant voltage ^E is also a circle 
with A as center and a radius equal to Therefore, the 
locus of the motor current 7^, is a circle with F as center and a 
radius equal to the motor voltage divided by the S3aichronous 
impedance. For 80 per cent, excitation the radius for the current 
locus is 80 per cent, of FO, Fig. 307. With F as a center a senes 
of circles may be drawn with radn directly proportional to the 
motor excitation, expressed in per cent, of Eo- These circles are 
the current loci for different motor excitations and for varymg 
load. The component of current in phase with Eg represents 
power and hence the power component and the corresponding 
power input are measured directly by the projection of the 
current along the F-axis Likewise the quadrature component 
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of the current and the corresponding reactive power are measured 
by the projection of the current along the Z-axis. Thus the 
diagram shows directly the power input for any motor excitation 
and also the corresponding power passing to and fro between the 
motor and the generator. 

(6) Losses. Current Loci for ^^Mechanical Power.”—Since the 
synchronous motor is not self-exciting the energy consumed 
in the field need not be taken into consideration when discussing 



the characteristics of the machine, except for the total efficiency. 
The energy delivered to the rotor is therefore consumed by the 
rotor copper and iron losses, windage, friction and the outside 
load. Since the power absorbed by the iron losses, windage and 
friction is practically constant for all loads, it is convenient to 
combine it with the outside load into one term in the equations. 
“Mechamcal power” (as used in this chapter) = outside load + 
(wmdage, friction, rotor iron losses), or 

''Mechanical power” = outside load + a constant. 

When discussing the synchronous-motor characteristics it may 
therefore be assumed that: 

Power input = losses + “mechanical power” (403) 


roarer' /npuf- /r? K tV for voifs 
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In Fig. 308, Eo, the generator busbar voltage, the line OF and 
the broken hnes for the current loci are the same as in Fig. 307. 
For zero motor field OF represents the motor current both in 
magnitude and phase and the projection on the F-axis, OBj the 
power input. As no mechanical power is produced, the input is 
consumed by the copper losses 

OB = sT oil (404) 



With its CQnter along the Eo vector, a circle is drawn through 0 
and F. This is the locus of currents for zero mechanical power. 
From similar triangles, 

OB : OF :: OH : OK, or OB : :. hlu : OK (405) 
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Hence 


OB = 


20K 


(406) 


Similarly, for any point S on the circle OFD the projection 
on represents the power input from equations (404) and (406), 


or = 


OS^ 

20K 



(407) 


and hence zero mechanical power. Therefore, in order to pro¬ 
duce any mechanical power the current vector must fall inside 
the circle OFDS, As the mechanical load at the shaft includes 
all but the ^rll losses, it is evident that for any power input 
the losses will be least when J?o and are in phase, or for unity 
power factor. The power input for a current in phase with the 
voltage, as OQ, is given directly from the diagram. The copper 
loss may be found by drawing a circle with OQ as radius and 0 
as center. The intersection with the locus for no mechanical 
load determines the II loss equal to the projection OT. The 
mechanical load is therefore given by the difference of OQ and 
OT and is equal to TQ. 

The mcmmum mechanical power that the motor theoretically 
can carry may be shown to be one-half of the power represented 
by OKj the radius of the current locus for zero mechanical power. 
The term maximum mechanical power in this discussion refers 
to conditions which can not actually be met by the motor. It 
is based on the assumption that the resistance and the counter 
e.m.f are the only factors opposing the flow of the current, as in 
a direct-current motor. The s 5 mchronous impedance limits the 
armature current to values much smaller than indicated in the 
diagram Hence the maximum power possible is fictitious, as 
it can not be produced by the machine. 

That the current loci for any constant mechanical power 
output of the motor are circles concentric with the locus for zero 
mechanical power may be proved as follows: 

In Fig. 308 draw any circle LMN with K as center and of radius 
a less than A, the radius of the circle OFD. Let the circular 
arc SMQ intersect the circle LMN at M. Draw MV perpen¬ 
dicular to OK. Then TV represents the mechanical power 
delivered by the motor since OV represents the total input and 
OT the losses. Hence, if the distance TV is proved constant 
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for point M on the circle LMN corresponding to any point S 
on OFD, then the circle LMN must be the current locus for the 
constant mechanical power TV. 

Let OT = yi; OV = y,MV = x) OS = OM = I„ 

From the equation of the circle OFD, or from equation (407), 

= V2Ayi (408) 

From the triangle OMV, 

I„ = s/x^ + y^ (409) 

From the tnangle MVK, 

= x^ + (A ~ yY (410) 

Ehminating and x and solving for TV, 

A^ — a* 

y — Vi = TV = 2 ^ > a constant (411) 

For maximum mechamcal load a equals zero, and the corre¬ 
sponding current locus is the center of the circle OFD. 

The efficiency at maximum load 

A 

= ^ ^ = 50 per cent (412) 

The larger the load, the smaller is the radius of the current 
locus For the maximum load the circle of the current locus has 
contracted into a point, at the center of the set of current loci for 
the loads between zero mechanical output and the largest load 
the motor can carry. A convenient way of graphically determin- 
mg the locus for any given load is shown in Fig 309, in which the 
generator voltage, the current locus for zero mechanical power 
and the scales for current and power are the same as in Fig. 308 
The maximum power is represented by half the radius, and the 
corresponding current by the radius of the locus for zero mechan¬ 
ical power. With 0 as center and OK as radius draw the arc 
LKM The hne LM bisects OK and hence the length NK 
represents the maximum output or maximum mechanical power 
of the motor. 

A scale for the output may be drawn as in Fig. 309 The cur¬ 
rent locus for any load, as for 500 kw , may be determined by 
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drawing a line parallel to the X-axis from the output scale and 
intersecting the arc LKM at P. The circle drawn with K as 
center and KP as radius is the required current locus for an output 
of 500 kw. mechanical power. Similarly, the locus for any other 
output may be found as shown in Fig. 309 for 360, 800 and 150 
kw. In practical operation the current vector must be within 



Fig 309 


the locus for zero mechanical power, smce even with no load some 
power is required to overcome friction, windage and iron losses 
The current locus for the machine operating as a synchronous 
condenser (no mechanical load) is shown in Fig 309. 

The copper losses are excessive unless the motor operates 
near unity power factor and in the lower part of the diagram 
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At TYifl-TrinniTn load the copper loss at unity power factor is 
60 per cent. Hence for an eflS.ciency greater than 50 per cent, the 
current must be within the arc LKM. The ordinary operation 
of the synchronous motor for the conversion of electric to 
mechanical power is within much narrower limits. This may be 
seen from the diagram, as 150 kw. is full load for this motor. 
To obtain the best efficiency for any load the power factor must 
be near unity and hence the current vector lies near the Eo vector 
and varies with the load from zero to the value corresponding 
to the maximum load. In Figs. 307, 808 and 309, the power 
component is represented by the projections of the current vector 
on the F-axis in phase with Eo. The product of the power com¬ 
ponent of the current and the voltage gives the power input to 
the motor 

Eolu cos 6t = motor input, or generator power output (413) 

Similarly, the quadrature current and the reactive power are 
represented along the X-axis, m quadrature with Eo 

EJu sin dt = reactive power (414) 

From Fig. 309 it is seen that the quadrature component of the 
current may be either lagging or leading with respect to the 
impressed voltage Eo] and hence the reactive power may be 
either inductive or condensive, depending upon the excitation 
of the motor field. The fact that the current taken by a syn¬ 
chronous motor may be made either leading or lagging by merely 
adjusting the field excitation, and hence under control of the 
operator, is of great commercial importance. With a leading 
current the excitation of the motor field is under most conditions, 
as may be seen from Fig. 309, over 100 per cent, of the generator 
voltage. This has led to the statement that an ^^overexcited 
synchronous motor acts like a condenser.” With a leading cur¬ 
rent the corresponding reactance is condensive and in that 
respect, and that only, the overexcited synchronous motor acts 
like a condenser. However, the abihty to receive a leadmg cur¬ 
rent, and hence to store power in time-phase opposition to mag¬ 
netic inductance, is the important commercial feature of a 
condenser, and for the same reason the chief advantage of the 
overexcited synchronous motor. The commercial importance of 
an adjustable condensive reactance may be seen in the design of 
power distribution networks and especially in long-distance 
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transmission systems. A simple illustration of improving the 
power factor of the load by operating a synchronous motor in 
parallel with an induction motor will be given. 



In Fig. 310 let a generator G supply power to an induction 
motor Mi. Let the rated capacity of the generator be 400 kv a., 



the motor load 300 kw. at 75 per cent, power factor. The vector 
diapam of the voltages and currents with scales showing the real 
and reactive power is shown in Fig 311. It is required to carry 
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an additional load of 80 kw. by the same generator. This 
evidently can not be done by using an induction motor as the 
400 kv.a. taken by the first motor is equal to the rated capacity 
of the generator. It is, however, possible to improve the power 
factor by using an overexcited synchronous motor for the addi¬ 
tional load, thereby reducing the kv.a. so that the larger load 
takes less current from the generator. In Fig. 312 is shown the 
vector diagram of voltage and current for a 200-kv.a. synchro¬ 
nous motor taking 80 kw. at 40 per cent, power factor, leading 
current. Combining the vector diagrams for the induction and 
synchronous motors in Fig. 313 gives the relative magnitudes and 



phase relations of the currents in each of the motors and in the 
generator 

Power taken by the induction motor 

EJjm cos OiM = 2,000 X 200 X 0 75 = 300 kw. 
Power taken by the synchronous motor. 

EJsm cos diiM = 2,000 X 100 X 0.40 == 80 kw 
Power delivered by the generator to both motors; 

Eolt cos di = EoIjAf cos EoIum cos = 380 kw 

Reactive power in the induction motor * 

EoIim sm = 2,000 X 200 X 0.66 = 264 kw (lagging current) 
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Reactive power in synchronous motor. 

EJsm sin = 2,000 X 100 X 0 915 = 183 kw (leading 

current) 

Reactive power m generator. 

EoIim sin Bin - EJsm sin Sqm = 264 - 183 = 81 kw (lagging 

current). 

Current in generator: 

lo = IiM + Ism 

= iiM (cos OiAi — j sin Bjja) + Ism (cos BsAf + J sin Bsm) 

= ijM cos Bjm + isM cos Bsm - jJjM sin Bjm — Ism sin Bsm) 

= 190 — ^40, or la = 193.7 amp 

cos B- = 0.98 and Bt = 11° 28'. 

Hence, although 80 kw. additional load is supplied by 
the generator with both motors in operation, the current in the 
generator is reduced from 200 to 193.7 amp. As the loss in the 
generator copper varies as the square of the current, the heat is 

reduced in the proportion of 200^: 193.7.^ From the diagram 
in Fig. 313 it is evident that by means of a synchronous motor 
the power factor of the load at the generator may be changed at 
will. Aside from the economy effected by operating at or neai* 
unity pewer factor, as illustrated above, the control of the power 
factor is a useful method for regulating the voltage in long¬ 
distance transmission systems, as explained in Chap. XXII 

(c) Synchronous and Static Condensers.—In large power sys¬ 
tems, and particularly in connection with long-distance trans¬ 
mission lines, overexcited synchronous motors are kept floating 
on the line, that is, running at synchronous speed but not carrying 
any load, for the purpose of supplying the necessary leading or 
lagging current to control the power factor and thereby regulate 
the voltage. Under such conditions the synchronous machine is 
called a synchronous condenser. The derivation of the term is 
plain, for the synchronous condenser produces the same effect 
in causing a leading current as a static condenser, Fig. 314, of 
equivalent condensance. The mechanical power is expended in 
overcommg friction and windage and hence is constant in value 
The current locus is therefore a circle for mechanical power 
equal to the losses caused by friction, windage and losses in th{‘ 
iron, as shown in Fig 309. 

(d) Power Equations.—From the vector diagrams used in the 
above graphical analysis of the synchronous motor the algebraic 
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expressions for power are readily obtained. Let the diagram in 
Fig. 315 represent the general case. 

Eo = the impressed voltage on the motor terminals. 

Em = the voltage corresponding to the motor coxmter e.m.f. 



Fig. 314.—Static condenser with oil circuit breaker. 300 kv a, 2,200 volt, 
3'phase, 60 cycle. {Weatinghouae Elec. Mfg. Co.) 


Im = the Clirrent in motor armature. 

^ = synchronous reactance of motor. 

= effective resistance of motor armature at synchronous 
speed. 
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cos sB — , 

VsT^ + sX^ 

cos 6t == terminal power factor. 

y = time-phase angle between Eo and 

Power input — EJm cos Bt 

“Mechanical power^^ = EmIm cos (Bt — y) 

Copper losses = arl^ 

Power output = “mechanical power 


— EoIm cos Bt (416) 

= EmIm cos (Bt - y) (416) 

= arl^ (417) 

= “mechanical power— friction and 

windage and rotor iron loss (418) 


It is sometimes desirable to hav^ the power input 
and the “mechanical power” expressed in terms of 
Eo, Em, aB, y, aT and a- 

These may be derived directly from equations 
(415) and (416) by substituting for Im and Bt. 

From Fig. 315: 

. (419) 


,E cos (,5 — 6t) = Eo — Eu cos y (420) 
aad 

. oE sin (,6 — Bt) — Em sin y (421) 
Substituting in equation (415): 

Power input = cos (7 + .6) 

El 

+ -zcos.fl (422) 


EoEm 

“Mechanical power” = ^ cos (y — ^B) 

VaT^ + sX^ 


V.r^ + ,a:» 


cos ,6 (423) 




•0 

1^0 315. 


(e) Test Data. Rating. Efficiency.—The saturation and syn¬ 
chronous reactance curves are obtained by running the syn¬ 
chronous motor as a generator and taking the data as explained 
for alternators. From the synchronous reactance and armature 
resistance, ,d may be found. The value of Em is determmed from 
the current in the field and the saturation curve. Eo, Im and dt 
may be taken directly by voltmeter, ammeter and wattmeter 
readings for any given load and field excitation. The fixed 
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losses (windage, friction and iron losses) may be found by 
measuring the input with the motor running without load. 
Adjustmg for unity power factor keeps the copper losses at a 
miniTYmTYi . These must be subtracted from the input to obtain 
the fixed losses. The rating of a synchronous motor is based 
on the same principle as already discussed for alternators. The 
capacity is given in hp. or kv.a. with a statement of temperature 
rise at unity power factor. The efficiency is the ratio of output 
to input, usually expressed in per cent As with alternators, 
the efficiency may be found by measuring input and output or 
by measuring either the input or the output and the losses. For 
large machines the latter method is preferable. 

(/) The V and O Curves.—In a synchronous motor givmg 
constant mechanical power the armature current is a minimum 
if the power factor is unity. By varying the field excitation 
of the motor the power factor may be varied with corre¬ 
sponding change in the armature current. Curves plotted with 
the field excitation as abscissae and the armature current as 
ordinates for a constant load, assume a form like the letter F, as 
seen in Fig. 316, and are known as the V curves of a synchronous 
motor. A series of curves may be obtained for a number of 
loads, as in Fig. 316. 

The V curves may be found graphically from the current loci 
diagram in Fig. 309 in a simple manner, as shown in Fig. 317 
The voltage or field excitation of the motor is laid off on a line 
from the origin to the intersection of the current locus for a con¬ 
stant load with the loci for different field excitations and this 
distance used as ordinate m obtaining a point on the V curve 
By plotting the values of the current for all points on the circular 
load loci, the V curves are converted into closed curves, some¬ 
times called the 0 curves of the synchronous motor. In Fig. 317 
the parts that may be found experimentally are drawn in heavy 
liaes. 

The broken hne m Fig. 317 mdicates the field excitations and 
correspondmg Tm-nimurn currents for unity power factor. In 
attempting to extend the experimental observations further by 
either increasing or decreasing the motor field excitation the 
machiae is thrown out of synchronism. Curves drawn as in 
Fig 317 are necessarily only approximations to the actual char¬ 
acteristic curves of commercial machmes, since several assump¬ 
tions were made that are only partly fulfilled in practice 
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1. It was assumed that the motor voltage Em could be varied 
indefinitely, while in the actual motor the field flux is limited by 
magnetic saturation. Although sufficient field excitation might 
be applied so as to obtain readiaga, during a short test, as high 
as indicated by the heavy lines in the diagram, the limits are 
far beyond the voltage that may be applied continuously to the 
motor, 

2. The synchronous reactance and impedance were assumed as 
constant, while these vary in the commercial motor both with 
the saturation of the iron and the position of the armature with 
regard to the field. These variations in the reactance and 
impedance are most pronounced at low power factors. 

3. The characteristic curves in Figs. 316 and 317 represent 
conditions for constant electric power, including all but the copper 
losses. The loss due to friction and windage is practically 
constant, but the iron losses depend upon the field excitation, 
and increase with the magnetic induction. Hence for constant 
mechanical output the whole system of curves is shifted somewhat 
toward the lower field excitation. 

(g) Load Curves.—The curves for current, power factor and 
efficiency, as a function of the output at constant excitation, are 
often called load cuwes. These may be derived directly from 
Figs. 309 and 317, if the same assumptions be made, that the core 
loss, friction, windage and synchronous reactance remain con¬ 
stant. By plotting the curves in rectangular coordinates, with 
power output as absciss©, the characteristics of the synchronous 
motor may readily be compared to those of the induction motor. 
For the latter one set of curves determines the performance of the 
machine for any given impressed voltage. In the synchronous 
motor the field excitation can be varied, and hence an infinite 
series of load curves may be obtained for any given impressed 
voltage. The power factor curves are of special interest. By 
inspection of Fig. 307, it is readily seen that unity power factor 
is obtained only at points of intersection of the current locus for 
the given field excitation with the voltage vector along the Y- 
axis. The load curves for a synchronous motor at three field 
excitations are illustrated in Figs. 318, 319, and 320. For a 
field excitation of 80 per cent., Fig. 318, the current locus does 
not intersect the voltage vector and the power factor never 
reaches unity. Under these conditions the load curves are 
similar to those of the induction motor. At an excitation of 
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99 per cent, the power factor is unity at two loads, as shown in 
Fig 319. 

By referring to Figs. 307 and 309 it is evident that the limits 
within which the power factor will be unity for two loads, as 
illustrated in Fig. 319, are, approximately, 98 per cent, and 

100 per cent, field excitation. For excitations above 100 per 
cent the power factor becomes unity for one load only, as illus¬ 
trated in Fig. 320. 



Fig, 318 —Curves for 80 per cent excitation. 


It should be noted that for a field excitation slightly below 
100 per cent, the power factor is near unity frona zero to full 
load. As the losses are a minimum at unity power factor the 
most desirable field excitation for economical operation is about 
99 per cent, when running simply as a motor. In most cases 
the synchronous machine is required to supply a leading current; 
that is, to act partly as synchronous condenser, in order to 
bring the power factor of the system nearer unity In general, 
the economical operation of the whole system determines the 
per cent of field excitation of the synchronous machines. 
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Qi) Polyphase Synchronous Motors. Equivalent Single- 
phase.—The above discussion is based on single-phase circuits 
and single-phase apparatus. The same treatment may be 
applied without modification to polyphase apparatus, provided 
equivalent single-phase values are used for the current, resistance, 
synchronous current, synchronous reactance and synchronous 
impedance of the armature and supply circuits 



a /n /r ^ 

Fig, 319 —Curves for 99 per oont excitation 


Foff two-phase motors the equivalent single-phase resistance, syn¬ 
chronous reactance and synchronous impedance equal one-half 
the respective values as measured m one of the phases, and the 
equivalent single-phase current is twice the current in one phase. 

For three-phase motors (whether stai^ or delta-connected) the 
equivalent single-phase resistance, synchronous reactance and 
synchronous impedance equal one-half the respective values as 
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measured between two terminals; and the equivalent single-phase 
current equals a/S times the current in one of the mains. The 
equivalent sLugle-phase voltage is the same as measured between 
the mains for two-phase or three-phase. 

It should also be noted that, while the S 3 Uichronous motors 
discussed above operate on a constant-potential system, it is 
seldom that the impressed voltage is constant at the terminals of 
the motor. If the busbars are kept at constant voltage, the 
resistance and reactance of the leads from the busbars to the 
motor should be combined with the resistance and synchronous 



Fio 320—Curves for 110 per cent excitation 

reactance of the armature to obtain the data from which the 
performance of the motor may be calculated In some cases the 
synchronous motor may be located at a considerable distance 
from the busbars or the generator where the voltage is kept 
constant. The resistance and reactance of the Ime from the 
point of constant voltage must in all cases be included with the 
resistance and synchronous reactance of the armature in prepar¬ 
ing the data from which the performance curves of the synchro¬ 
nous motor may be calculated. Necessarily, if the constants of 
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the leads to the busbars or a considerable length of transmission 
line are included, the performance curves differ from the set 
obtained from the same motor operating under the condition of 
'constant potential at the terminals of the motor. Hence, in 
order to determine the operating characteristics of a synchronous 
motor the constants of the line from the point of constant poten¬ 
tial to the terminals of the motor must be known, as well as the 
resistance and synchronous reactance of the machine. 

(t) Surging or Hunting of a Synchronous Motor.—In Chap. 
XIII it is shown that the torque of an induction motor is a function 
of the speed; that a decrease of speed increases the torque. 
Hence, if the load is suddenly increased on an induction motor 
the speed decreases until the torque becomes sufficient for the 
new load. Conversely, if the load is decreased the motor 
reacts by an increase in speed. This change in torque and speed 
is gradual and without any oscillation. 

In the synchronous motor the torque is nut a function of the 
speed but of the relative phase positions of the rotor and the 
impressed voltage. Hence, for a change of load the rotor is required 
to change its relative phase position without change of speed. 
Strictly, the two requirements are incompatible and the change 
is affected in a series of oscillations which may produce serious 
disturbances in the system. Suppose the load is decreased. 
The torque is then in excess of the amount required by the load 
and thus causes an acceleration of the armature until the phase 
position is reached at which the torque is just sufficient for 
the load. However, upon reaching this position the speed of the 
armature is above synchronism and hence moves past the 
desired position. This further change of phase position also 
decreases the torque, which becomes less than the load, and the 
difference must be supplied by a deceleration of the armature. 
When the armature has again reached sjmchronous speed its 
phase position is such as to give less torque than required by the 
load. The deceleration of the armature, therefore, continues and 
the phase position is retraced until the second position, where 
the torque balances the load, is again reached. However, the 
armature rotates by this time below synchronous speed and 
hence the armature again passes the desired position. The 
change in the kinetic energy in the rotating mass therefore causes 
the armature to oscillate around the desired position, where the 
torque is just sufficient for the load, 
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Under certain conditions^ the action is cumulative, the suc¬ 
cessive oscillations increase in magnitude, and as a result the 
machine, in a short time, drops out of synchronism. In most 
cases the synchronous motor is designed so that the successive 
oscillations decrease in magnitude and rapidly become negligible. 
The most common and useful means for rapidly reducing himting 
oscillations is the amortisseur winding. This consists simply of a 
short-circuited grid, similar to the squirrel-cage rotor of an 
induction motor, placed in slots at the surface of the field iron 
core. Fig. 321. The oscillations of the armature cause a corre- 



Pio 321 — AmortiBSBur winding or gnd. (GenertU Electric Co ) 


spending motion in the magnetic flux, which induces a voltage 
causmg currents to flow in the amortisseur winding. The 
losses from these currents act as a brake on the armature 
oscfllations, and thereby the hunting of the synchronous motor is 
rapidly decreased. The amortisseur winding is sometimes used 
as a squirrel-cage rotor when startmg the machine as an induction 
motor When runnmg in synchronism no hnes of force cut the 
amortisseur windmg and hence it do6s not affect the operation of 
the motor under normal conditions Its chief purpose is to 
provide the means for a gradual adjustment of the motor-phase 
positions for changes in load, and thus to eliminate troublesome 
surging or hunting in the synchronous machine 

^ Steinmetz, “Instability of Electric Circuits,” Tians A I E E 
vol 32, p 2007 ■ ’ 
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PROBLEMS 


1. From the data in Table VIII find the eflSiciency of the several motors 
for 26, 50, 76, 100, 126 and 160 per cent full load. Assume that the load 
losses vary with P and at full load are equal to 60 per cent of the iron losses. 
Neglect losses in rheostats 

(а) For unity power factor. 

(б) For 86 per cent, power factor. 


Table VTII 



FuU 

load, 

hp 

St, 

volts 

oyoioB 

Speed, 
r p m 

1 

S.C. 

ratio 

Iron 

loss, 

kw 

Friction 

and 

windage, 

kw 

Arma¬ 
ture re- 
siBtanae 
across 
terminals, 
ohms 

1 

400 

2,300 

26 

150 

3 

1 6 

6 4 

4 2 

0 573 

2 

760 

2,400; 

60 

720 

3 

1 1 

10 1 

7 2 

0 166 

3 

1,000 

2,300 

60 

614 

2 

1.2 

16 0 

4 9 

0 092 

4 

1,000 

2,200 

26 

600 

3 

1.0 

16 0 

6 6 

0 061 

5 

1,600 

2,200 

26 

500 

3 

1.5 

16 7 

13 8 

0 061 

6 

1,600 

2,300 

60 

614 

3 

1.0 

17.0 

16,0 

0.068 


•X, 

per 

oent. 


40 

44 

44 

45 
42 
37 


2. For one of the motors in Table Vm draw current loci as m Fig 309 
for zero mechanical power and for full load. 

3. An induction motor and a synchronous motor are connected to the 
same 2,200-volt mams. The induction motor takes 137 kw at 84 per cent 
power factor. The S3Tichronoufl motor takes 85 kw The power factor of 
the total load in the mains is 98 per cent, (lagging current). 

(ft) Fmd the power factor of the synchronous motor. 

(6) Draw the vector diagram showing the currents in the motors and in 
the mfl i ins and their time-phase relations to the voltage 

4. A synchronous motor is installed m a substation having the following 
load: incandescent lamps 76 kw ; induction motor 85 k^ at 82 per cent 
power factor; mduotion motor 120 kw at 87 per cent power factor. The 
load for the synchronous motor is 92 kw The power factor at the busbars 
IS 99 per cent (current lagging). E = 2,200 volts. 

(ft) Fmd the power factor of the synchronous motor. 

(6) Find the rating of the synchronous motor if its load is 75 per cent of 
full load 


(c) Draw the vector diagram showing the magmtude of the currents m 
the lamps and motors and their time-phase relation to the busbar voltage 
0 . Synchronous and induction motors operate in parallel. The total 
load IS 386 kw The power factor at the busbars is umty, for the induction 
motor 84 per cent, and for the synchronous motor 70 7 per cent 
(a) ^d the load in kilowatts and m kilovolt-amperes for the two motors 
(6J Draw the vector diagram for the currents with the busbar voltage 
as the reference vector. 

6. The machine given in problem 8, Chap. XIV, is run as a synchronous 
motor at a mechamcal load of 90 hp. from a 2,300-volt three-phase line 
Find the V curve for this load 
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7. A certain cement plant with an output of 2,000 bbl. of cement every 
24 hr. has installed 2,000 hp. in motors. Its average demand over a 24-hr. 
day is 1,400 kw. and its maximum demand measured over a period of 15 min 
is 1,700 kw. Power is supplied by the central station at a rate of $1 per 
month per kw. maximum demand plus 1 ct. per kw.-hr. based on an average 
power factor of 86 per cent. For a power factor below 86 per cent, the 
energy charge will be increased in the inverse ratios of the power factors, and 
for power factors above 85 per cent, a rebate will be allowed on the same 
basis up to a power factor of 100 per cent. 

(o) On the basis of 86 per cent, power factor, what is the total cost of 
energy per bbl. of cement? 

(6) If elow-speed induction motors are used for most of the drives, 
the power factor will not be over 76 per cent. What will be the added 
energy charge per bbl of cement? How many wattless kv.a. will be required 
to eliminate the penalty? 

(c) Assume a synchronous condenser will be installed to correct the 
power factor and that the following commercial machines are available: 


Kilovolt-amperes 


Kilowatt losses, inoluding 
exciter losses 


Approximate cost installed 
complete with panel, etc 


600 

760 

1,000 

1,600 


32 

42 

62 

69 


$4,960 

0,300 

7.500 

9.500 


Assuming the interest and depreciation amounting to 17 per cent, per year, 
what size machine should be installed to obtain mimmum cost of operation 
on the basis of the present power factor being 76 per cent. 

(d) When the plant was built, a bank of four 607-kv.a. transformers 
(one spare) was supphed to furnish the power to the plant. Assuming 
operation of the plant without a sjmchronous condenser to be at 75 per cent, 
power factor, which of the machines mentioned in (c) would make it possible 
to reduce the size of the transformers to the next smaller commercial rating, 
namely, 500 kv.a ? 

For Experiments see page 696. 
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ROTARY CONVERTERS 

The synchronous or rotary converter consists of a direct- 
current generator and synchronous motor combined into one 
machine. The direct-current commutator at one end of the 
armature and the alternating-current slip rings at the other are 
connected to the same winding. Through the slip rings the 
converter receives power as a synchronous motor; and at the 
same time the commutator delivers energy as a direct-current 
generator. The motor and generator currents flow simultane¬ 
ously in the same armature conductors and are acted upon by 
the same field. The synchronous converter is therefore equiv¬ 
alent to a motor-generator set, and is used extensively for 
converting alternating into direct currents, especially in electric 
railway systems. When the process is reversed and the machine 
converts direct into alternating currents, it is known as an 
inverted synchronous or rotary convei'ter, 

{a) Voltage Relations.—In the prehminary discussion let the 
converter be separately excited and consider the losses negligible 
so that the same amount of energy is deUvered through the 
brushes on the direct-current end as is received at the slip rings 
from the altematmg-current circuit. The alternating-current 
side of the rotary converter has characteristics similar to the 
synchronous motor. As in the synchronous motor, the phase 
relations of the voltage and alternating current in the rotary 
converter may be changed by varying the field excitation. Let 
the excitation be of such value as t6 give unity power factor for 
the alternating current. Hence the maximum value of the 
current in the group of armature coils under consideration occurs 
when the maximum voltage is developed. If the fields are not 
distorted the maximum voltage is generated when the center of 
the group of coils is passing at right angles to the lines of force 
from the field; that is, opposite the center of the field pole. 
When the center of the same group of coils is midway between 
two poles, no voltage is generated; and at intermediate posi- 
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tions the instantaneous values are represented by e = sin 
(ojO* Diagrammatic representations of the commutator and 
slip-ring connections are shown in Figs» 322, 323, and 324 for a 



two-pole machine. The voltage between the direct-current 
brushes is the sum of the voltages of one-half of the coils on the 



a 

Fig. 323 —Two-phaso 


armature The instantaneous voltages in each coil may be 
represented by vectors drawn through some point 0 as in Fig 
325 or arranged in a polygon as in Fig. 326 The number of 
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sides of the polygon corresponds to the number of coils; and the 
vertices lie in a circle, as the coUs are equal. When the armature 
revolves, the points connected to the slip rings in Fig. 322 pass 
under the commutator brushes at the point of maximum voltage 



of the alternating wave. Hence the direct-current voltage Eo 
must be equal to the maximum value of F 2 , the alternating- 
current single-phase voltage 



= ^ = 0 707E„ (424) 

In the two-phase or quarter-phase converter, 
Fig 323, the slip-ring connections are 90° apart, 
and the voltage relations for the single-phase and 
quarter-phase circuits are shown in Fig 327 by 
the relative lengths of the diameter and the chord 
for 90° 

jgr 

E 4 = E 2 Bm 45° = sm 45° = 0 500^o (425) 


Similarly for a three-phase converter, Figs. 324 and 327, the 
Blip-nng connections are 120° apart and the relative length of the 
chord and diameter give the relation between the magnitude of 
the three-phase voltage Es and smgle-phase voltage E^. 

Ei = Ei sm 60° = ~ sin 60° = 0 612J5'fl 
V2 


( 426 ) 
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In the same manner the voltage Ea between the slip rings of a 
six-phase converter is: 

-Be = sin 30° = ^ sin 30°= 0.364Eo (427) 



Fio. 326. 



These results may be expressed by one equation as m equation 
(428) by letting n represent the number of slip rings in the 
converter 


Er. 



TT 

n 


(428) 
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For single-phase n = 2 
For three-phase n = 3 
For quarter-phase n == 4 
For six-phase n = 6 

While under the stated conditions the voltage ratio is given by 
equation (428), other factors, especially the ratio of pole arc to 
pole pitch, and the losses in the machine, must be taken into 
consideration in finding the actual voltage ratio in commercial 
machines. When operating under normal direct-current voltage, 
commutating pole synchronous converters, Fig 343, will have 
approximately the foUowmg voltage ratios : 

No Load, Pull Load, 
Pan Cunt Per Cunt 

Single-pTiase, two-phase and six-phase diametncal. 72 74 

Three-phase and six-phase double delta . 62 64 

( 6 ) Current Relations.—Under the assumptions of unity 
power factor and no losses, the current relations are readily 
found by equating the alternating-current input to the direct- 
current output and substituting the voltage ratios found in the 
preceding paragraph. 

Let Iq = the direct current delivered through the brushes. 

12 = the current in the single-phase winding. 

Is = the current in the three-phase windings. 

I 4 = the current for the quarter-phase windmgs. 

Ifl = the current for the six-phase winjdmgs. 

For single-phase converters: 

Eolo = 2 E 2 I 2 I 2 = 0 707Io 

For three-phase converters. 

EqIq = SE^Ib .'.Is = O. 544 I 0 

For quarter-phase converters. 

EqIq = 4 E 4 I 4 , I 4 = 0 5 OOI 0 

For six-phase converters: 

EqIq = 6 EqIq . Ifl = 0 471 I 0 

For a converter of n rings, the current in the armature circuits 

r _ "V^SIo 
J-n — 

TT 

n sm - 
n 


(429) 

(430) 

(431) 

(432) 


( 433 ) 
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Since two circuits are connected to each collector ring, the 
currents in the mains are the vector differences of the currents in 
the circuits. 

Letting the subscript r indicate at.the rings, the currents in 
the maim at unity power factor will be: 

Fora— 

two-ring converter (single-phase) /j, = 21^ = 1.41Jo (434) 

three-ring converter (three-phase) Izr — \/3/s = 0 943/o (435) 

four-ring converter (two-phase) I^r — V2h = 0.7077o (436) 

Bix-ring converter (six-phase) Jar = Ja = 0 4717o (437) 

The general expression for current in the mams or collector 
rings: 

j . IT 2\/2Jo /Anas 

Jnr = 2J„ Bin “ = ^ (438) 

In Table IX the respective values of the currents and voltages 
in the circuits and mains are given for 1.0 amp and 100 0 volts 
in the direct-current mains. 


Table IX. —Volts and Amperes fob Constant Power 
D. C. Mains. JSq « 100 volts, h « 1.00 amp. Wo = 100 watts 



No of 
oircuita 
in arm¬ 
ature 

No 
, of 
Tings 

Volts between 
maiQB 

Amperes per armature 
oirouit or per 
phase 

1 

Amperea 

per 

main 




En - 

Ed , 

JT 

1 En - 

In - • 

V2Iq 

u 

In- 

Inr - 

2V5Jo 

n 


n 

n 

—rrSin- 

V2 

V2En 

n sin- 
n 

V^n 

Brngle-phase 

2 

2 

70.7 

100.0 

0 707 

1.000 

1 41 

Three-pliaae 

Quarter- 

3 

3 

61.2 

86.7 

0 644 1 

0 770 

0 943 

phase 

4 

4 

50.0 

70.7 

0 500 

0 707 

0 707 

Six-phase, 

6 

6 

35.4 

60.0 

0 471 

0 666 

0 471 


In Fig 327 the effective value of current in the leads and 
voltage per phase are indicated corresponding to 1 amp. at 100 
volts, direct current 

Thus, for a three-phase converter the current in the leads is 
0.943 amp and for a six-phase converter 0.471 amp. For the 
single-phase converter the current at the slip rings is 1.41 amp. 
while the voltage is only 70.7 volts. 
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(c) Heat Losses at Unity Power Factor.—From the previous 
discussion it is evident that the rotary converter may be used 
as a generator receiving power from a prime mover and delivering 
either direct or alternating currents, or both simultaneously. It 
may also be used as a synchronous or direct-current motor receiv¬ 
ing the energy in the electric form and delivering mechanical 
energy by means of pulley and belt. As a rotary converter it 
receives energy from the altemating-current mains and delivers 
all but the amount lost in the machine to the direct-current 
mains. As an inverted converter or inverted rotary^ power is 
received from the direct-current mains and delivered to the 



altemating-current mains of phase and frequency depending 
upon the number of slip-ring connections and the speed. Under 
the several kinds of service the armature heating is not the same 
for equal power passing through the machine. Since the rating 
of the synchronous converter depends upon the permissible tem¬ 
perature rise for the same reasons as for alternators and syn¬ 
chronous motors, the difference in heat loss in the armature 
affects the capacity of the machine. The difference in rating 
when used as a rotary converter as compared to a direct-current 
generator is determined by the UP losses in the armature, since 
the eddy-current and hysteresis losses are approximately the same 
in both cases. Since the slip rings and commutator bars are 
connected to the same armature, the instantaneous value of the 
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current in any conductor will be the algebraic sum of the simulta¬ 
neous values of the currents flowing in the direct-current and 
alternatmg-current circuits. 

Consider a two-pole w-ring converter, as indicated by the' 
diagram in Fig. 328. Let M be the conductor midway between 
the slip-ring connections A and B, and let S be the conductor at 
a distance of a from M, For the several conductors in the 

circuit between A and B the value of a varies from 0 to ± -• 

n 

The maximum value of the alternating current, flows 

when conductor M passes under the center of the field pole 



(unity power factor assumed). Hence the mstantaneous value 
for any other position of the armature is for conductor M: 

I = V2In COS Oii - (439) 

When conductor aS' reaches the positive brush, 

“ = 2 ~ 

and at the negative brush 



The notation in equation (439) applies to multipolar machines 
by using electrical degrees and letting Iq represent the direct 
current passing through each selL.ot Jy,^shes. In Fig 329 are 
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shown the currents flowing through conductor Af in a single 
phase converter, n = 2, a — 0. The direct current 

reverses direction at the brushes forming a wave of rectangular 
shape. The neutral points of the alternating current coincide 
with the wave reversals of the direct current, and the maximum 
value is twice that of the direct current. The instantaneous 
value is the algebraic sum of the simultaneous values of the direct 
and alternating currents. Hence curve (7, plotted as the sum of 



curves A and B, represents the wave shape and magnitude of the 
resultant current flowing in the armature conductor. The 
broken line, curve B, is plotted to the square of the instantaneous 
values in curve C and hence its ordmates are proportional to the 
heat generated in the conductor due to the RI- losses. In Fig 
330 are shown the corresponding curves for the conductor at the 
point of connection to the slip rmg, when = 2, a = 90°. By 
shifting the relative positions of the direct and alternating waves 
the instantaneous values, and hence the heating, become much 
greater for the conductor nearest to the slip-ring connection than 
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for conductor M midway between the slip rings. Similar curves 
forn = 2 and a = 45° are shown in Fig. 331. 

The curves for a three-phase converter are like Fig. 329 

for n = 3, and a = 0 and like Fig. 330 for tz = 3 and « = 

From the figures and from the equation it is evident that in order 
to determine the heat loss in the armature it is necessary to find, 
first, the average loss in a conductor for a cycle, and, second, the 
average of the loss in the several conductors between each paar 
of leads. 



Fra 331 


From equations (433) and (439): 

. _ 2Jo cos (o)/) 

“'“"(I) 


The heat loss is proportional to the square of the current 


4 /o^ CQS^ (ot) 
sin® , 



16 cos® (coi) 
71® sin® 


27o® cos (cot) 1 7o® 

/ttX 4 

(441) 



8 cos (oit) ^" 

(442) 

nsin(-) 
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The average heat loss per conductor in half a cycle 

TT 

in which r is the resistance of one armature conductor between 
taps 


/ (90'’-a) ^ 
(90“ + a) 


J TT 47ry _ 


(90“-a) 
(90®+0!) 


16 COB^ (coO 8 cos (cjt) 


sin® n sin 


+ 1 


rll\ 

4 


^ 16 cos a 8 

irn Bin n® Bin® 


d(coO (443) 
(444) 


To find the average heat in the armature the average value 
per conductor as given m equation (444) must be integrated 


between the limits of a = — - and a = - and the result divided 

n n 


^ n 


Average heat in armature: 


IR fn 


16 cos a 


rli 


1-5? + 

TT^ 


mr sin 

8 

n® sin® 


+ 


sin 


(;) 


da 


(445) 


(446) 


One-half of the armature is taken into the calculations both 
for the altematmg current and the direct current, and hence the 
ratio is the same as for the whole armature. 

. 16 , 8 

The average armature heating is therefore 


1 -- 


sin 




times the heat generated by the same direct current. Hence for 
the same temperature rise an 7i-nng rotary converter transmits 

1 

8 


V 


16 


1 - ^ + 


n® sin' 


“’(I) 


times as much current as when the machine operates as a direct- 
current generator 
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From this ratio the power ratings of the synchronous converter 
are found in terms of the direct-current generator as stated in 
Table X, 

Tablb X—Power Ratings of a Stnchronoijs Converter 


As a direot- 
oiurent geuer^ 
ator 


100 


Aa a single- 

As a three- 

As a two- 

Aa a six- 

phase oonvar* 

phase conver¬ 

phase conver¬ 

phase conver¬ 

ter 

ter 

ter 

ter 

n = 2 

n -a 3 

n - 4 

w - 6 

0 86 

1 33 

1.63 

1 93 


As a twelve 
Eing converter 
» “ 12 


244 


In the preceding discussion of the current relations, it was 
assumed that no energy was lost in the converter and that the 



Fia 332.—Diametrical conneotioii. 30 to 60. 


field excitation was adjusted for unity power factor. For power 
factors less than unity/ and taking into account the efficiency 
^ Stahl, World, OqI 28, 1911, p 1090 
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of the machine, the heat losses in the armature conductor are 
greatly increased. The load losses are also increased for power 
factors less than unity. Any variation of wave shape from the 
sinusoidal form also affects the heat losses in the converter. The 
rating of the converter is computed on the basis of sine waves 
and unity power factor as given in Table X. 

(d) Transformer Connections for Rotary Converters.—In 
most systems using rotary converters the energy is delivered to 



Fia. 333.—Double-delta oonneotiotL 3^ to 60. 


the converter substation in the three-phase system. From the 
relative ratings as* given in Table X it is evident that the same 
machme will give a larger output for the same heating if connected 
as a six-phase converter than in the three-phase system. The 
ratio is 1.33:1.93, or 1:1.45, an increase of 45 per cent, in the 
capacity of the converter. The change from three-phase to six- 
phase IS readily accomplished. The converter itself requires 
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six slip rings instsAd of tlirco with connections to the windings 
at intervals of 60 instead of 120 electrical degrees. The trans¬ 
formation from a three-phase to a six-phase system may be 
accomplished in several ways, and the following connections are 
in general use: 


1. Diametrical 3<A to 332. 

2. Double A 30 to 60 I’ig* 333. 

3. Double Y 30 to 60 Fig. 334. 

4 Double T 30 tp 60 Fig. 336. 

5. Double T 20 to 60 Fig. 330. 

6. Bing 30 to 60 Fig. 337. 

7. Distributed Y 30 to 30 (with Edison three-wire system on 

direct- current side) Fig. 338. 



Fig. 334—Double-F connection. 30 to 60. 

The diametrical or double-delta connections are most com¬ 
monly used with rotary converters. A neutral can conveniently 
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be secured in the diametrical connection and this arrangement is 
generally preferred whether the direct-current side is two-wire or 
three-wire Edison system. 

The choice of connections for any system often depends on 
factors outside of the rotary converter, such as the type of direct- 
current distribution system, mmimiim insulation stress, voltage 



Pig 336 —Double-IT oonneotion. 3^ to 60 


ratios, operating three-phase m connection with six-phase, ground 
connections, etc. By means of the double-T connection, Fig. 
336, the transformation from two-phase is made directly to six- 
phase. The teaser transformer must either have a tap at 86.7 per 
cent, of the full voltage or a proportionate number of turns on 
the secondary windings. The double-T connection, Fig. 335, 
may also be used for three-phase to six-phase transformation in 
connection with the three-wire Edison system on the direct- 
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current side. The distributed Y eliminates flux distortions in 
the transformers when operating a three-phase rotary converter 
connected to a three-wire Edison system. The two windings 
are interconnected as shown in Fig. 338. The unbalanced neu¬ 
tral current flows through the two coils in each transformer in 
opposite directions, and hence has no magnetizing effects. With 



Fcg. 336 —Double-y connection. 20 to 00 


the simple Y connection even a 10 per cent unbalanced neutral 
current magnetizes the transformer cores beyond the saturation 
point and thus causes abnormally large magnetizing currents to 
flow, with accompanying excessive losses In the distributed Y 
connection the primary may be connected m A and it is there¬ 
fore often preferable to the double-T. The double-T connection 
requires only two transformers, but has also the disadvantage 
that the triple harmonic exciting current is not short-circuited. 
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(e) Synchronous Booster, Split-pole, Auxiliaiy-pole and Con 
mutating-pole Synchronous Converters.—As has already bee 
shown, the ratio of the alternating-current to the direct-currei 
voltage in a rotary converter is a constant, depending upon th 
number of phases and the maximum value of the altematini 
current wave. The ratio is not affected by changes in the fiel 



Fig. 337.—Ring connection. 3<^ to 6<^. 


excitation, as the alternating-current part of the converter acl 
like a synchronous motor and hence changes in field excitatio 
merely cause variation in the power factor without affectin 
the voltage. In the operation of the converter it is often necet 
sary to have the direct-current voltage under control of th 
operator, although the power is supplied from constant-potenth 
alternating-current mains. The control of the direct-currer 
voltage is usually secured in one of two wsiys: 
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!• To vary the altemating-curreiit voltage impressed on the 
rotary converter by means of a booster, or change in transformer 
ratio, or by using reactive leads. 

2 . By varying the wave shape of the alternating-current 
voltage. 

The synchronous booster rotary converter, as illustrated in 
Fig. 339, consists of a simple rotary converter m combination 



Fig 338 —Distributed- y (intercoimected star) oonneotion. 3<^ to 30, 


with an alternating-current generator naounted on the same 
shaft and having the same number of poles. By varymg the 
field of the alternating-current generator, the voltage impressed 
on the rotary-converter part of the machine may be increased 
or decreased at will. The direct-current voltage is thereby 
under direct control of the operator. In commercial machines 
the range of voltage regulation is usually from 15 per cent, above 
to 15 per cent, below the line voltage. The principle of the 
booster converter is therefore simple and easily understood. 
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The change in the alternating voltage impressed on the rotary 
converter may likewise be obtained by changing the ratio of the 
voltage transformation between the machine and the constant- 
voltage transmission line by means of induction regulators. To 
a certain extent a similar variation may be secured by using 
inductive reactances in the alternating-current leads to the 
converter. The choice of apparatus depends upon many factors, 
but their action on the rotary converter is the same; namely, to 
vary the impressed voltage and thereby control the value of the 
direct-current voltage delivered by the converter. 



Fig 339.—Synohronoua boosterrotajy converter {Weaiinghouae Elec, cfc Mfg. Co ) 


The action of the split-pole converter is based on an entirely 
different principle. The direct-current voltage is equal to the 
maximum value of the impressed alternating-current voltage 
wave. Hence, by changing the wave shape the direct-current 
voltage may be varied several per cent, while the effective value 
of the alternating current remains constant. This change in 
wave shape may be secured by splitting the pole parallel to the 
shaft into three narrow sections, each having a separate winding. 
By making the field excitation of the middle section stronger 
than for the outside parts, the flux distribution and hence the 
voltage wave, is peaked as in Fig. 340, giving a direct-current 
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voltage higher than for the corresponding sine wave. On the 
other hand, if the side sections are stronger the wave shape is 
flattened, as in Fig. 341, and the direct-current voltage is less 
than for the sine wave of equal effective value. 



Fia 340.—Peaked wave with equivalent sine wave. 

The action of the sectional pole converter, Fig. 342, is to some 
extent dependent upon the change in wave shape, but depends 
chiefly on the shifting of the field flux relative to the direct- 
current brushes. The direct current of the converter, as in any 
direct-current generator, varies with the shifting of the brushes 



Fiq, 341 —Hat-top wave with equivalent sine wave. 

relative to the field poles Hence, by changing the relative field 
excitation of the main and auxiliary poles the magnetic flux is 
shifted while the brushes remain fixed Thereby the direct- 
current voltage may be raised or lowered without changing the 
impressed alternating-current voltage. It should be noted that 
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the sectional pole of the rotary converter merely provides a 
means for varying the direct-current voltage and is not an 
interpole for commutation. In fact, the range over which the 
voltage may be varied by means of the sectional pole is chiefly 
limited by commutation troubles For this reason the sectional 
pole is placed nearer the trailing tip so as to leave the necessary 
space for commutation. 



Fig. 342 —Sectional pole, rotary converter. {Oeneral Electric Co,) 


The commutaiing-pole synchronous converter j Fig. 343, is a 
standard design for electric railway service. The outstanding 
features of this type of converter are: 

1 . High-reluctance commutating poles. 

2. Improved amortisseur winding. 

3. Radial-type brush rigging. 

4. Flash barriers. 

The high-reluctance commutating pole is constructed with a 
comparatively short section of iron core placed next to the arma¬ 
ture and with the remainder of the pole of a non-magnetic mate¬ 
rial. This design enables the converter to withstand many 
disturbances, which would cause severe flashovers on the earlier 
designs. On account of the high reluctance of this pole piece, a 
higher excitation is required to give the flux density required 
for commutation. 
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The high-reluctance pole has the desirable characteristics of 
following with great accuracy the direct-current variations in 
load, maintaining under rapidly changing conditions the proper 
flux to insure sparkless commutation. Moreover, on account 
of the small amount of magnetic material in the core, these poles 
are less affected by the magnetizing current produced in the arma¬ 
ture by alternating-current line disturbances. On account of 
their inherently more stable characteristics, 25-cycle converters 
do not require high-reluctance poles. 



Fig. 343.—Synchronoxis converter insulated for 1,600 volts arranged for 
portable automatic substation operation. 600 kv.a., 1,^00 r.p.m., 760 volts. 
{Qmeral Electric Co) 


Synchronous converters of the type shown in Fig. 343 have the 
amoriisseur or damper windtngSj which permit the converter to 
be started from the alternating-current side. These windings 
have the additional advantage of stabilizing the operation and 
preventing hunting of the converter by checking sudden distor¬ 
tions of the magnetic field during alternating- or direct-current 
disturbances. The copper bars or rods constituting the amortis- 
seur winding or grid are brazed together with a silver alloy, which 
gives both conductivity and strength equal to a continuous 
copper conductor. 
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The radioMyve hmeh rigging used on synchronous converters 
for railway service is constructed so as to give ample spacing 
between brush holders and to eliminate overhanging parts. 
Exposed surfaces where an arc might form are protected by arc- 
resistant insulation. Bach group of brushes is completely 
enclosed by covers and insulation so as to prevent the burning of 
springs or other parts. The attachment for supportmg the 
brushes is at a radial point near the inner end of the commutator 
where an arc is least likely to form. 

Flash harriers are used to give additional protection from flash¬ 
ing that might be caused either by alternating- or direct-current 
disturbances. Each barrier consists of several members or 
scoops, each of which is made up of a rectangular-shaped board of 
fireproof insulating material set at an acute angle to the com¬ 
mutator surface and parallel to the commutator segments. 
This device deflects and cools the series of arcs formed between 
the segments on the commutator when flashing occurs and thus 
prevents the arc being carried to the stud of opposite polarity. 
On account of the iron cores of the commutating poles, the spark¬ 
ing at the direct-current brushes is severe when starting the 
converter from the alternating-current side. In order to elimi¬ 
nate this sparking, the machines are provided with a device for 
raising all but two of the direct-current brushes. These two 
pilot brushes are used for obtaining the field current for proper 
polarity and for reversing the field if necessary. 

■ All converters for railway service are equipped with a speedr 
limit switch and a mechanical end-play device. The speed-limited 
mechanism is attached to the armature shaft and its operation 
autpmaficaUy opens the direct-current circuit breaker when the 
speed of the machine exceeds a predetermined value Excessive 
speed might occur when the alternating-current power is off, and 
energy flowmg back to the converter through the direct-current 
feeders or from a storage causes the machine to run as a differential 
motor. The speed-limiting device consists of a switch operated 
by a centrifugal governor so designed that it operates at practi¬ 
cally the same speed irrespective of the rate of acceleration. 
Large synchronous converters. Fig 343, are supphed with a four- 
pole, double-throw field break-up switch for the shunt field. 
The service rendered by this switch is twofold. First, it opens 
the field in several places in order to prevent excessive voltage 
stress on the insulation, which would be induced in the shunt field 
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windings when starting from the alternating-current side; and, 
second, it provides a means for obtaining proper polarity. 
The switch is normally in the up position. When the switch 
is in the down position the direction of the field is opposite to 
that induced by the alternating current which causes the arma¬ 
ture to '^slip/' thus reversing the polarity. As soon as the 
polarity has been corrected, the switch is thrown to the operating 
position. 


Tablb XI.— Rotary Converters, Sec-phase 600 VoI/TS Direct Current 



Rated 
lull load 

/ 

Speed 

Iron 

lOBB 

Fnotion i 
and 1 

windage 

Shunt 

field 

loss 

Senes and 
commuta¬ 
ting field loss 

Armature 
rematanoe 
from direot- 
ouTTent end 


mio- 

watts 

Cycles 

R p m 

KjIo- 

watta 

Ellowatts 

Kilo¬ 

watts 

Kilowatts 

Ohms 

1 

500 

25 

750 

3 6 

6 0 

0 5 

3 3 

0 0180 

2 

500 

60 

1,200 

8 4 

1 6.3 

1 3 

3 2 

0 0140 

3 

1,000 

25 

750 

6 7 

! 7.6 

1 0 

5 0 

0 0098 

4 

1,000 

60 

900 

9.8 

i 12 0 

2 5 

7 6 

0 0068 

5 

2,000 

25 

375 

13 0 

' 12 0 

2 0 

9 0 

0 0041 

6 

2,000 

60 

600 

17 5 

1 17.6 

5 6 

13 0 

0 0034 

7 

3,000 

26 

250 

19 0 

! 20.0 

3 0 

14 0 

0 0032 

8 

3,000 

60 

400 

22.0 

35 0 

6 5 

17 5 

0 0024 


When the load is variable, as in a railway system, compoundinff 
of synchronous converters is necessary in order to maintain con¬ 
stant direct-current voltage. Since overexcitation of the fields 
causes a low power factor, overcompounding is undesirable. 

The transformers used with synchronous converters in railway 
service have a high inherent reactance produced by a magnetic 
bridge between the primary and secondary windings. Com¬ 
pensation for the voltage drop in the transformers and con¬ 
verter is automatically produced by the series field, provided 
the shunt field is properly adjusted. With the adjustment of 
the shunt field rheostat so that unity power factor is obtamed 
at some point (depending on the load factor of the machine) 
between 60 and 100 per cent, full load, the converter will take 
laggmg currents at all lower loads, or leading currents at all loads 
above the point of adjustment for unity power factor, and give 
approximately constant direct-current voltage. 
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PROBLEMS 

1. From the data in Table XI calculate the eflElciency for 25, 60, 75, 100^ 
125 and 150 per cent full load. Assume the load losses at full load to be 
equal to 60 per cent, of the iron losses. Neglect losses in rheostat. Field 
excitation in all cases adjusted for umty power factor. 

2. For 600 volts on the direct-current end what are the theoretical alter¬ 
nating voltages between adjacent shp rings for two-, three-, four and six- 
ring converters? Neglecting losses, what altemating-lme currents would 
give 100 amp. on the direct-current end for the above? 

3. For a six-ring rotary, problem 2, what is the voltage on the secondary 
terminals in each case? 

(а) Diametrical connection. 

(б) Double-delta connection. 

(c) Double-star connection. 

(d) Ring connection. 

(e) Double-r, 2tf> connection. 

(f) Double-r, 30 connection 

(g) Interconnected star (using three rings). 

For Experiments see page 696. 
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SINGLE-PHASE COMMUTATOR MOTORS 

Simplicity is the notable feature of constant-speed alternating- 
current machines, when compared to the corresponding direct- 
current apparatus—simplicity in design, in construction and in 
operation. Alternators, transformers and induction motors cost 
less to manufacture, have lower operating and maintenance 
expense and a lower depreciation than the corresponding direct- 
current machines. While the transformer is the foundation of 
the alternating-current system, the altem.ator and particularly 
the squirrel-cage induction motor comply almost perfectly 
with the requirements in their respective Celds. For constant- 
speed service the alternating-current machinery offers many 
advantages 

For variable-speed loads, however, the reverse is true. Di¬ 
rect-current motors can operate efiSciently under a wide range in 
speed, while the corresponding alternating-current motors are 
complicated and comparatively inefficient. To provide a 
strong starting torque the polyphase induction motor needs a 
wound rotor with an adjustable resistance; and if operated 
continuously at half synchronous speed its efficiency would be 
less than 50 per cent. The single-phase induction motor has 
inherently no starting torque and hence the devices necessary 
to brmg it up to speed introduce complications, increase first 
cost and maintenance and lower the efficiency. 

In electric railway service the speed variation is an important 
feature and the starting torque is very large. The requirements 
of street railway loads can be complied with, in a highly satis¬ 
factory manner, by the direct-current series motor. For inter- 
urban and trunk lines the problem of power transmission may 
make it more desirable to use a single-phase system, although a 
comparison of the motors alone is decidedly in favor of the 
direct-current machme. 

(a) The Straight Series Motor.—The basic principle of the 
single-phase series motor is the same as that of the direct-current 
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series motor; and the simplest method for explaining the char¬ 
acteristics of the former is by direct comparison with the known 
characteristics of the latter. The field and armature windings 
are connected in series and the circuit diagram, Fig. 344, is the 
same as for a direct-current series motor. Since the field fiux 
and armature current reverse direction simultaneously, the torque 
continues in the same direction for successive half cycles. Super¬ 
imposed upon the series-motor principle is the transformer action 
inherent in all alternating-current apparatus. A direct-current 
series motor could be operated as an alternating-current motor 
if it were not for excessive heating produced by the eddy currents 
and hysteresis losses in the poles, yoke and armature, and by the 

induced currents in the short-cir¬ 
cuited armature coils, and for de¬ 
structive sparking at the commu¬ 
tator. 

To reduce the eddy currents to a 
miTiiTYium, the entire magnetic circuit 
of the alternating-current series mo¬ 
tor is laminated; and the iron used 
must have low hysteresis loss. The 
alternating field flux necessitates 
other changes in the design, as the transformer action is the source 
of four undesirable features in the commercial operation of the 
motor, in comparison to the corresponding direct-current series 
motor, namely: 

1. The commutator troubles are increased. 

2. The armature heating is greater. 

3. The startmg torque is weaker. 

4. The power factor is always less than unity, and very low 
during the starting period. 

The brushes cover two or more commutator bars and the 
corresponding armature coils are short-circuited m the same 
manner as for direct-current series motors. In the alternating- 
current motor these coils form a secondary circmt interhnked 
with the alternating field flux. The resultmg induced voltage 
causes heavy currents to flow in the short-circuited coils, which 
increase the heating and produce excessive sparking. To im¬ 
prove commutation, the voltage induced per coil must be made 
as small as possible; or the product of the number of turns in the 
short-circuited coil and the interhnkmg alternating flux must be 



Eiq. 344. 
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sufficiently small to give satisfactory commutation. This is 
obtained by several modifications in the design as compared to 
the standard direct-current motor. 

1. By reducing the number of turns per coil. Except for 
very small motors the least possible number is used, or one turn 
per coil 

2. By using more po^es, hence more paths, and therefore 

less flux per coil. This increase is limited by other features of 
the design; but in alternating-current railway motors six poles 
are usually used instead of four in the ■ | 

direct-current motor. I I 

3. By increasing the number of com- 

mutator segments. ^ 

4. By reducing the magnetic flux 

MS ° 

To compensate for the weaker field and ©/ 

fewer turns the armature current must 
be increased in order to have the same I 
torque, and this, in turn, necessitates a I I 

larger armature diameter and a longer 
commutator. The low field densities ^ 

require only a few field turns and hence —• 

only a small space for the field coils. 

Alternating-current series motors have, as a result, short stubby 
field poles of larger cross-section than the corresponding direct-cur¬ 
rent motors. The few field turns and large cross-section give a 
low reluctance in the magnetic circuit. For the same total field 
flux the mductance is directly proportional to the number of turns. 
In order to have a fairly good power factor, the reactive power 
component must be small and hence the mductance in the circuit 
must be kept as low as possible. The relative value of the field 
and armature ampere-turns has an important bearing on the 
commutation of the motor In a direct-current series motor the 
total flux in the armature is the resultant of the main field flux 
and the cross-flux produced by the armature current. Illus¬ 
trating by a two-pole motor as in Fig. 345, the main field may be 
represented by the vector (l>pj and the armature cross-field by 
The conductors short-circuited by the brushes he in the 
cross-field and hence, when the armature rotates, the flux 0 a 
induces a voltage which, in turn, produces a current in the short- 
circuited turns. Consequently, if the armature ampere-turns 


Fig 346 
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are relatively large^ the cross-field 4>a is strong and the induced 
voltage and current in the short-circuit turns may create serious 
difficulties in commutation. Therefore, in order to secure satis¬ 
factory commutation, is made stronger than especially in 
direct-current motors without commutating poles. In motors 
supplied with commutating poles the ratio may approach unity 
although the distortion of the resultant field is undesirable as it 
causes larger core losses and higher maximum voltages between 
the commutator segments. While a strong field is desirable in 
the direct-current series motor, it is not permissible in the alter¬ 
nating-current series motor, as already explained, and the 
strength of the cross-field may be much larger than the main 
field, as indicated in Fig. 346. 



Fig. 346. 



(fe) Compensated Straight Series Motor.—In order to pre¬ 
vent destructive sparking on the commutator the cross-field is 
neutralized by means of an auxiliary or compensating winding, 
placed in slots in the pole faces as indicated in Fig. 347. The 
compensating winding, in the straight series motor, is connected 
in series with the armature and has the same number of turns, 
Fig. 348. The currents in the armature under the field pole 
and in the parallel conductors of the compensating windings flow 
in opposite directions and hence the magnetic fluxes in the two 
windings are of equal strength but opposite in direction, as 
indicated in Fig. 347. Compensation for the conductors under 
the brushes and the open space between the field poles may be 
secured by fractional pitch windings or by the use of commutating 
poles. 
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Power Factor ,—The compensating winding improves the 
power factor as well as the commutation. In Fig. 349 is shown 
the vector diagram of a plain alternating-current series motor, 
and in Fig. 350 the corresponding vector diagram for a single- 
phase motor having a compensating winding but omitting the 



Fig 348. 

currents induced in the coils short-circuited by the brushes. 
The current is represented by a vector I along the X-axis and 
the respective volts consumed by the real and reactive power 
components in the circuit are shown in both magnitude and 
phase position by the voltage vectors. 



Fig. 349. 


Epa = voltage for field resistance. 

Epx = voltage for field reactance. 

Ear = voltage for armature resistance. 

Eax = voltage for armature reactance. 

Es - voltage for speed loss (friction, windage and iron). 
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El = voltage for output or mechanical load. 

Es + El = the counter e m.f. 

Ece = voltage for resistance of compensating windmg. 

Ecx = voltage for reactance of compensating winding. 

Et = total impressed voltage. 

Eax — Ecx = voltage for leakage between armature and com¬ 
pensating windmgs. 

For straight series motor, Fig 349: 

Et = Efr + EjiR Es El + Eax) (447) 

Et = ^ {Efb + Ear + + ElY + (Epx + Eax)^ (448) 





For compensated straight series motor, Fig. 350: 

Et = Efr + Ear + £Icr + Er + El + j(&x + Eax — Ecx) (449) 

Et = \/ (Efr + Ear + Ecr Er + Ei)^ + {Epx + Eax — Ecx)^ 

(450) 

It is readily seen from the vector diagrams that the power 
factor is greatly improved by use of the compensating winding. 
In commercial designs the power factor without the compensatmg 
winding is about 35 to 40 per cent, while with a compensat¬ 
ing winding it may reach 90 per cent. While the inductive 
reactance due to the main field can not be eliminated, it may 
be reduced to a comparatively small value, by providing a mag- 
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netic circuit of low reluctance. This is, in part, gained by the 
larger cross-section of fields and armature necessary for obtaining 
good commutation, as already explained, but to a larger degree 
by using a smaller air gap than in the direct-current motor. 



Fig. 351.—Direot-current series motor 


Comparative Size. —In Figs. 351 and 352 is shown an approxi¬ 
mate comparison between a 600-volt direct-current railway 



Fig 362—Alternating-current aeries motor. 


motor and the corresponding 25-cycle alternating-current com¬ 
pensated motor. The dimensions along the shaft are approxi¬ 
mately the same In general, the 25-cycle motor is from 25 to 
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45 per cent, and a 15-cycle motor from 15 to 30 per cent, heavier 
than the corresponding direct-current motor. For higher direct- 
current voltages the comparison is more favorable to the single¬ 
phase motor. 

Resistance Leads .—As already stated, the alternating field flux 
induces heavy currents in the armature coils when short-circuited 
by the brushes. These currents produce two very undesirable 
effects: 

1. Destructive sparkmg on the commutator. 

2. Excessive losses in the armature. 

By inserting resistance leads between the commutator seg¬ 
ments and the armature coils the commutation is improved 



and the heat losses are reduced. From Fig. 353 it should be 
noted that two resistance leads are in series in the short-circuit 
carrying the induced currents, while the same two resistance 
leads are in parallel in the load-current circuit. By this means 
the short-circuit currents and the accompanying commutator 
sparking are reduced until satisfactory commutation is secured. 
With the decrease of the short-circuit current the RP losses in 
the armature are also reduced, while the resistance leads add a 
new heat-loss factor to the circuit. In well-designed motors 
the sum of the losses in both the resistance leads and the armature 
windings is less than in the armature alone, if the resistance leads 
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were removed. The resistance leads also improve the starting 
torque and provide a certain protection against higher harmonics 
and other disturbing influences. The chief objection to the 
resistance leads is the increased complication in the design. The 
armature must needs be compact and the introduction of a 
resistance section between the commutator and the active portion 
of the armature winding under the fleld flux is a serious handicap 
to the designer. In motors operating on low frequencies, 15 
cycles or less, satisfactory commutation can be secured without 
the use of resistance leads. At 25 cycles, the standard fre- 



Fig. 364 —Charaoteristio curves of 100-hp., aingle-pliase, series, compensated, 
railway motor. 246 volts, 26 cycles {Westinghouee Elec & Mfg Co.) 

quency for electric railways, most motors are supplied with 
resistance leads, although some designers consider their use an 
unnecessary complication. For circuits having 40 or more cycles 
per second, resistance leads are necessary for successful operation 
Summarizing the more important features in the design of the 
compensated straight series motor as compared to the corre¬ 
sponding direct-current series motor we have: 

1. Both fxeld and armature cores are laminated. 
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2. Larger armature diameter. 

3. Field poles are short and stubby; more in number and of 
greater cross-section. 

4. Commutator longer, of larger diameter and of greater num¬ 
ber of segments. 

5. Small air gap. 

6. Compensating winding. 

7. Resistance leads. 

Typical characteristic curves of a compensated, series, alternat¬ 
ing-current railway motor are shown in Fig. 354. It should be 
noted that this motor will operate in a highly satisfactory 
manner on direct-current circuits. It is, in fact, a better but 

more expensive machine than the ordi¬ 
nary direct-current, series motor. 

1 (c) Inductively Compensated Series 
^ Motor. Primary Excitation.—In the 

discussion of the induction motor it 
I was shown that, aside from delivering 

L/ 4 rnUlOOOO power, the motor operated 

iliuUuU like a transformer. Similarly in a 
^ series motor, the alternatmg fields in¬ 
duce voltages in the several circuits m 
Fia. 366 same manner as in the stationary 

transformer. With the compensating 
VTinding placed in grooves, parallel to the armature conductors, 
currents for neutralizing the armature cross-field may be 
obtained by short-circuiting the compensating winding as shown 
in Fig. 355. The inductively compensated series motor possesses 
practically the same operating characteristics on altematmg- 
current circuits as the straight series motor. 

(d) Inductively Compensated Series Motor, Secondary Exci¬ 
tation.—^By connecting the field in series with the compensated 
windmg as in Fig. 366 the motor field is excited by the secondary 
circuit. The armature only is in the primary connected to 
the supply mains, while the voltage induced in the compen¬ 
sating coil sends current through both the main field and com¬ 
pensating windhigs. The current in the armature leads the 
main field fiux on account of the large inductive reactance in the 
secondary, and the power factor of the motor is very low. Obvi¬ 
ously, the power factor may be improved by inserting a shunt 
across the field as mdicated in Fig. 357, but this arrangement 
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also causes a marked loss in effi'ciency. The time phase of th( 
armature current with respect to the main field produces a com¬ 
mutating field, which at synchronous speed is in magnitude and 
phase position of the required value to give good commutation. 
This motor can not be operated on direct-current circuits and 




its commercial use seems to be limited to certain types of induc¬ 
tion meters. 

(e) The “Repulsion” Motor.—The main field or stator is 
connected to the supply mains while the wound armature is 
short-circuited through brushes placed 180 electrical degrees 
apart, as indicated by the circuit diagrams in Figs. 358 and 359; 



Fig. 358—Thomson “re¬ 
pulsion” motor 



Fig 359—Compensated “repul¬ 
sion” motor 


a compensating wmding may be connected in senes either with 
the stator or armature windmg. The “repulsion” motor 
IS fundamentally a transformer, with the primary windmg and 
core stationary. The secondary is like an ordinary direct- 
current armature, m which the armature conductors and core 
rotate, while the short-circuited brushes are stationary Hence, 
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whfle the conductors in the secondary winding rotate, the 
secondary circuit remains in a definite position with respect 
to the stator. In the ''repulsion'^ motor as in the single-phase 
induction motor, there are transformer and speed fields, whose 
reactions with the armature currents produce the desired torque. 


X 


Fig. 360. Fig 361. 

At standstill the speed field is zero and the starting torque 
is produced by the reactions between the induced armature cur¬ 
rent and the stator field. The magnitude of the starting torque 

depends upon the relative posi¬ 
tion of the armature brushes 
and the direction of the stator 
field. If the brushes are in line 
or at right angles to the direc¬ 
tion of the stator field flux, no 
X torque is produced, as may be 
seen by inspection of Figs. 360 
and 361. The magnetic poles 
are along the F-axis and the 
maximum transformer action 
occurs at AA' along the Z-axis. 
Any reaction between the field 
and the induced armature cur¬ 
rent in sector A JS, Fig. 3C0, is at all instants balanced by the equal 
and opposite torque in the BA' sector. Similarly, the torque 
in AB* is at all instants equal and opposite to the reaction in the 
B'A' sector. The voltage induced from A to B, Fig. 361, is 
neutralized by the induced voltage from B to A'. Similarly, 
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AB' is neutralized by Hence there is no difference in 

voltage between the brushes, Fig, 361, no armature current 
flows and therefore there is no torque. 

Let the short-circuited brushes be displaced by an angle y 
from the axis of the stator field, as in Fig. 362, with the line NQ 
and the symmetrically placed line MP 2y apart. Comparing 
Fig. 362 with Figs. 360 and 361 it is seen that the conditions 
for the conductors in the areas NAP and MAQ in Fig. 362 are 
the same as for all the conductors in Fig. 360, while the con¬ 
ductors lying in the areas MBN and PB'Q have the same 



Brufih Shi'f+- Elec+rical Degrees 
Fig. 363. 


ditions as all the conductors in Fig. 361. Hence in the arcs 
NP and MQ the transformer action of the primary field 
induces voltages that cause currents to flow through the armature 
and the short-circuited brushes. No torque is, however, pro¬ 
duced as the reaction in the arc NA' is balanced by the equal and 
opposite action in Pi4', and similarly for MA and QA, In the 
arcs MBN and PS'Q the resultant transformer action is zero, 
since the voltage induced in arc MB is neutralized by the equal 
and opposite voltage induced in BN] likewise QjS' is balanced by 
BP, However, the currents flowing in the arcs MBN and QBP^ 
Fig. 362, produced by the transformer action in MAQ and 
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NA'P react upon the stator field and produce a starting torque 
In the conductors between MB and BN the currents flow m 
the same direction and react upon the same field, while on the 
opposite side between Q and P the relative directions of both the 
current and field flux are reversed. Hence the starting torque 
produced at P' is in the same direction as at B and both tend to 
cause rotation in the same direction. For successive half waves 
of the impressed voltage both the primary field and the induced 
armature currents reverse in direction, hence producing a torque 
continuously in the same direction. 

Experimental data showing the effect of brush shift are given 
by the curves in Fig. 363. Three of the curves show the variation 
of torque amperes and power factor as functions of brush position 
under static or locked rotor conditions. The other three curves 
are plotted for the synchronous speed, 1,800 r.p.m. 

In analyzing the reactions between the armature and the field 
it is simpler to let the line joining the brushes be the reference 
axis and to separate the primary field into components in phase 
and in quadrature with the armature winding, as shown in Fig. 
364. The component t<l>p of the primary field in line with 
the brushes is the transformer field which induces voltages that 
cause currents to flow in the armature. The quadrature com¬ 
ponent f<i>p is the main field; the reactions between the armature 
currents and the main field produce the starting torque. 


t<l>p = (pp cos y 

(451) 

/<pp = (pp sin y 

(452) 

^ = cot y 

f9p 

(453) 


The induced armature currents also produce a field t<l>a iu 
opposition to the primary transformer flux If the trans¬ 
former action were perfect with both resistance and leakage 
reactance zero, that is, neglecting aU losses, then tipa = t4>p and 
the total flux in the motor would be f4>p. Hence for an “ideal” 
repulsion motor at standstill the total voltage impressed on 
the primary circuit is balanced by the voltage induced by the 
flux t<Pp hi the stator. In the actual motor the armature resist¬ 
ance, leakage reactance and iron losses absorb part of the 
impressed voltage and the flux is correspondingly larger than 
tcpa* The armature current is in space phase and practically 
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in time phase with the flux /(pp, and the reaction produces a 
strong starting torque. 

When the armature rotates, a speed field is produced in the 
same manner as explained for the single-phase induction motor 
in Chap. XIII. Neglecting losses and assuming an “ideal” 
motor, the speed field is in space quadrature to the primary- 
field as in Fig. 365. Under the assumed conditions the speed 
field must produce a counter e.m.f. that just balances the arma- 



Fig 364 Fio 306. 


ture speed voltage. At synchronous speed S the speed field is 
equal to the primary field. At any other speed s the speed field 
is; 

= (454) 

The speed voltage is in time phase with the flux /(^, and hence 
in time quadrature with ,<l>p. Simultaneous values are therefore 
expressed by equations (455) and (456). 

f4>p = CO® (455) 

,<t>P = I sin wt (456) 

The total field: 

<l>lolal ~ f<t>P + J‘<pp (457) 

The voltage impressed upon the motor must be proportional 
to the corresponding fluxes, and consists of two components in 
time quadrature; one, /Ep, for and the other, ,Ep, for 

Eo = fEp + jjp; or Eo = (438) 
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The “repulsion’^ motor has the characteristics of a straight 
series motor. To a limited extent it has been used for com¬ 
mercial work on loads requiring series motors. It is widely used 
as a device to give starting torque to single-phase induction 
motors. A typical starting and operating torque curve is shown 
in Fig. 366 for a motor that starts as a “repulsion” motor and 
automatically changes to a squirrel-cage induction motor when 
the speed approaches synchronism. 

(/) Single-phase Constant-speed Motor {Wagner Type BA) — 
The circuit diagram is shown in Fig. 367. The stator has a 



Pig 360-—Speed-torque curves for single-phase induction motor ("repulsion’' 

starting). 

main inducing winding, while the motor is provided with a 
commuted winding short-circuited by the permanently intercon¬ 
nected brushes along an axis displaced from the stator winding. 
A centrifugally operated device short-circuits the commu¬ 
tator segments when the rotor approaches synchronous speed. 
A device is also provided that automatically lifts the brushes off 
the commutator as soon as the short-circuiting device has inter¬ 
connected the commutator segments, and thereby completely 
short-circuited the rotor winding. The characteristics of the 
motor are thereby changed from series to shunt and it operates 
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Pig 367 —Starting performance curves Single-phase motor. hp., 60 cycles, 
four poloH, 220 volts. Typo BA. {Wagner Electric Co.) 



Fig 368 —Charaotenstio curves Single-phase motor 7)4 hp , 60 cycles, four 
polos, 220 volts Type BA. {Wagner Electric Co.) 
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at nearly constant and nearly synchronous speed for all loads. 
In practice, the centrifugal device is located within the rotor at 
the opposite end from the commutator. Lifting the brushes 
reduces the wear on the commutator and practically eliminates 
the noise under normal operation. The motor is usually started 
and stopped by means of a single double-pole switch, except in 
some cases. An ordinary direct-current resistance starter is 
sometimes used with the larger motors. 

Photographs of an assembled and dissembled type BA motor 
are shown in Figs. 369 and 370. 

The starting performance curves are shown in Fig. 367 for 
the machine directly connected to the mains. From the start 
until the commutator is short-circuited the motor has series 
characteristics, the torque vaiying with the speed as shown by 
the curve Torque-2. The corresponding current and power 
factor values are shown by curves marked AmpeTes-2 and Power 
Factor-2 respectively. After the commutator has been fully 
short-circuited, the performance of the machine is indicated 
by the- curves marked Torque, Am'peres and Power Factor. The 
centrifugal device is set so as to operate at the speed marked x 
in the figure, 1,500 r.p.m. When the short-circuiting of the 
commutator takes place, the torque, from a value slightly in 
excess of full-load torque (Torque-2 curve) suddenly rises to 
over 60 ft -lb. (Torque curve) and then rapidly drops to whatever 
value the load requires. This change takes place in the short 
time required by the motor to rise in speed from 1,500 to 1,750 
r.p m. Likewise the current rises momentarily from 38 to about 
94 amp. and then rapidly falls to the value corresponding to the 
load on the motor. 

The operatmg characteristics are shown in Fig. 368. 

ig) Single-phase Repulsion-induction Motor {General Electric 
Co). —^The SCR motor has two rotor windings, one commutated, 
corresponding to that of the repulsion motor, and the other a grid 
similar to the squirrel cage of the induction motor. 

From the former, which is essentially equivalent to a series 
motor, the SCR motor obtains a high startmg torque and from 
the latter good speed regulation. 

The completed motor, 3-hp. size, is shown in Fig. 371 and in 
disassembled form in Fig. 372, while the characteristic curves 
are given in Fig. 373. The combined repulsion-induction charac¬ 
teristics are readily seen in the speed-torque curve. Fig 373. 
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Fio. 370.—Dissembled view of Type BA motor m Fig. 369. 
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In starting, the fuU-lLne voltage is applied to the motor termi¬ 
nals. The starting torque varies from 300 per cent, of full-load 
torque for 3 hp. and smaller sises, Fig 373, to 175 per cent, for 
10 hp. and larger motors. The accelerating or pull-up torque, 
as well as the Tinft.inTnnTn pull-out torque, is approximately 200 
per cent, of fuU-load torque. The running free speed of the SCR 
motor is slightly above synchronism and the full-load regulation 
is approximately 6 per cent. 



371.—Single phase repulsion-mduotion motor. Type S C.R 4 pole, 
3 hp , 1,800 r.p m , volt, 60 oyde motor with base, pulley and conduit 

box. {General Electric Co,) 


The squirrel cage is placed deep enough below the commutated 
-winding of the rotor to allow a large portion of the main flux of 
the motor to pass between the two windings. The slits con¬ 
necting the slots of the two windings are of such dimensions 
that under starting conditions most of the field flux that enters 
the rotor passes across these slits between the two sets of wmdings. 

The currents induced in the squirrel cage at startmg are 
sufllcient to prevent all but a small portion of the flux from enter¬ 
ing the squirrel cage. Altogether, then, the squirrel cage has 
only a minor effect on the startmg conditions, so that a high 
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starting torque, comparable to that of plain repulsion motor, is 
obtained. 

When the motor is running in the neighborhood of synchronous 
speed, the air-gap field is a rotating field, practically the same 
as in the polyphase induction motor. In a general way, at 
speeds near synchronism the resultant of the currents in the 
stator and rotor windings sets up a revolving field which works 
on the squirrel cage to develop induction-motor torque. The 



Fig. 372.—Disassembled view of a type S C R , 4 pole, 3 hp , 1,800 rp.m , 
^^9^20 volt 60 cycle motor. 


maximum torque thus developed in the squirrel cage m normal 
operation is approximately twice as great as the maximum 
torque that would be developed if the repulsion winding of the 
rotor were removed. 

When the speed is above s 3 aichronism, the action of the squirrel 
cage corresponds to that of a polyphase induction motor; i.e , 
it develops generator torque. The no-load speed is that at which 
this generator torque is exactly equal to the motor torque devel¬ 
oped by the repulsion winding currents, and ordinarily is about 
2 per cent above synchronism 
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The maximuin horsepower output is obtained at a speed 
roughly 10 per cent, below synchronism, where the maximum 
induction motor torque is added to the repulsion motor torque, 
giving a maximum output of approximately twice full load. 

Briefly, the rotatiug field produced by the repulsion motor 
windings works on the squirrel cage to develop induction-motor 
torque, which holds the speed of the motor close to synchronous 
speed throughout the entire range of normal operation. 



(A) Single-phase Squirrel-cage Motor {Wagner Type BK) — 
The disadvantages due to the lack of starting torque and low 
power factor at aU loads inherent in the single-phase induction 
motor have been eliminated in the design of the single-phase 
squirrel-cage motor having both commuted and squirrel-cage 
windings with a double set of brushes spaced 90 electrical 
degrees on the commutator. Photographs of an assembled and 
d^sembled motor are shown in Figs. 374 and 375. The circuit 
diagram is shown in Fig. 376a and a section of the iron core 
showing the slots for the two windings and the intervemng 
magnetic layer in Fig. 376(6). 
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Fig 376.—Single-phase, squirrel-cage motor with commuted winding. Type BK. 

(Woffner Electric Co.) 
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Fig 378 —Charaoteriatio curves. Single-phase motor. 18 hp, 60 cycles, 

BIX poles, 220 volts, 1,200 r.p m. Type BK. (Wagner Electno Co) 
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Fig, 379.—Single-phase motor. 18 hp., 60 cycles, six poles, 220 volts, 1,200 
r.p m. Typo BK. (Wagner Eleclnc Co ) 
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amount of magnetic material 20, from the slots 18, carrying the com¬ 
mutated windmg. The stator carries a main inducing winding 4, 
and a coaxial compensating winding 5, usually provided with a tap 
13. The main or working brushes 7, 9 are permanently short-cir¬ 
cuited and placed in line with the axis or the stator windings. The 
auxiliary or exciting brushes 8, 10 are displaced by 90 electrical degrees 
from the short-circuited brushes. At starting, the mam stator winding 
4 IS connected across the mains 2, 3 in senes with the commuted rotor 
wmding 6, by way of the exciting brushes 8, 10. The brushes 7, 9 are 
short-circuited, and the circmt of the windmg 5 is open, this being indi¬ 
cated in Fig 376a by showmg the switch 15 in its '^o£F^' position 
After the motor has reached its normal speed, switch 15 is placed either 
on point 13 or point 14. If connected to the tap m the compensating 
winding 5, the machine will operate with unity power factor under most 
loads. If switch 16 connects brush 10 to the end of 14 of the compensat¬ 
ing windmg 6, then the machme will operate with leading power factor 
at no load and with unity power factor at full load. 

The corresponding characteristic operating curves are shown m 
Figs. 377, 378 and 379. The curves for the two connections 
differ mainly in the power factor; for maximum compensation 
the current leads at starting and at light loads. The efficiency 
is slightly higher for the normal compensation. 

(i) Polyphase Comimitator Motors.—Synchronous motors 
as described in Chap. XV, having pronounced poles and 
amortisseur windmg, Fig. 321, are generally built in large units. 
For service requiring medium size and smaller units, they are of 
little commercial value on account of the following features: 

1. Necessity for a separate exciter. 

2. Require starting equipment. 

3. Poor starting performance. 

4. Weak synchronizing power. 

When starting is accomplished by the aid of a squirrel cage 
(amortisseur) winding located on the circumference of the pro¬ 
nounced poles, the starting performance is similar but inferior to 
that of squirrel-cage induction motors. The amortisseur wind¬ 
ing can be designed so that the synchronous motor wiU have: 

1. Relatively low starting current and fairly high startmg 
torque, with consequent poor synchromzing abUity, correspond¬ 
ing to a heavy shp for full-load torque. 

2. Relatively large starting current and low startmg torque, 
and hence poor starting performance, corresponding to a low slip 
for full-load torque. 
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Greatly improved starting conditions can be obtained for syn¬ 
chronous motors by eliminating the pronounced pole feature, 
z.e., let the design be more like an induction motor with wound 
armature, the starting characteristics of which are shown in 
Fig. 235. As soon as the machine reaches its maximum speed 
as induction motor, direct current is passed through the rotor 
wmdings, thus bringing the rotor into synchronism and converting 
the machine into a synchronous motor. This arrangement was 
proposed by Danielson m 1901. The synchronizing ability of 
machines of this type depends largely upon the instantaneous 



value of the induced current in the secondary at the moment 
when the direct-current exciting current is switched into the 
secondary winding and requires special synchronizing apparatus. 
The power factor is leading at all operating loads and is very low 
at fractional loads. Consequently, motors of this type draw 
abnormally heavy current for light loads, causing heavy 
losses and therefore poor efficiency. 

In Fig 380 triangle OSQ gives a vector diagram of an induction 
motor. SQ represents the current mduced m the secondary 
wmding and is a definite function of the load. If direct current 
passes through winding in place of the induced current SQ, the 
machine operates as a synchronous motor. The magnitude of 
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the direct current can, of course, be varied, but for equal motor 
input the point Q must travel on the line parallel to the base line 
OiS. When the direct-current rotor current is made proportional 
to vector SP, the diagram of the motor, operating as a synchro¬ 
nous machine, is represented by the triangle OSP. With constant 
direct-current excitation, vector SP remains constant and pomt 
P travels on a circle having its center at S. Under the given 
load conditions the alternating-current line current OP leads 
the voltage vector by the angle 8. With increasing load, point 
P moves to the right, and for the load at which OP coincides 
with voltage vector OE the machine operates at unity power fac¬ 
tor. With further increase in load, point P will lie to the right 
of the vector OE, producing a lagging power factor. The 
maximum input to the machme is obtained when the current 
vector is at point P'. If machines of this type are designed to 
give a maximum output of from 160 to 200 per cent, of their 
normal rating, it follows from the diagram that they must 
operate at a low power factor with a large leading component at 
full load and excessively large leading reactive component of the 
current at no load and fractional loads, unless the excitation 
(vector SP) is varied with the load. This, however, requires an 
automatic regulator in the field circuit. Moreover, this machine 
requires a direct-current exciter of low voltage. The necessity 
of supplying the above-mentioned auxiliary apparatus has 
proved too great a handicap in competition with other designs, 
and hence the commercial use of these motors has been limited, 
although the starting performance is superior to that of the 
synchronous motor with pronounced poles and amortisseur 
winding. 

The FynnrWeichsel motor^ developed by the Wagner Electric 
Corporation is free from the disadvantages inherent in the above- 
described types of synchronous motors. The Fynn-Weichsel 
motor has a starting performance equal to, and its starting equip¬ 
ment as simple as, that of a standard slip-rmg induction motor. 
This motor has a synchronizing, or pull-in, torque of from 150 
to 200 per cent, normal running torque; a leading power factor 
over the whole working range; and requires no external exciter. 
Its maximum horsepower as a synchronous machine is 150 to 
200 per cent, of normal, Fig. 382, depending on the design of the 

^WniOHSBii, H, ^^ANew Alternating-current Greneral-purpose Motor,” 
Ptoc. a. I. E. E., April, 1926, p. 366. 



SINGLE-PEASE COMMUTATOR MOTORS 


346 


unit. When loaded beyond this point, the machine ceases to 
function as a synchronous motor, but continues to operate as an 
induction motor. When the excessive overload is reduced, 
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A view of an assembled machine of this type is given in Fig. 
381a. The rotor carries the main altematmg-current winding, 
connected to the line by means of slip rings. Also a small 
direct-current winding is connected to the commutator. The 
armature for the Fynn-Weichsel motor, Fig. 3816, has an appear¬ 
ance similar to that of a rotary converter armature. The stator 
is built up of punchings si mil ar to those of a standard induction 
motor, and carries two windings which are displaced 90° from 
each other. The circuit diagram is shown in Fig. 382. During 
the starting period, variable resistance is inserted in both circuits 
of the two stator windmgs, A and F, while the F circuit is also 
connected to the direct-current armature winding. With 
suflEicient resistance inserted, a good startmg torque is produced 
by a small starting current. When the machine accelerates, the 
resistances are gradually decreased, until both resistances are 
short-circuited when the rotor has reached synchronous speed. 
Under normal operating conditions the brushes of the commuta¬ 
tor send direct current into the field winding, F, which, therefore, 
produces a magnetic action identical to that of the rotating 
direct-current wmding of the synchronous motor with pronounced 
poles. 

When the motor operates in synchronism, a direct-current 
voltage is obtained across the commutator brushes for the same 
reason as explained in Chap. XVI on Rotary Converters. In 
rotary converters, however, the axis of the direct-current brushes 
is at right angles to the axis of the field winding F. In the Fynn- 
Weichsel motor, the brush axis forms an angle with the axis of 
the field winding, which is less than 90°. Therefore, at no load 
the brush aods is not at right angles to the resultant field. With 
increasing load on the machine, the space position of the resultant 
field changes. Consequently, the angle between the axis of the 
resultant magnetic field becomes larger with mcreasing load and 
approaches 90° at maximum synchronous motor load 

This is caused by the effect explained in Chap. XV on Syn¬ 
chronous Motors, that with increasing load the resultant field 
changes its relative position. This change in field position effects 
the voltage across the commutator brushes, thereby automati¬ 
cally regulating the exciting current 

At speed below synchronism, the voltage across the com¬ 
mutator brushes always has the same frequency as the voltage 
induced in the secondary windings A and F, Fig. 382, and when 
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the angle between the brush axis and the field axis is small 
the induced voltage in F and the voltage across the commutator 
brushes are nearly in phase; and hence, for a given speed, the 
current flowing through the F winding is larger than would be the 
case if the machine operated as an induction motor. This 
increase in current is an important factor in giving the Fynn- 
Weichsel motor excellent synchronizing torque characteristics. 



Fia 382 —Characteristjc curves for Fynn-Weichsel motor. 16 hp , 60 v, 4 pole; 

3<f> 


The operating performance curves of a 15-hp., four-pole motor 
are shown in Fig. 382. The alternating current mcreases with 
increasing load and the power factor is leading over the whole 
workmg range. At about 190 per cent of normal torque, the 
power factor reaches unity, and the machine is automatically 
converted into an induction motor but continues to operate up 
to about 300 per cent, full-load torque. When operating as an 
induction motor the power factor is lagging 
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The Fynn-Weichsel motor can also operate as a generator, but 
a shift in the position of the brushes is necessary to obtain the 
best results. A series of interesting tests on this type of machine 
when operating as generator were conducted at the University 
of Washington.^ 

The working characteristics of the Fynn-Weichsel machine 
operating either as a generator or motor can be represented by a 



Fig. 383 —Circle diagram for Fynn-Weicheel motor. 


circle diagram. Figure 383 shows a simple circle diagram, 
developed by Mr. Weichsel, based on the assumption that the 
ohmic resistance and leakage reactance are negligible. 

With a fixed voltage and frequency impressed on the armature 
member, a rotating magnetic field of a definite strength must 
exist in the machine independent of the current flow in the 
stator and rotor. This field must be sufficiently strong to pro¬ 
duce a voltage equal and opposed to the impressed voltage. 
The resultant ampere-turns necessary to produce this field are the 
same as those ampere-tums which are required to magnetize 
the motor when running idle as an induction motor. In the 

1 Diflcusaiou by George S. Smith, Proc. A I. E E., September, 1926 

p. 1006. 
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vector diagram, Fig. 383, let these ampere-tums be represented 
by OS, The line voltage lags 90° and is represented by OE, 
The primary ampere-tums produced by the alternating current 
are given by OP, The ampere-tums produced by the secondary 
or direct-current circuit ai-e given by PS. 

The input to the machine at any time is proportional to the 
distance of point P from the base line OS, At no load the axis 
of the resultant field of any synchronous motor, in which self- 
induction and ohmic resistance are negligible, coincides with the 
axis of the direct-current field winding, z.e., m the diagram, Fig. 
383, at no load the point P lies on the base line OS, With increas¬ 
ing load, the axis of the resultant field is displaced, at an angle 5, 
from the axis of the direct-current field wmding. If the axis of 
the direct-current brushes forms an angle a with the axis of the 
direct-current field wmding, then under load conditions the axis 
of the resultant field forms an angle a plus d with the axis of the 
direct-current brushes, and hence the direct-current voltage is 
expressed by equation (459): 

P = "P sin (a -b 5). (459) 

The maximum direct-current voltage which can be obtained 
occurs when a -|- 5 = 90°. The corresponding ampere-turns 
produced by this voltage in the stator winding are in the diagram 
represented,by the line SQj which is drawn in such a manner that 
the angle PQS = a + 5 and angle QPS == 90°. Under these 
conditions the vector SP is proportional to "P sin (a + 8) or 
SQ sm {a + 8) j and hence point P must lie on a circle, the 
diameter of which forms an angle a with the voltage vector OP 
or the hne SR d^awn perpendicular to the base line OS. If for 
any load condition point P lies on that part of the circle which 
is located below the base line OS, the machine operates aa a 
generator and is returning energy to the line. It will readily be 
seen from Fig. 383 that the ratio of maximum energy which can 
be returned to the hne when operating as a generator and the 
maximum energy which can be taken from the line when operat¬ 
ing as a motor depend on the position of the brushes with respect 
to the field wmdmg. Under the condition that the axis of the 
brushes is displaced 90° from the axis of the field winding, the 
circle becomes symmetrical to the base line OS, and the maximum 
output as generator becomes equal to the maximum input as a 
motor. 
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Machines of this type when connected to a supply line in com¬ 
bination with induction motors not only improve the power factor 
of the load and, therefore, decrease the copper losses in the 
system, but also greatly improve the regulation. These machines 
have a further stabilizing effect on the line, because with increas¬ 
ing line voltage the leading reactive current taken by the motors 
decreases, while with decreasing line voltage the leading reactive- 
current component increases. 

(i) Other Types.—Over 40 distinct types ^ of alternating- 
current commutator motors are known and quite a number have 
been manufactured and found to give satisfactory service. Com¬ 
pared to the polyphase, squirrel-cage induction motor all are 
complicated in design and, as a consequence, the first cost and 
maintenance charges are higher. 

PROBLEMS 

1. Draw a vector diagram for a aeries-excited, inductively compensated 
alternating-current commutator motor; circuit diagram as in Fig. 365 

2. Draw the vector diagram for an inductively compensated and excited 
and senes-fed alternating-current commutator motor, circuit diagram as 
in Fig 356 

For Expenments see page 598 

^Ftnn, "Characteristics of Alternating-current Motors,” Trans, 
A. I. E E, vol 34, p 1349, 1916. 
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INDUCTION GENERATOR OR GENERAL TRANSFORMER 

(a) The Inductioa Generator.—In the discussion of the 
induction motor, Chap. XIII, it was shown that the speed of 
the rotating field of an ordinary squirrel-'Cage motor is slightly 
greater than the speed of the rotor. The slip of the rotor makes 
the magnetic lines of force cut the conductors, thereby inducing 
voltages which cause currents to flow in the rotor circuits. 
The reaction between the rotating field and rotor currents trans¬ 
fers energy from the stator to the rotor. The magnetic flux is 
therefore the connecting link by which electric energy is trans¬ 
ferred from the stator circuit and transformed into mechanical 
energy in the rotor. 

Let the rotor of the induction motor be belted to a direct- 
current motor or any prime mover whose speed can be varied; 
and let the stator be connected to the mains of the supply 
circuit. If the speed is increased until the rotor runs in syn¬ 
chronism with the rotating field, no voltage is induced and 
no current flows in the rotor circuits. The energy necessary to 
overcome the friction and windage comes from the prime mover 
and the energy dissipated by the losses in the stator from the 
supply mains. If the speed is still further increased, the rotor 
revolves faster than the field, or above synchronism, and voltage 
is again induced and the rotor currents flow in the opposite 
direction from what was the case when operating below syn¬ 
chronous speed. If the rotor currents are reversed with respect 
to the field, the resulting reaction is also in the opposite direction, 
or energy flows from the rotor to the stator. Hence, when 
operating above synchronous speed the mechanical energy sup¬ 
plied to the rotor is transmitted magnetically across the air gap 
and delivered as electric energy in the stator circuit. At speeds 
above synchronism, therefore, the induction motor is a generator 
and transfers and transforms the mechanical energy from the 
prime mover into electric energy in the stator or primary circuit. 

351 
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Primary Frequency —^When operating as an induction motor 
the rotor slip depends on the load, but variations in load and 
slip in nowise affect the primary frequency. In precisely the 
same way, when the machine is operated above synchronism, 
as a generator, the amount of power transmitted depends on the 
excess over s 3 mchronous speed, but the relative rotor speed does 
not affect the frequency in the stator circuit. 

Therefore, if operated in parallel with ordinary alternators, 
the speed of the rotor varies with the load and the machine 
does not run in synchronism with the other machines. The 
frequency of the current in the stator of the induction generator 
is the same as for the other alternators, and the division of the 
load depends upon the governors of the prime movers. 

Excitaiion .—The induction generator is not self-exciting; 
the reactive energy for the rotating magnetic field must be 
supplied from an outside source to the stator winding When 
operating in parallel with other alternators delivering power to 
constant-potential mains, the exciting current automatically 
adjusts itself to the requirements for variations in the load. 
The power component is supplied through the rotor by the 
prime mover of the induction generator, but the quadrature 
component or reactive power required for the magnetic field 
comes from the other machines through the mains. Hence, 
whether operating as an induction motor or as an induction 
generator, the reactive power in the stator circuit must be 
supplied from an outside source. Operating in connection 
with overexcited synchronous motors is a desirable arrangement 
for induction generators as well as for induction motors. It 
is evident that the required reactive power could be supplied 
by static condensers. The reactive power would oscillate 
between the condenser and the field of the induction genera¬ 
tor with double the frequency of the voltage, appearing alter¬ 
nately in the magnetic field of the generator and the dielectric 
field of the condenser. The cost of the condensers would in 
many cases prohibit the use of this arrangement in commercial 
plants, since the required reactive power is approximately 25 per 
cent, of the generator capacity. 

Circle Diagram ,—Since the induction generator is simply a 
reversed induction motor, having the same electric and magnetic 
circuits, the current locus for the generator is merely an exten¬ 
sion of the locus for the induction motor. Draw the circle 
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diagram for the machine an induction motor, Fig. 240, and 
complete the circle as shown in Fig. 384. The upper half of 
the diagram is the current locus of the induction motor, or 
for speeds below synchronism, while the lower half gives the 
corresponding current locus for speeds above S3nichromsm, or 
for the machine operating as an induction generator. 

MO = rnJy the magnetizing current. 

P'Af == Ji, the stator current. 

P'O = J 21 , the rotor current. 



Fig. 384.—Cirole diagram for asynohronoufl generator. 


If the diagram represents values per phase, to obtain the cor¬ 
responding quantities for the motor or generator multiply by n, 
the number of phases. 

Under the same assumptions and approximations as for the 
induction-motor diagram, Fig. 240, the corresponding values in 
watts may be obtained for the induction generator from the 
diagram in Fig. 384. 

nPi(P'P) = mechanical input (460) 

nEi{MN) = core loss, windage and fnction (461) 
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alternating currents 


nEi(HK) = primary copper loss 

nEi(HF) = secondary copper loss 

nEi(P'F — FL) = electrical output = nEi(P'L) 

Cos P'MEi = power factor of stator circuit 

P'F -FL P'L 

p,p = efficiency = ^ 


(462) 

(463) 

(464) 

(465) 

(466) 


ML = jb\Ei — quadrature component of h (467) 

nEi(ML) = reactive power supplied by the mains (468) 



Fia. 385.—Periormanoe ourves of a 3-5 aaynoiironous generator 


From the circle diagram the performance curves, Fig 385, 
may be calculated m the same manner as explained for the 
mduction motor. 

(5) The Gener^ Transformer.—In the stationary transformer 
the voltage is raised or lowered but the frequency remains the 
same in the two circuits. The electric energy received in the 
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primary is transmitted by the magnetic circuit to the secondary 
and transformed to electric energy at a higher or lower voltage 
but without change of frequency. In the induction motor the 
electric energy received in the stator is transmitted by the 
magnetic field across the air gap and transformed into the 
mechanical form and delivered through the rotor to the load. 
From the slip rings of a wound-rotor induction motor electric 
energy may be obtained in the same manner as from the second¬ 
ary of the stationary transformer. Connecting the slip rings 
to an outside electric circuit, Fig. 386, the machine is both 
a motor and a transformer and both mechanical and electric 
power may be obtained simultaneously. The frequency of the 
voltage and current in the secondary circuit from the slip rings 
need not be the same as in the stator, but depends upon the 
relative speed of the rotating field and rotor. If the rotor is 




stationary the frequency of the secondary current from the shp 
rings is the same as in the primary, and the machine is a station¬ 
ary transformer with a large leakage flux. 

Let the speed of the rotor be controlled independently of the 
rotating magnetic field, by belting to a variable-speed motor, 
which can operate m either direction. If the rotor revolves in 
the same direction as the stator field, the frequency of the current 
from the slip rings is proportional to the difference m the speeds 
If the rotor is forced to rotate in the opposite direction, that is, 
run backward, the frequency of the secondary current is pro¬ 
portional to the sum of the speeds. Hence, if the backward 
rotation is considered negative, the frequency of the secondary 
currents is in all cases proportional to the algebraic difference 
in the speeds of the rotating field and the rotor. 



356 


ALTERNATjm CURRENTS 


Ji = frequency of the primary or stator circuit. 

Si = speed of the primary or rotating £eld . 

fi = frequency of the secondary or rotor sUp-ring circuit. 

Sj = speed of the rotor 


(469) 


The voltage in the secondary depends upon the relative number 
of turns m the stator and rotor circuits and upon the relative 
speeds. Neglecting losses in the machine : 


JS 2 — - 2^1 


^2(^1 - 52) 

niSi 


(470) 


Let uX 2 = reactance of the secondary circuit at standstill, and 
X 2 the corresponding reactance at speed ^ 2 . 


X2 


(si - S2) 
Si 




(471) 



^ ^ (Si - Si) 
^ni Si 


(472) 


The power relations of the several circuits or the direction of 
the energy flow depends upon the relative speed of the rotating 
field and rotor The reactive power, for both the stator and the 
rotor circuits, comes from the primary mains at all rotor speeds. 

The reaction between the rotating field and the rotor cur¬ 
rents necessarily consists of two equal and opposite forces. With 
the forces equal, the work done by the field or by the rotor is 
directly proportional to their speeds. Neglecting losses in the 
machine, the power and speed relations may be grouped into four 
divisions. 

1. For rotor speeds above synchronism 


Si > Si 

The machine is an induction or asynchronous generator and the 
mechanical power supplied through the rotor pulley is transformed 
into electric energy m both the primary and secondary circuits 
The relative frequency in the two circuits is given in equation 
(473). 


/ _ / ^2 

J2 — Jl 

Si 


(473) 
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2. For speeds between standstill and synchronism 

0 < S2 < Si 

The total power is supplied from the primary circuit. The 
rotor dehvers mechamcal power. The frequency of the current 
in the rotor circuit is proportional to the slip. 

. ( 47 ^ 

, ol 

3. At standstill 

Sg = 0 

With both windings stationary the machine operates as a sta 
tionary transformer. On account of the large air gap th( 
magnetizing current is comparatively large, but all the power is 
supplied by the primary and appears in the electric form in the 
rotor secondary. 

/2=/i (475) 

4. With the rotor running backward 

S2 < 0 

The machine is a combination generator and transformer. 
Electric energy is received from the primary and mechanical 
energy through the rotor pulley. From both sources the energy 
flow is through the rotor and slip rings to the secondary circuit. 
The frequency of the secondary circuit is greater than in the 
primary and equal to the sum (algebraic difference) of the 
speeds, sg is negative. 

(476) 

Si 

In cases 2 and 3 all the losses in the machine are supplied from 
the primary circuit. In case 1 near synchronous speed and 
until the mechanical power supplied through the pulley is equal 
to or greater than the losses, the difference comes only from the 
primary circuit. In case 4 the losses are supplied from both 
circuits. 

With a single winding on the rotor a smgle-phase current 
is delivered through the slip rmgs. From a rotor wound poly¬ 
phase, the corresponding polyphase currents are dehvered from 
the slip rings. The machine can be used as a phase transformer 
since the secondary winding is independent of the primary. 
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The extreme flexibility of a machine consisting of a primary 
and a rotating secondary is apparent. The general transformer 
can operate as a motor, generator, transformer, phase con¬ 
verter or frequency changer, and may even perform most of 
these transformations simultaneously. 

PROBLEMS 

1. The machine in problem 3, Chap. XIII, is run as an induction genera¬ 
tor Find the vanations of torque, current, power factor and efficiency by 
means of the circle diagram from 100 to 126 per cent speed, and plot curves. 

2. Show that in the transition in changing an induction machine from a 
motor to a generator by increasing the speed, for certain speeds power is 
supphed both mechamcally and electrically. Calculate by McAllister’s 
Method the losses at no load when they are supplied electncally and when 
they are supphed mechanically. 

For Experiments see page 699. 
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INSULATION. THE DIELECTRIC CIRCUIT 

A. Insulation. Leakage Current.—The chief function of the 
dielectric is to provide insulation between conductors so as to 
confine as much of the electric current as possible to narrow paths, 
and thus establish definite electric circuits. In this respect a 
good dielectric is simply a very poor conductor, and hence the 
possibility of producing well-defined electric circuits depends 
directly upon the relative conductivity of the materials used in 
the conductor and the surrounding dielectric. In most dielec¬ 
trics the resistance is very high, or the conductivity is extremely 
low as compared to metals. Thus the resistance of glass, 
rubber, porcelain and similar good insulators is of the order 
times that of copper, an enormously large ratio. How¬ 
ever, in general, experimental data tend to prove that, although 
the resistance may be very large, whenever a difference of poten¬ 
tial exists a current flows through the dielectric and thus forms 
an electric circuit. This is the true leakage current 

In constant-potential systems the dielectric forms an infinite 
series of parallel circuits, each with a very high resistance. In 
large systems the cross-section of the dielectric through which 
the leakage current flows is very large, and hence while at any 
part the resistance is very high, still over the total section a 
considerable leakage current may flow. The dimensions of 
length and cross-section of the dielectric are generally so irregular 
that it becomes impracticable to determine the average resistance 
by means of space measurements and the specific resistance of 
the material. As an illustration, consider the comparatively 
simple case of the insulation between the several turns in a 
transformer windmg. Any attempt to measure accurately the 
length and cross-section of the dielectric for determining the 
leakage conductance would be futile, since the leakage current 
tends to flow between any two pomts, at a difference of potential, 
and not merely between adjacent layers. Hence, while the law 
for the leakage current is simple, the practical determination of 

359 
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the average length and cross-section of the irregularly shaped 
dielectric, by space measurements, makes a direct application 
impossible. The total equivalent conductance of any machine 
or system is usually determmed by measuring the leakage current 
for any applied voltage and then appljdng Ohm's law. 

il - igE (477) 

The measurements are made with direct currents. In alternat¬ 
ing currents the leakage current is in phase with the voltage, and 
the power lost is, therefore: 

iP = iIE = igE^ = iriP (478) 

In all cases the leakage current represents a transformation 
of electric energy into heat, light or chemical reactions. Since 
the process is not reversible, the energy is not returned to the 
circuit when the voltage decreases; hence the loss represents a 
drain of energy from the electric circuit in the same manner as 
the resistance losses in the metallic conductor. 

Leakage through the dielectric is always undesirable. The 
energy loss may be small and in most cases the heat generated 
gives no troublesome rise in temperature, but very often the 
leakage current causes changes in the chemical composition of 
the dielectric that rapidly destroy its insulating properties. 

Three factors of special importance in affecting both the leak¬ 
age conductance and the rate of deterioration should be men¬ 
tioned, namely: 

1. Moisture. 

2. Temperature. 

3. Voltage gradient. 

Even very small amounts of moisture affect the leakage con¬ 
ductance to a marked degree The leakage current is greatly 
increased and chemical reactions foUow that produce deteriora¬ 
tion at a more or less rapid rate. In many cases, electrical 
apparatus can not be protected from moisture and the selection 
of the most serviceable insulation for the given conditions must 
be made. In other cases, like the oil insulation of transformers, 
extreme care is exercised in removing all the water, and in keep- 
mg the apparatus weU protected against moisture. 

In a paper describing an extended investigation on 
press-board insulation, the effect of moisture is summarized: 
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The weakening effect in press-board, and very likely other water- 
absorbent insulations, may increase as great as the fifth and sixth power 
of the per cent, absorbed moisture. When the free moisture is above 3 
per cent, the weakening effects due to its presence are quite pronounced.^ 

The temperature limit for various kinds of electrical appa¬ 
ratus is in almost all cases based directly on the characteristics 
of the dielectric used. The temperature range for commercial 
operation is seldom above 100°C. and in most cases considerably 
less, because at higher temperatures the rate of chemical change 
becomes too great, causing a rapid deterioration of the insulating 
properties of the dielectrics. It is therefore, the rate of chemical 
change in the dielectrics that limits the permissible temperature 
and the rating of most electrical machinery, as is readily seen 
from the Standardization Rules of the A.I.E.E. ‘^The weaken¬ 
ing effects in insulation, as shown by the dielectric losses, power 
factors and currents, may increase as great as the fifth or sixth 
power of the temperature.'' ^ 

The voltage gradient at any point in the dielectric is of greater 
importance than the total voltage difference between two con¬ 
ductors, in determining the stresses and resultant strains and 
possible ruptures in the dielectric. Dielectrics are electrically 
elastic and have a more or less definite elastic Umity above which 
the insulation breaks down or ruptures. In the irregularly 
shaped dielectric between conductors, the stresses are not uni¬ 
form, and the elastic limit may be reached in the layers near the 
conductors at a much lower total voltage than at points farther 
away. Thus the rupture may begin at the surface of the con¬ 
ductor long before the average stress exceeds the elastic limit 
of the particular dielectric, as illustrated by the corona, the use 
of condenser terminals, etc. It is therefore necessary to so 
design electrical apparatus that at no point the voltage gradient 
exceeds the elastic limi t of the dielectric, or to provide safety 
appliances that will protect the apparatus against excessive 
voltage gradients. 

In solid dielectrics the rupture, produced by a stress in excess 
of the elastic lumt, is a permanent deformation or break, while 
in liquids and gases the insulating properties of the dielectric 
are immediately restored as soon as the electric stress is suffi¬ 
ciently reduced. In solids the puncture causes a short-circuit, 
generally followed by a “bum-out,” due to the excessive leakage 

1 Minton, Proc, A. I. E. E., July, 1916, p. 1166. 
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current flowing through the ruptured dielectric. In gases and 
liquids the insulation is automatically restored after the short- 
circuit arc is broken. 

Briefly, the existence of a leakage current premises imperfect 
insulation. Under ideal conditions with perfect insulation, no 
leakage current could exist, and all of the electric circuit would be 
confined to the conductors. 

B. The Dielectric Circuit.—When the conductors are at a 
difference of potential, an electric stress is exerted upon the 
materials in the intervening space. This stress produces what is 
equivalent to a strain in the electrically elastic dielectrics. The 
product of stress and strain represents energy. At potentials 
less than the rupturing voltage the strain is proportional to the 
stress and hence the energy stored in the dielectric is propor¬ 
tional to the square of the impressed voltage. 

CE^ 

Dielectrically stored energy ^ (see Chap. I) (479) 



For voltages within the electrical elastic limit of the dielectric 
the process is reversible. Hence the energy flows from the 
electric circuit into the dielectric while the voltage increases, 
and returns to the electric circuit while the voltage decreases 
This energy flow to and from the dielectric is separate and apart 
from the leakage current and follows independent laws. The 
leakage may interfere with the dielectric circuit, as both phe¬ 
nomena occur in the same space, but the basic processes are 
entirely different. A mechanical analogue will illustrate both 
the independence and the mterference of the two sets of phe¬ 
nomena. Let three cylinders be arranged as shown in Fig. 
387 with the pistons at the center position in cylmders A and B, 
Cylinder D is divided into a number of compartments by elastic 
rubber diaphragms and the space between the pistons is filled 
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with water. Move the two pistons in A and B to the right as 
shown in Fig 388. A stress and consequent strain will appear 
in the rubber diaphragms, and energy is transferred from the 
pistons to the elastic rubber. If the rubber is perfectly elastic 
and frictionless, the energy stored in the diaphragm returns to 
the pistons upon removing the pressure applied by the pistons. 
Moving the pistons to the left, as in Fig. 389, energy is stored in 
the elastic diaphragms, and again returns to the piston during 



388 . 


the return half cycle. This process is analogous to the energy 
flow in the dielectric circuit. If there are minute holes in the 
diaphragms allowing a little water to leak between the several 
compartments, this is analogous to the leakage current. With 
some water leaking through the diaphragms, the energy stored in 
the rubber in Figs 388 and 389 woiild soon escape and the strain 
be removed. The energy thus transferred from the elastic 
rubber to the leaking water would not be returned to the pistons 



upon the removal of the apphed force. The transfer and the 
storing of energy in the mechanical model are analogous to the 
energy changes in the dielectric circuit and the leakage cur¬ 
rent. The one is due to the elastic properties of the dielectric 
and the other to imperfections in the insulation. With perfect 
insulation (no leakage) the dielectric circuit is free from inter¬ 
ference; and, conversely, in conductors having little or no electric 
elasticity and no energy storage there is no dielectric circuit. 
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The strain m the dielectric is represented both in magnitude 
and in direction by dielectric lines of force, in precisely the same 
way as the intensity and direction of the magnetic field is repre¬ 
sented by magnetic lines of force. 

The elastance of the dielectric circuit corresponds to the 
reluctance of the magnetic circuit or the resistance of the electric 
circuit. Condensance (capacity) is the reciprocal of the elastance 
and hence corresponds to the permeance of the magnetic circuit 
or the conductance of the electric circuit. The unit of conden- 
sance is the farad (see Chap. I) and of the elastance the daraf. 


Elastance = , ^ (daraf s) = ^ \ (480) 

condensance C(farads) ^ ^ 

The specific condensance or permittivity k is the ratio of the 
condensance of the given dielectric to that of air The elastance 
of any given circuit also depends upon the dimensions of the 
dielectric and follows the same laws as the resistance of an 
electric circuit; that is, it varies directly as the length I and 
inversely as the cross-section A, 


S = qtC = abstatfarads (c g s. electrostatic units) (481) 
kA 


The factor 47r is introduced by t he d efinition of the unit 
dielectric line of force (one line per cm.^ on the surface of a 
sphere of unit radius). 

To change from the c.g.s. electrostatic (abstat) to the c.g.s. 
electromagnetic absolute (ab) system of units, the constant 
must be introduced m the equations. 


S = abdarafs; or 


C = 


kA 

4nrvH 


abfarads (c.g.s. electromagnetic units) 


(482) 


The constant, = 3 X 10^“ cm per sec. is the velocity of 
propagation of electric field in space, which is the same as the 
velocity of light. 

The absolute electromagnetic units are reduced to darafs and 
farads by the factor 10®. 

C = = 0.8842y farads (484) 

kA 
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The relation between the voltage, flux and elaatance or con- 
densance in the dielectric circuit is the same as for the voltage, 
current and resistance or conductance of the electric circuit, and 
hence may be stated in the same form as Ohm’s law. 


Dielectric flux = 


voltage 
elaatance ’ 



(485) 


Dielectric flux = condensance X voltage •,\p = Ce 
From equations (483) and (485): 

C10^ 

^ dielectric force 

, kAb 


and 


— 0.8842 —^ 10 lines of dielectric force 


(486) 


(487; 

(488) 


The potential or voltage gradient G, in a dielectric circuit of 
constant cross-section and of homogeneous material, is the 
ratio of the voltage and the length. 

^ — j volts per cm. (489) 


The dielectric stress or field intensity in c g a. electromagnetic 
units: 


= 

4irw* 


(490) 


The flux density may be stated either as the permittivity 
times the field intensity or as the total flux divided by the 
cross-sectional area. 

D = kK =^ = ® 

The difficulty in applyin'g the above equations to any dielectric 
circuit conoes chiefly from the irregular shapes of the dielectric 
in electrical appliances. The dimensions are seldom simple 
geometrical forms. Often it is impracticable to determine either 
the cross-section or the length Another factor is the small 
range in the permittivity of insulatmg materials, thus making it 
impossible to confine the dielectric flux to a definite path as 
may be done by both the electric and magnetic circuits. 
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Table XII 


Material 

Permittivity 

Material 

Permittivity 

Glass (easily fusible) . 

2 Oto 

6.0 

Air and other gases 

1 0 

Glass (difficult to fuse) 

6 Oto 

10 0 

Alcohol, amyl 

16 0 

Gutta-percha 

3 Oto 

6 0 

Alcohol, ethyl 

24 3 to 27 4 

Ice ... 


3 0 

Alcohol, methyl 

32 7 

Marble 


6 0 

Bakelite 

6 6 to 16 0 

Mica. , 

5 Oto 

7 0 

Benzme 

1 Q 

Paper with turpentine 


2 4 

Benzol 

2 2 to 2 4 

Paper or jute impregnated 

4 3 

Micarta 

4 1 

Pnrfip.1a.Tn 


6 3 

Ohve oil 

3 0 to 3 2 

Rubber 


2 4 

Paraffin 

2 3 

Rubber vulcamzed 

2 6 to 

3 5 

Paraffin oil 

1 9 

Shellac 

2 7 to 

4 1 

Petroleum 

2 0 

Silk 


1 6 

Turpentine 

2 2 

Sulphur 


4 0 




Three important differences in the constants of the magnetic 
and dielectric circuits should be noted: 

1. The permeability of soft steel or iron may reach several 
thousand while the permittivity of most dielectrics is less than 
ten. Hence, while very great changes can be made in the stength 
of the magnetic field by using iron-clad circuits, only com¬ 
paratively small changes can be secured in the dielectric field by 
using different materials (Table XII). 

2. The permeability of iron and other magnetic materials 
varies widely for different magnetic densities, while the per¬ 
mittivity of most dielectrics is constant for all potentials up to 
the rupturing voltage. The dielectric field has no saturation 
point, and the strength of a magnetic field is not limited by a 
breakdown of the magnetic material. 

3. The magnetic fiux density may be increased indefinitely 
by increasing the m.m.f, for although the permeability, even in 
iron-clad circuits, is small above the saturation point, it is always 
positive. The practical limit for the magnetic density, m iron¬ 
clad circuits, is the saturation pomt of the steel or iron used 

The dielectric field intensity mcreases directly with the im¬ 
pressed voltage until the insulation is pierced or breaks down. 
The rupturmg voltage, therefore, limits the dielectric flux density. 

(a) Condensers in Series and in Parallel .—Since the relation 
between the dielectric flux, voltage and elastance or condensance 
may be expressed by Ohm^s law (equations (485) and (486)), it 
follows that the total elastance or condensance may be found for 
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series and parallel arrangements in the same manner as the total 
resistance or conductance is found for similar electric circuits. 

Thus in Fig. 390, the total elastance is the sum of the several 
elastances in series. 

For series circuits 

Si = Si + S 2 + + Si . . + Sn (492) 

k + 

Likewise for parallel circuits, as in Fig. 391, the sum of the 
several condensances is the total condensance 


die, Jk JU ^1^ 


Fig 390 



Ftq. 391 



For parallel circuits: 

Ct = Ci C2 + C^i + Ci + , . + Cn 

1-1+ i + 1.1. . i 

Si'^ Si^ 82^ S,^ Si^ ^ 


(494) 

(495) 


The distribution of ’the voltage in series circuits and the 
current in parallel circuits is therefore the same as for the cor¬ 
responding electric circuits. 

(6) Charging Current —The current I flowing in the electric 
circuit, supplying the energy to the dielectric circuit (correspond¬ 
ing to the magnetizing current for the magnetic circuit), is called 
the charging j condensance or capacity current. As energy is 
stored in and returned from the dielectric, the term charging 
current is appropriate; hut it should be kept clearly in mind thai 
the energy supplied by the charging current is held within the 
dielectric and not located on the surfaces of the conductors. As stated 
in Chap. IV, the charging current is proportional to the rate of 
change in the voltage, and hence for a sine voltage wave the 
current is of the same form and leads by 90° 

E = (496) 

Smee the dielectric circuit is in parallel with the electric circuit 
in the conductors, it is customary to express the relation between 
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the voltage and the charging current by a susceptance instead 
of a reactance. 

J = jcbE (497) 

If there are no losses in the dielectric circuit, the susceptance 
represents the reciprocal of the reactance, but with energy 
losses (series resistance, dielectric hysteresis, etc.) the equivalent 
resistance also enters the equations. 

The reactive power, represented by the product of the voltage 
and the charging current, surges to and fro with double the 
frequency of the impressed voltage. 

^ = cbE^ = cXcP (498) 

(c) Energy Losses. —In a constant dielectric field the energy 
loss in the dielectric is represented by the leakage. When an 
alternating voltage is impressed, the energy loss is increased. 
This additional loss is in the dielectric circuit proper and is 
probably partly due to a molecular friction, similar to magnetic 
hysteresis, and partly to a viscous give in the elastic medium. 
From a series of tests in 1901, on commercial condensers of the 
paraiBan-tinfoil type, Steinmetz^ drew the following conclusions: 

1 With a sine wave of impressed e.m.f. the current m the condenser 
is directly proportional to the impressed e.m f. and to the frequency, 
that IS, the capacity of the condenser on an alternating current is con¬ 
stant, withm tiie range of the tests (220 to 980 volts; 67 to 133 cycles). 

2. The loss of the condenser is, within the range of the tests, pro¬ 
portional to the square of the impressed e m f , that is, the power factor 
of the condenser at constant frequency is constant and independent of 
the impressed voltage. 

3. The power factor of the condenser does not seem to vary with the 
frequency; that is, the efficiency of the condenser appears to be independ¬ 
ent of the frequency; or, m other words, the loss of energy per cycle is 
proportional to the square of the electrostatic field strength, but inde¬ 
pendent of the frequency. 

4. The power factor in weU-made condensers is extremely low, averag¬ 
ing about 0.005, or the efficiency is about 99.5 per cent. 

In a recent investigation^ by means of the cyclograph more 
satisfactory measurements of the power losses were possible. For 
60 cycles and a wide range of impressed voltage, “it is shown 
that the watts do not vary as the square of the voltage, but may 

1 Stbinmetz, Elec. Worldj vol. 37, p 1066. 

- Minton, Ptoc. A I E E., July, 1916, p 1166. 
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vary from the 1.32 to the 2.52 power of the voltage.” While 
the losses have been represented by a variety of empirical equa¬ 
tions, no simple fonn seems to apply to all cases. Expressed in 
the form of a complex equation, with the conductance and 
susceptance constants determined for each case, the dielectric 
circuit admittance is: 

yd Qd jcbd (499) 

In combination with the leakage the admittance of the circuits 
in the dielectric is: 

Yd ig + Od + jcbd (500) 

The current flowing in the conductor supplying both the 
energy losses and the reactive power in the dielectric: 

ci — — {ig + gd 3 J>d)B (501) 

(d) Residual Charge ,—Due to the heterogeneous nature of 
insulation' materials and compositions, combined with a slow 
leakage, all the energy stored dielectrically is not released im¬ 
mediately upon short-circuiting the conductors. This is par¬ 
ticularly the case with the use of direct currents when the voltage 
is applied for long periods in one direction. The energy stored 
in the dielectric at some distance from the conductor must be 
transmitted through the intervening layers. This transmission 
is not all made instantaneously and is often complicated by 
leakage of various amounts in the several layers, and hence an 
appreciable length of time is required both to energke and 
to discharge the dielectric. On this account a single discharge 
of a cable or other apparatus having considerable condensance 
may not be sufficient. The two sides should be short-circuited 
for some time or several “groundings” may be necessary to 
remove the stored energy, and thus prevent any dangerous shock 
to the workmen 

(e) Dielectric Induction {Electrostatic Influence ).—The e.m.f 
m an alternating circuit induces in all nearby conductors, by 
dielectric mduction, voltage opposite in direction but proportional 
in magnitude The induced voltage reacts upon the impressed 
e.m.f. in somewhat the same manner as the two currents in mutual 
magnetic induction. The induced voltages cause currents to 
flow in the conductors, thereby changing the distribution of the 
energy content in the system. As the impressed voltage is con- 
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tinually changing in value, the induced voltage is likewise either 
increasing or decreasing. This necessitates a flow of current in 
all nearby conductors with attendant conversion of some electric 
energy into heat by the rP losses. The source for this heat 
energy is in the primary circuit. Therefore, the phenomenon 
of dielectric induction (electrostatic influence) increases both 
the condensance and the energy loss through the dielectric. 
That part of the charging current due to mutual dielectric 
induction may also be represented by components in phase and 
m quadrature with the impressed voltage, and the equivalent 
conductance and susceptance may be included in the notation 
used in equation (498). 

(/) Disruptive Strength, Piercing Pressure, —When the volt¬ 
age between two conductors is gradually increased the stress on 
the intervening dielectric likewise increases until the pressure is 
suddenly equalized by a discharge or formation of a short 
circuit through the dielectric. If sufficient energy is supplied 
to the conductors, the current continues to flow in the form 
of an arc at a comparatively low voltage, depending upon the 
resistance of the breakdown path. Instead of stating the dis¬ 
ruptive strength of an insulating material in terms of the density 
of dielectric Imes of force, it is customary to give the voltage at 
which a given thickness of the specified material wUl be punc¬ 
tured. This is called the disruptive strength or piercing pressure^ 
and its value depends upon many factors. These may be 
grouped in two divisions: (jg) factors affecting the specific 
dielectric strength of any given material; Qi) factors affecting 
the voltage gradient at various points in the dielectric circuits. 

Table XIII —Approximate PiBRciNa Pressure For 1 mm. Thickness 


Boiled linseed oil 

Volta 

8,000 

Dry wood fiber 

13,000 

Insulating varnish 

50,009 

Melted paraffin 

8,000 

Mica.. . 

58,000 

Micanlte. . 

33,000 

Oiled linen. 

12,600 

Paraffined paper 

30,000 

Porcelain 

13,000 

Transformer oil 

9,000 

Turpentine. 

.. 6,600 

Vulcanized rubber 

. .. 10,000 



THE DIELECTRIC CIRCUIT 


371 


ig) Specific Dielectric Strength ,—The more important factors 
are: (1) material; (2) moisture; (3) temperature; (4) thick¬ 
ness; (5) mechanical stresses; (6) length of time the voltage is 
applied. 

1. The specific piercing pressure varies widely for different 
materials, and bears no direct relation to the insulation resist¬ 
ance. Solids like rubber, glass, mica, porcelain or fiber have 
much higher disruptive strengths than liquids and gases. But 
in a solid a puncture is not readily repaired, while in liquids and 
gases the path of the disruptive spark is quickly filled and the 
dielectric automatically regains its normal strength. For definite 
chemical compounds, the piercing pressure for a given thickness 



Fig. 392. 

is fairly constant, but many insulating compositions are mere 
physical mixtures and a lack of uniformity necessarily produces 
great variation in the disruptive strength. 

2. The presence of moisture, especially in sohds and liqmds, 
decreases the disruptive strength. As most materials are 
more or less hygroscopic, the moisture content must be carefully 
determined 

3. The temperature withm ordinary limits has little effect 
upon the disruptive strength, provided no chemical changes are 
produced in the material. For commercial operation the per¬ 
missible rise in temperature is definitely limited so as to prevent 
chemical changes in the material 
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4. The disruptive strength is not directly proportional to the 
thickness of the dielectric. Usually the thickness increases faster 
than the piercing pressure. This is illustrated for mica in 
Fig. 392. For very thin layers the variation is generally the 
reverse. 

5. In the presence of mechanical stresses the piercing pressure 
is decreased. 

6. The length of time during which the pressure is applied 
has considerable effect upon the piercmg pressure There seems 
to be somethmg similar to fatigue or a slightly viscous give in 
the material, requiiing a few seconds or minutes to reach equi- 
hbrium In testing insulation on commercial machines it is 
customary to apply the pressure for 1 min, when they are warm, 
as this provides the necessary time duration and also conforms 
with working temperature conditions 

In some materials like oiled press-boards it requires several 
minutes for the fatigue to reach a permanent value at any 
given voltage. For practical application of the factors affecting 
the dielectric strength a number of empirical formulae have been 
devised. In commercial work the data given in handboolcs and 
the Standardization Rules of the A. I. E E. are the main guides 
in determining the permanent limits for electrical designs. 

Qi) The Voltage Gradient —The voltage gradients in the space 
surrounding conductors at a diEference of potential depend 
directly on the relative density of the dielectric lines of force. 
The factors that determine the distribution of the dielectric flux 
may be discussed under four divisions. 

1. One homogeneous dielectric 

2. Two or more insulating materials forming parallel dielectric 
circuits. 

3. Two or more insulating materials forming series dielectric 
circuits. 

4. Combinations of series and parallel circuits. 

1. One Dielectric —In the space surrounding two conductors, 
at a difference of potential, the distribution of the lines of force 
depends directly upon the geometric form or the dimensions of the 
dielectric In dielectric circuits of simple form the flux density 
and voltage gradient may be readily calculated. 

First Example. Lead-covered Cable .—Given a single-conductor, 
lead-covered cable with an insulating dielectric of one homo¬ 
geneous material. When a difference of voltage exists between 
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the conductor and the lead sheath, the direction of the stress, 
Fig. 393, and hence the flux, is radial. Since all the lines connect 
the conductor and the lead sheath, the density is greatest at 
the surface of the conductor and least at the lead sheath. Con¬ 
centric cylinders form equipotential surfaces. From equation 
(488), Fig. 394, the voltage required to pass the flux ^ through 
the elemental cylinder 1 cm. long, of dx thickness and at x 
distance from the center is: 


Fiq. 393. 




Fig. 304. 


j __ Airv^yp dx 


KX 


dx volts 


(602) 


Let ri = radius of conductor. 

r 2 = radius (inside) of lead sheath. 


The voltage between the conductor and sheath is, therefore; 

2yV 


e = 


^ = 


/clO" 

KClO^ 


Jr. ” 


2v^ 1 ^2 1 . 


“ = Ce lines per cm. length of cable 


2U“ loge ^ 
ri 


dx KX 10® , Tz 

X loge 


volts = 


0.4343c 
xlogio -- 


(503) 

(604) 

(506) 


For constant voltage applied to any given cable the curve 
for equation (506) is that of an hyperbola referred to its asymp¬ 
totes. In Fig 395 n = 5, ^2 = 30 and the ordinates represent 
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either the voltage gradient or the dielectric flux density, for 
values of x between 5 and 30. 

The maximum voltage gradient is at the surface of the 
conductor: 




D^sfar7ce 

Fig. 396. 


Second Example. Two Parallel Plates .—If the plates are of 
considerable size, the distribution of the flux, in the area between 
the plates, is uniform except at or near the edges. Near the 



Fig 396 


edges the density is greater, and at points outside, less than 
in the space between the plates, Fig. 396. 

Let X = the distance between the plates. 

A = the area over which the flux is uniformly distributed. 



TUB DIELECTRIC CIRCUIT 


376 


^TTV CO 

The elastance, S = = (a constant) -^} darafs (607) 

/cAlO® A 

The condensance, C = ~ (“■ constant) —> farads (508) 

Dielectric flux, = ^ == Cc = = (a constant) ^ 


■m j - 4 . n 'f' xelO® 

Flux density, D = 

= (a constant) lines per 
Voltage, c = constant) ^ volts 


Voltage gradient, ^ constant) volts 

per cm. («'312) 

Third Example. Two Parallel Round Conductors in Air .— 
The most important practical example is the transmission 
line and the discussion deals with the problem under the restric¬ 
tions of high-tension transmission-lino conditions. It is there¬ 
fore assumed that: 

1. The diameters of the two conductors arc eciual. 

2. The distance between the conductors is largo as compared 
with the diameter of each wire. 

Since the two conductors have constant diameters and are 
parallel in position, equipotential surfaces must be cylinders and 
hence the distribution of the lines of force is the same in any 
normal piano. All phases of the problem may therefore be 
shown on a cross-section perpendicular to the conductors. Con¬ 
sider a neutral plane midway between the conductors and per¬ 
pendicular to the plane joining their centers, as indicated by 
the line W' in Fig, 397. The two wires are equally positive 
and negative referred to the line NN\ When taken inde¬ 
pendently, the fields for each are radial straight lines. The 
resultant fi(jld is the superposition of the separate fields, and 
the flux lines assume curved paths as shown in Fig. 398. These 
curved paths arc arcs of circles passing through the points A 
and B and hence have their centers along the line NN\ This 
may be shown as in Fig. 399 Take any point P in a normal 
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plane. Let AP = s and BP = u. The dielectric stress or field 
intensity at the point P due to the negative voltage of A is 



along PA and inversely proportional to the distance 5. Like¬ 
wise the stress due to the positive voltage of B is in the direction 



BP and inversely proportional to the distance u Lay off the 
lines PN and PH in Fig 399, so that 

PN\ PH (513) 

US 

Complete the parallelogram PHKN. Then the hne PK rep¬ 
resents, in direction and relative magnitude, the dielectric field 
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intensity at the point P. In the two triangles APB and PHK 
two sides are proportional and the included angles equal; hence 
the triangles are similar. Therefore, the angles ABP and 
HPK are equal. Hence the line PK must be tangent to a circle 
passing through the three points A, P and B. Since P ie any 
point in the normal plane, the direction of the dielectric lines of 
force between the points A and B is along arcs of circles passing 
through A and B 



The equipotential surfaces are perpendicular at every point 
to the direction of the flux lines and therefore must be cylinders 
with their axes in the plane passing through both conductors, 
as indicated by the equipotential circles, dotted lines in Fig. 398. 

From the diagram it is evident that the maximum flux density 
and voltage gradient must be in the plane passing through the 
centers of the two conductors, or along the line XX^ in Figs. 
398, 400. Since the maximum values are of special importance in 



400. 


commercial problems, and in order to simplify the expressions, 
the discus.sion will be limited to the plane represented by the 
line XX' 

Let d = the distance between the centers of the conductors 
r = the radius of (^ach conductor 

s = distance of any point a from th(' (-(mter of conductor A 
X = proportionality factor for the system of units used 
Kn = dielectric field intensity at point a 
Dn = dielectric flux density at point a 
= total flux. 
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K = (pennittivity of air) = 1.0 
fin = voltage to neutral. 

At the point a the dielectnc flux density due to the voltage 

difference from A to NN' is proportional to and for the volt- 

8 

age difference from NN' to J5 it is similarly proportional to —: 

a — s 

at any point in the plane of two parallel conductors the total flux 
density is the scalar sum of the flux density from each conductor. 
Hence at any point a on a line joining the centers of conductors 
A and B m Fig. 400 and at a distance s from conductor A the flux 
density is given by equation (514). 

The voltage absorbed in any elemental zone ds is: 
dCn ” \JDads 

- ^ C+* W 


The total voltage from A to neutral, NN', is, therefore: 


d 



(516) 

II 

t—• 

0 

^ 1 

(617) 

Therefore, 


»*.(¥) 

Voltage gradient: 

(518) 

— _L ^ \ 

, /d — r\\s d — sJ 

lo&l , ) 



= j volts per cm. (519) 

Maximum voltage gradient: 

(rd - r») log. (^) 
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Under the assumption that t is small as compared to d, which 
is the case in transmission-line problems, the maximum voltage 
gradient becomes: 


Cn __ 0.4343fi„ 

rlog.(^) rlogxo(0 



(521) 



For (\ the total voltage between conductors, the maximum 
gradient; 

V 


HI = 


0 4343f 
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In Fig. 401 the voltages are plotted as ordinates with the 
distances from the wires as abscissse in the plane through the 
wires. The broken lines in Fig. 402 show the equigradient 
lines in the field around the conductors. 



Fia. 403.—448,000-volt flashover test on one of Fia 404. 

the early condenser bushings. (Westinghouse Elec, 

<fc Wg. Co.) 


Fourth Example, Condenser Bushings for High-tension Appa¬ 
ratus ,—By means of concentric cylindrical layers differing in 
length as well as in diameter it is possible to obtain practically 
















THE DIELECTRIC CIRCUIT 


381 




the same voltage gradient in all parts of the insulating layers. 
The total cylindrical insulation is divided into several concentric 
cylinders around the transformer lead with the layers separated 
by metal sheaths (tinfoil). The cylinder near the central con¬ 
ductor is longest and the outside layer in contact 
with the transformer casing shortest as indi¬ 
cated by a cross-sectional view in Fig. 404. The 
heavy line at the outer surface shows the metal 
holder or ring by which the condenser bushing 
is attached to the transformer case 

Let the radius of the conducting lead be r, and 
the radii of the successive tinfoil cylinders be ri, 

7 - 2 , rs Let ei, ea, 64 - • - be the cor¬ 

responding voltages between r — ri, 7*1 — ra, 

^*2 — Tz — r 4 . as indicated in Fig. 404. 

The potential gradients at the conductor sur¬ 
face and at the outside surfaces of the successive 
tinfoil cylinders (that is, on the inside surface of 
the insulating cylinders) are. 

^ _ . 

" r r'l’ , Vi’ 

r log,- ri log,- 

r ri 


r/2 = 


63 


(523) 




With the same material in the several insulation 
cylinders, the flux density and hence the dielec¬ 
tric gradient should be the same for the most 
desirable distribution of the flux, hence. 

gc = gi = 9i = 9i- (® 24 ) 

The numerical value of the gradient depends 
upon the material used and the assumed factor 
of safety, usually about 25 per cent, less than 
the rupturmg voltage. The gradient through 
each insulating cylinder is greatest at the inner 
and least at the outer surface, as was shown 
under the first example. The permissible differ¬ 
ence must be assumed for any design in much 
the same manner as the selection of a suitable factor of safety 
This assumed ratio determines the approximate thickness of each 


Pio 406.— 
160,000-volt indoor 
oondenaer bushing 
iWe8ting?iou8e Elec. 

& Mfg. Co ) 
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insulating cylinder, since the density at the outer and inner sur¬ 
faces necessarily must be inversely as the radii. Hence the 
values of ci, 62 , cs, 64 , . . may be found from equation (523). 

Let it be assumed that aU the flux between the transformer 
lead and casing passes through the insulating cylinders and hence 
that there is no leakage through the surrounding air. The error 
introduced by this assumption will be noted in the next para¬ 
graph. The flux yp passing through the successive insulating 
cyhnders is constant for any given total voltage c, and hence for 
6 ij 62 } 6 Z) C 4 , . . . since 

e = Cl + 62 + ^8 + 64 + . . • (525) 

\p — Ce, and, therefore, 

CiCi = C 2 C 2 = CsCb “ = . . (526) 

or the condensances of the several cylinders are inversely propor¬ 
tional to the corresponding voltages. From equation (504), the 
condensance of a cylmdrical insulator between two conductors, 
as the above tinfoil layers, is: 

C = farads 

2«2 loge— 

Ti 

I = the length in centimeters. 
r 2 = the outside radius of insulating cylinder. 
ri = the inside radius of insulating cylinder. 

Hence, 

_ I 2 C 2 _ ^363 _ 
loge^ log€~ log€- 

By assuming a value for the length of either the inner or the 
outer layer, the length of all the other cylinders may be calcu¬ 
lated. The shaded portion in Fig 404 gives the shape of the 
bushing as determined from the above equations. It is, how¬ 
ever, more convenient to manufacture a form tapering uniformly 
as shown in Fig. 403. This modifies the voltage distribution, 
increasing the voltage gradient near the casing and the lead and 
proportionately decreasing it in the middle layers. 

To prevent hygroscopic action it has been found advantageous 
to give the part of the bushing above the oil a smooth cylindrical 
form as shown in Fig. 405, 


(527) 


(528) 
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Fifth Example, OiUfilled Bushings for High-tension Systems ,— 
The oil-filled bushing has a combina¬ 
tion of liquid and solid insulation 
arranged so as to produce an effective 
puncture structure against both sus¬ 
tained and transient voltages. Oil 
has negligible dielectric losses and can 
withstand a high percentage of its 
puncture voltage a long time. The 
solid insulation employed (paper cyl¬ 
inders), while subject to dielectric 
losses, is adequately cooled by the 
automatic circulation of the oil. The 
combination of the solid and oil insu¬ 
lation provides ample “time lag” 
against high-voltage impulses, so 
that the bushing will flash over at 
lower voltage impulses than would be 
required to puncture the insulation. 

Moreover, the oil impregnates the 
paper cylinders and thus prevents 
the progressive damage that repeated 
impulses have on dry and brittle 
msulations. 

2 Two or More Dielectrics in Par¬ 
allel .—Let the space between two 
metallic plates be divided into three 
equal parts, filled with rubber, air 
and glass as indicated in Fig. 408. 

With a difference of voltage existing 
between the plates, the density of the 
dielectric flux in the three insulating 
materials will be directly propor¬ 
tional to their permittivities, or ap¬ 
proximately as 3:1:5. By varying 
the impressed voltage, the flux den¬ 
sity also changes, but the relative flux 
densities are still in the same ratio. 

The voltage distribution in the space 


Fia. 406.—High voltage bush¬ 
ing, compound filled. Type CFl 


may be represented by a straight line, (Oenerai Electric Co) 
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Pig. 407.~Dry arc-over at 395 kv of standard 135 kv., type CF high voltage 
bushing. {Qmeral Electric Co,) 
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Fig. 408; and the voltage gradient G — ^ is a constant. In 

order to illustrate the elemental principles it was assumed that 
there is no leakage, z.c., the dielectric flux is confined to a definite 
path, as is the case with electric circuits Under actual condi¬ 
tions there are no sharp divisions between good and poor con- 



Fia 408 


ductors of dielectric flux. A good dielectric like gloss has a 
permittivity only about five times that of air or of a vacuum 
Hence, in the above illustration there would be no material 
available for separating the rubber and the air, or the glass and 
the air. Likewise, the flux 
can not be confined to the 
direct path between the 
two plates but also passes 
through the air on the sides- 
In the discussion of the con 
denser bushings in the last 
paragraph, it was assumed 
that all the flux between 
the casing and the trans¬ 
former lead passed through 
the insulating cylinders. 

However, since the permit¬ 
tivity of the solid material 
IS probably at best only Pic;. 400 

four or five times as great as 

that of the surrounding air, it is evident that a considerable share 
of the flux leaks around the solid dielectric The flux density for 
any path is in all cases proportional to the permittivity of the 
material, and inversely proportional to the length The flux dis- 
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tribution may be represented as in Fig. 409; and the equivalent 
dielectric circuits by Fig, 410. 

3. Two or More Dielectrics in Series .—^Let three equal thick¬ 
nesses of rubber, air and glass fill the space between two parallel 
metallic plates, as indicated in Fig. 411; and consider only that 

portion haviag uniform dis¬ 
tribution of the field flux. 
The dielectric flux passes 
through the three materials 
in series and hence the flux 
densities in the glass, air 
and rubber are the same. 
The voltages required to 
force the flux through equal 
distances of the three mar 
terials are inversely propor¬ 
tional to the permittivities. 
This may be indicated 
graphically by plotting the 
relation between volts and length of flux path as in Fig. 411. For 
each material the curve is a straight line, but the slope differs in 
the three cases. The voltage gradients are therefore in the ratio 
of : K • M or as 5:15:3. Hence while the air occupies only one- 
third of the space it takes of the total voltage. The 
voltage-gradient in the air is therefore almost twice as great 


A 


J!. 


K 




II 

P-*, 


Cl Cy 

Fig. 410. 


. 4 /- 

Fig. 411. 



Ga ^ fa /tip 


as would be the case if the rubber and glass were removed. 
If the voltage gradient is near the breakdown strength of air 
alone between the plates, the insertion of the rubber and glass 
would so increase the gradient in the air that corona and sparks 
would appear. For example, let the voltage between the plates 
be 20 kv. times the distance in cm. apart. With air alone as the 
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dielectric the voltage gradient would be 20 kv., which is below 
the rupturing voltage. After inserting the rubber and glass 
plates the voltage gradient in the air is 39.1 kv., far above its 
dielectric strength, and the air space is aglow with corona and 
spark discharges. 

The space dimension factor affecting the distribution of the 
lines of force may to some extent be counterbalanced by selecting 
and arranging insulating materials in the proper order. Thus in 
a cable having only one insulating material the flux density, and 



Eiq. 412. Fig. 413. 


hence the voltage gradient, are greatest at the surface of the con¬ 
ductor and least at the lead sheath. The voltage to neutral and 
thickness of insulation are as shown in Fig. 412.^ By arranging 
four insulating layers of permittivities 6.1, 4.7, 4.2 and 4.0 and of 
relative thickness as shown in Fig. 413, the voltage to neutral 
is almost a straight line (the tangent of which represents the 
voltage gradient at any given pomt) and the total thickness is 
only two-thirds of the single dielectric without increasing the 
maximum of the voltage gradient. 

4. Comh%naUon of Senes and Parallel Circuits .—From the 
discussion of the simple series and parallel dielectric circuits it 
IS seen that the laws are similar to those of the electric circuits. 

^JoNA, “Insulating Material in High-tension Cables,” St. Louis Inter¬ 
national Congress. 
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In principle, therefore, the combination of senes and parallel 
circuits offers no difficulties, and the laws may be easily formu¬ 
lated. The calculation of the numerical values for electrical 
appliances, however, is in most cases very difficult because of 
the irregular shape of the dielectric. Electrical conductors are 
usually of simple geometric forms. Wires, bars, ribbons, cables, 
etc., whose dimensions are readily determined, form the bulk of 
resistance problems in electric circuits. In the dielectric circuit 
the same simple law applies: namely, the 
elastance varies directly as the length and 
the specific constant of the material used 
and inversely as the cross-section, but the 
shape of the dielectric makes it very dif¬ 
ficult to determine the dimensions In 
most cases it is manifestly impossible to 
measure either the length or the cross- 
section of the dielectric ciruit, and as a 
consequence the exact distribution of the 
dielectric flux can not be calculated. 

Suspension Insulator ,—As an example 
of a simple case consider the dielectric 
circmts in a suspension insulator. Let 
the several units be of the same size and 
type, and hence the condensances of the 
several insulators are equal as indicated 
in Fig. 414 The dielectric flux is, however, not entirely confined 
to the path through the string of insulators, since the condensance 
between the metal parts and the ground is comparable with the 
condensance across the insulator. Hence, the actual dielectnc 
circuit between the transmission line and the supporting arm 
(ground) of the tower consists of a combmation of series and 
parallel condensances, ci and C 2 , as indicated m Fig. 414. The 
total condensance of the string of n insulators is, therefore, not 

equal to — but depends upon the number, arrangement and 

relative values of Cl and C 2 . Letc 2 = kci (529) 

The total condensance of the suspension insulator may be 
found as follows: 

For one insulator: 

Cl = Cl + C2 = Ci(l + k) 


Ground 



(630) 
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For two insulators • 

C2 = Cl + 


1 , Ca^ 

Cl 4“ C 2 C 2 


For three insulators: 

^ , 1 , C2^ 

C.3 = Cl -h . 1 “ _L 

— _L J: C 2 -h 02 

C 2 C 2 


= Cl + C 2 — 


2 c 2 H" Cl — 


For a stnng of n insulators: 


Cn = Cl + C2 


C2 + Cn-l 


= Cl + C 2 — 


2 c 2 4" c- 


-(533) 


2c 2 4" Cl — 


2c 2 "h Cl — 


2(?2 4~ Cl —- 

2C2 Cl 

The fraction is continued to n — 1 of the 2 c 2 + Ci terms 
The voltage distribution is therefore not uniform but greatest 
across the insulator nearest the line and least across the insulator 
next to the cross-arm. Let E = the total voltage across a sus¬ 
pension insulator of n units, and Ci the voltage across the first 
unit nearest the line, then: 

^ 4- (534) 

or CnE = 0261 + CiE (535) 


Hence, 


E iCr. 

'■-Ffe-V 


Voltage across the second insulator, 

E — ei 
__ 

Voltage across the third insulator, 

. , E — {ei + 62 ) 


Voltage across the /ith insulator, 

E — (ci 4” C 2 4* C 3 4" 

— Cn-l — ^ 


4“ Cn-l) 
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Cl 


Si ifl the arc-over voltage for one unit, the arc-over 
' the string of n units is: 

(541) 

On _ -j 

‘Cl 

The chief factor that makes it difficult to calculate dielectric 
flux distribution is the small range in specific condensance 
or permittivity of insulating materials including the vacuum. 
The electric circuits may be confined to narrow definite paths 
because of the enormous difference in the resistance of good con¬ 
ductors, like copper, and poor conductors, like rubber, air or a 
vacuum. On account of this difference in range of specific resist¬ 
ance and of specific elastance the electric circuit can be confined 
to the wires m a transmission line with very small leakage; while 
the dielectric circuit embraces aU the space surrounding the con¬ 
ductors. Combinations of several insulating materials may, to 
a certain extent, modify the distribution of the dielectric flux, 
but can not confine it entirely to any definite path. Fortunately, 
the relative distribution of the dielectric flux is of little impor¬ 
tance unless the voltage gradient at any point approaches or 
exceeds the dielectric strength of the material. For all low- 
voltage apparatus no calculations are necessary. For high- 
voltage systems the dielectric circuit and the flux distribution 
are of great importance and apparatus for continuous operation 
must be so designed that at no point shall the maximum voltage 
gradient exceed the dielectric strength of the insulation. 

PROBLEMS 

1. Given a transmission line having suspension insulators with mne disks 
in each atrmg. E = 160,000 volts between mains Star connected with 
neutral grounded. Let ^ = 96. 

Fmd the voltage across each disk 

Plot curve with the number of disks on the axis of abscissae and the 
voltage across the disks as ordinates 

2. A three-phase transmission hne of 4/0 hard-drawn copper wires has 
60,000 volts between the mains. Spacing of wires; 0 feet, eqmlateral 
tnangle. Find the maximum voltage gradient at surface of conductors. 

For Experiments see page 600. 
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ELECTRIC AND DIELECTRIC CIRCDITS THROUGH AIR. 

CORONA 

Under ordinary conditions and for low voltages, air is very 
nearly a perfect insulator and its dielectric properties are almost 
the same as for a vacuum. In other words, the conductivity of 
air is practically zero, the permittivity unity and the energy loss 
extremely small. For higher voltages the air insulation may 
break down, either partially or completely, causing important 
changes in the electric and dielectric circuits. 

For illustration, consider two parallel, smooth, bare wires, 
spaced as in a commercial high-tension transmission line, with 
dry, clean air as the dielectric. Let the room be dark, or if the 
wires are strung in the open, let the observations be taken at 
night. If the voltage be gradually increased until the gradient 
near the wires reaches 30 kv. per cm. a faint purplish light 
may be seen at or near the surface of the wires, and a hissing 
sound may be heard. By still further increasing the voltage 
both the luminous glow and the hissing sound increase in volume 
and intensity. The phenomenon, of which the light and sound 
are indications, is called the corona, A fuU understanding of 
the laws of the corona is of great importance in designing long¬ 
distance transmission lines, and all other high-voltage apparatus 

The lowest-voltage gradient at which corona appears, a fairly 
definite value, is called the critical visiml corona voltage. If 
the wires are far apart in comparison to their diameters, as is the 
case in transmission lines, the voltage may be increased far 
beyond the critical visual corona value before a disruptive spark 
passes between the wires. The voltage at which the spark breaks 
through the intervening air is called the disruptive or sparh-over 
voltagej and this is also a fairly definite value, which may be cal¬ 
culated from the dimensions of the system. As soon as spark- 
over occurs, the corona disappears. If the impressed voltage is 
only a Little above the disruptive strength of the air, the spark- 
overs wiU be intermittent. After each spark passes, the corona 
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reappears and persists until the next spark disrupts the insulating 
air. The corona may be considered as a partial, and the spark- 
over as the complete breakdown of the insulation; and, although 
differing widely in their characteristics, they are fundamentally 
two stages of the same group of phenomena. Since corona 
depends directly upon changes in the insulation of the air, the 
phenomena relate primarily to the electric circuit (leakage) 
between the wires. Changes in the insulation, however, with 
the resulting variations in the leakage current, modify the 
condensance, and therefore the corona indirectly also affects the 
dielectric circuit 

(a) Theory.—Extended discussions of various physical the¬ 
ories, some of which are largely metaphysical fairy tales, by 
which groups of physical phenomena may be coordmated or 
‘'explained,'' are outside the scope of this book. The laws of 
energy transmission and transformation form the natural foun¬ 
dation upon which the engineer may safely build. Terms hke 
magnetic and dielectric fields or lines of force^ current, potential, 
etc. are merely pictorial illustrations which enable the student to 
use the visual memory method. In discussing dielectric phe¬ 
nomena in the preceding chapters the mechanical analogue of 
stress and strain in an electrically elastic medium has been used 
for the same purpose. It is essential that the student should 
fuUy realize that dielectnc phenomena consist of energy changes 
in time and space, and foUow just as simple laws as do the better- 
known phenomena of the electric and magnetic circuits. The 
stress and strain analogue may be used to advantage "when 
studying the corona and spark-over phenomena because the 
attention is kept focused on the energy changes causing the 
phenomena, which are of fundamental importance. 

Following the epoch-making experiments on cathode rays by 
J. J. Thomson (1897), a large number of physicists, chemists and 
engineers have conducted extensive researches on the electric 
conductivity of gases in general, and of air m particular. Thom¬ 
son showed that the particles moving in the cathode stream were 
much smaller than the ordinary atom or molecule; m fact, only 

about of the mass of a hydrogen atom. Moreover, it was 

found that these corpuscles or electrons invariably carried a 
charge of negative electricity of about 4.7 X c.g.s. electro¬ 
static units, which is approximately the quantity carried in 
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electrolysis by a hydrogen, ion. That these quantities are not 
merely averages but that the individual units are of equal magni¬ 
tude has been shown experimentally by MiUikan^ in an elegant 
and convincing manner. 

From experimental observations it is known that the conduc¬ 
tivity of air and other gases is greatly modified by the presence of 
radioactive substances, by the action of the cathode rays and 
ultra-violet light, by electric stress causing corona and by* 
other factors. According to the electron theory, the changes 
in the conductivity of the air are due to similar variations in the 
number of free electrons, and the conduction of the electric 
energy through the air is accomplished by the space movements 
of electrons and ions. Under normal conditions the electron 
is combmed with, or connected to, an ordinary molecule. The 
rapid motion and frequent coUisions of the molecules in a gas 
often knock off an electron carrying a negative charge and leaving 
a positively charged ion of practically the same mass as the 
original molecule Various combinations are possible between 
the free electrons, the positive ions and the neutral molecules. 
An electron combining with a positive ion forms a neutral mole¬ 
cule; positive ions may combiae with neutral molecules forming 
larger aggregate masses, etc. It is evident that so many com- 
bmations, and combinations of combinations, are possible that 
almost any range of experimental data may be accounted for 
or explained by the electron theory. 

Since it is always advantageous to observe, as directly as 
possible, the energy changes that cause any physical phenom¬ 
enon, a minimum of theoretical scaffolding is desirable. For this 
reason the simple stress and stram principle has an advantage 
over the more elaborate electron theory. The quantitative 
relations between the several factors that determine the appear¬ 
ance and extent of the corona and spark-over on transmission 
Imes or other electrical apparatus, have been derived from 
experimental data and are now available in the form of empirical 
equations. The researches of Ryan,^ Mershon^ and Steinmetz^ 
and especially the extensive investigations of Peek- and White- 
head^ are of great importance, since they deal with the problem 
from the engineer’s point of view and give summaries of the 

1 Millikan, R. A, Phil Mag., vol 19, p 209, Feb., 1910; Science, Sept. 
30, 1910 

* Tram A I E E , vols 28-34 
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results in forms that may readily be applied to engineering 
problems. 

(&) Visual Corona.—The more important factors that enter 
into the equations for determining the visual corona voltage on 
parallel wires are: 

1. The diameter of the wire. 

2. The spacing of the wires 

3. The distance from the wire 

4. The condition of the conductor surface. 

5. The air density. 

6. The shape of the voltage wave. 

Other factors like the conductor material, the amount of cur¬ 
rent flowing in the wire, the frequency within ordinary commer¬ 
cial range and the humidity of the air have little if any effect on 
the starting voltage of visual corona. 

Factors 1, 2 aryi 3.—^The first three factors may be discussed 
together. Let the conductors be wires with smooth surfaces, 
like those used in transmission lines; the air temperature and 
pressure normal (25°C., 76 cm.); and the voltage wave of a simple 
sine form. 

From equation (521) the maximum voltage gradient between 
parallel wires is at the surface of the conductor; 



It has, however, been found experimentally that the corona 
appears on wires of different sizes for a constant gradient at a 
distance of 0.301'v/r from the surface of the conductor, and not 
for a constant gradient at the surface itself. The value of the 
voltage gradient at the distance 0.301 at which visual corona 
is produced is 29.8 kv.-cm., or approximately 30 kv.-cm. For 
sine waves this is the maximum value and hence the correspond¬ 
ing effective values are 21.1 and 21.2 kv.-cm. 

Let = visual corona voltage. 

oG = visual corona gradient (at a distance 0.301\/r from 
the surface of the conductor), a constant. 

X - r + 0.301\/r. 
d = distance between centers. 

vO = visual corona gradient at the surface of the wire. 
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/y ^ 0.4343^6 

0 ^ - ” /7 ~ yj 

X log,- (r + O.SOIa/t) log,- (r + 0.301 V7)logiop 

(542) 

«(? = , = ,<? per cm. (543) 

r log,^ ^ ' 

Hence, 

,e = oG ^1 + “^) ^ log,^kv. to neutral (544) 

For sine voltage waves: 



r log, - kv. to neutral 
r 


JS = 21.1 




- kv. to neutral 
r 


(545) 

(546) 



a / .2 ^ A f 6 .r e 9 to 

/n cm 

Pia. 416. 


The relation between the surface gradient „(? and the radius of 
the wire as given by equation (543) is shown graphically in Fig. 
415. This curve agrees very closely with smooth wires at 25°C. 
temperature and 76-cm. pressure. If it be assumed that a 
definite amount of work is required to rupture the electrically 
elastic air, it follows that a stress in excess of the elastic Limit must 
exist over a certain distance before the breakdown occurs in 
order that the product of stress and strain may supply the 
required energy. Hence the smaller the wire, the greater is 
the distance, and therefore the higher the voltage gradient at 
the surface of the wire. 
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Factor 4.—^For conductors with rough surfaces or for cables the 
voltage gradient for visual corona is less than for smooth wires. 
A correction may be introduced by using an irregularity factor 
m as in equation (547). The value of the irregularity factor 
varies greatly, and, in general, must be determined by direct 
measurements. Dirt, oil and water on the surface of the con¬ 
ductor also affect the gradient for visual corona and the necessary 
corrections may be included in the irregularity factor m 


^0 = oChn 




0.301 

\/r 


^ kv. per cm. 


(547) 


Factor 5.—Changes in air density, whether produced by 
changes in temperature or barometric pressure, affect the voltage 
gradient of visual corona. Normal conditions are given by 
25°C. temperature and 76-cm pressure. The density factor for 
any temperature t, in centigrade degrees, and any barometric 
pressure h, in cm. of mercury, is given by equation (548). 


3.926 

® 273 + ^ 


(548) 


Including both the density and irregularity factors, the expres¬ 
sions for the surface gradient and voltage to neutral required to 
produce visual corona are: 



kv. per cm. 

~ kv. to neutral 
r 


(549) 

(550) 


For sine voltage waves: 

vE = 29.8m6^1 log^^kv. to neutral (551) 

vE = 21.1m6^1 + logt^ kv. to neutral (552) 


For smooth wires m = 1 and for normal temperature (25°C ) 
and pressure (76 cm.) 5 = 1 

Factor 6.—For peaked voltage waves the effective voltage 
is less and for flat-topped waves greater than m equation (552) 
The variation depends upon the distortion and no general 
equation has been derived. 

Concentric Cylinders ,—For smooth concentric cylinders the 
voltage gradient required to give visual corona near the inside 
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cylinder is slightly larger than for parallel wires, as shown in 
equation (553). 


,t? = 31.05 




0 308\ 

Vsr) 


kv. per cm. 


(563) 


Spheres ,—For spheres of equal diameters and spaced like the 
parallel wires, far enough apart to give corona at a lower voltage 
than required for the disruptive spark, the voltage gradient at 
the surface is: 


vO = 27.2$ 




(554) 




416. 417. 


(c) Spark-over.—In visual corona the air breaks down near 
the wires in the space filled with the luminous glow. If the 
voltage is increased, the corona increases in volume and intensity. 
By increasing the voltage still further until the stress becomes 
sufficient to pierce all of the intervening dielectric, a disruptive 
spark passes between the wires. At small spacmg the spark- 
over may occur before the corona. A certain critical spacing, 
depending upon the size of the wire, must be used in order to 
have a decided difference in voltage for visual corona and spark- 
over. This may be seen from the experimental curves shown in 
Figs. 416 and 417. The lower curve shows the voltage required 
to produce corona at the different spacings, while the upper curve 
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shows the corresponding voltages required to produce spark- 
over. Below the point where the two curves intersect the spark- 
over occurs before the voltage gradient is suflBicient to produce 
corona. The corona and spark-over curves (extended) intersect 
at a voltage gradient of approximately 30 kv.-cm. 

The ratio between the spacing d and the radius of the wires 
for the point where the corona and spark-over curves intersect 


is found to be- = 30. 
r 


Hence if it is assumed that the spark- 



Fig. 418. 



Fig. 419. 


over gradient is a straight line, it is determined by these two 
points. Therefore, the spark-over gradient «(?, under normal 
conditions, is: 


.G = off 


0 


0 301 d n 
\/r r 30/ 


kv. 


per cm. 


= 30^1 


O.Old' 




ry/rj 


kv. per cm. 


(555) 


At the point of intersection of the two curves the ratio - = 30, 

r 

^d the spark-over gradient equals the visual corona gradient 
in equation (543). 
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Corrections for changes in air density may be made by means 
of the density factor 5. 

,,G = 305 ™ 


The corresponding spark-over voltage, 



0 /O 20 30 ^ so 60 70 

fff cjtt C€f9^er’9 


Fig. 420. 

For sme voltage waves, 

"jB = 305 ^ log^- hv. to neutral (558) 

= 21.25 (^1 + -r log. ^ kv to neutral (569) 

The effect of water or oil on the surface of the wires upon the 
spark-over voltage is shown in Fig. 420. 

A simple apparatus for experimental work on the corona and 
spark-over between parallel wires is shown m Fig. 421. Each 
wire is supported by two insulators having shields made from 
the sheath of a lead-covered cable. The wires must be kept 
taut and carefully spaced. The voltage gradient is less on the 
shields than on the intervening wires, and visual corona will form 
along the whole length of wire between the shields. 



i ^ '? c, ^ 
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The Sphere Spark OapJ —The general solution of the voltage 
gradient between spheres of any radius 22, and of any spacing 
D, leads to complicated expressions that can not be readily 
applied to practical problems. The voltage gradient is at a 



Pig. 421 . —^Apparatus for measuring voltage for visual corona The nma 
of the insulators are covered by lead sheath shields. 

maximum for the points of mtersection of the surfaces with the 
line joining the centers of the two spheres. For spheres of equal 
radii, 22 cm,, and spaced a distance, D cm., between the surfaces, 
and with a difference of e-kv. potential, the maximum voltage 
gradient is: 

"(j = ^ (/) kv per cm. (660) 


Sphere-gap arrester, p. 479. 
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The factor / is a function of R and D and for ungrounded 
spheres may be expressed as in equation (561).‘ 

(/) =i[- + l+-J(^+l)'+8] (561) 

The values of / for different ratios of D and R are given in 
Table XIV. 

Table XIV 


D 

1 

f 

D 

/ 

B 

_ 1 

R 


0 0 

1 0000 

0 8 

1.2881 

0 1 

1.0337 

0 9 

1 3268 

0 2 

1.0681 

1 0 

1 3660 

0 3 

1.1032 

1 6 

1.6687 

0 4 

1 1390 

2 0 

1 7808 

0 5 

1 1764 

3 0 

2 2247 

0 6 

1,2124 

4 0 

2.686] 

0 7 

1 2600 

5 0 

3 1683 


With one sphere grounded, different values must be used, since 
the dielectric field is not symmetrical. The distance from the 
ground also affects the flux distribution. 



Oisfancs fn cm. 

Fia 422 —Spark-over curves for spheres 12 5 cm in diameter 

In commercial work the sphere spark gap is important as a 
convenient instrument for measuring high voltages. For spheres 
of diameters greater than the spacing, spark-over occurs at a 
lower voltage than that required to form corona. For spacings 

^ Dean, Gen. Elec, Rev , vol. 16, p. 148 
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within the hmits 0.5\/B and 2 R the voltage gradient is practi¬ 
cally constant. 

0 ^ \ 

1 + kv* per cm. (662) 



The spark-over voltage for different spacings may be found 
directly from the curves in Figs. 422 and 423. It is essential, 

when using the sphere spark gap for 
measuring high voltages, that a high 
resistance be inserted in the leads to 
prevent an excessive current flowing 
across the arc and to eliminate abnor¬ 
mal voltages. For this purpose glass 
tubes fiUed with water are well adapt¬ 
ed. The dimensions of the tubes 
and the quality of the water should 
be adjusted so as to hmit the current 
in the spark-over arc from 34 to 1 
amp. 

(d) Corona Energy Losses.—If the 
voltage between two parallel wires is 
raised beyond the point required for 
the visual corona the energy losses 
rapidly increase. Under normal at¬ 
mospheric conditions and for smooth 
wires and constant frequency the 
energy loss varies as the square of the 
voltage in excess of the critical dis¬ 
ruptive voltage. 



/c eo ^0 jis ^ 
0/9ta^e* mew 

Vio. 423.—Spark-over ourvea 
for spheres 26 om in diameter. 


Let oIF — energy loss in the air. 

E = voltage to neutral. 

= critical disruptive voltage. 

Then, 

aW ^ - dEY ( 563 ) 


The critical disruptive voltage is obtained when the gradient 
at the surface of the wire equals 
The values for dE for different spacings and sizes of wire are 
obtained from the relation between voltage gradient, spacing 

d 

and size of wire already derived. hE = oOmd r log^- For trans- 
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mission lines «<? = 21.1 (effective values). For cables between 
0.683- and 1.18-cm. diameter and various spacings, oG = 18,1 
kv.-cm. 

For higher frequencies the losses increase but not in direct 
proportion. There seems to be a loss proportional to the fre¬ 
quency superimposed upon a constant loss, and the relation 
between the energy loss and the frequency may be expressed as 
in equation (564). 

aW cx {f + 25)(E^JBy (564) 

Correction for variations in air density and surface roughness 
may be made by introducing the density factor 5 and irregu¬ 
larity factor m into the equation for the critical disruptive 
voltage dE. 

dE = SmoGr log. “ (665) 


The equation for the energy loss above the critical voltage for 
visual corona as derived from experimental data in kilowatts 
per kilometer is: 


aW = 241 


\/ r 
5 ^ 


(/ 


(e) The Altematmg-ciirren 
high voltage, of sine wave 6 

quency, be impressed on two parallel, smooth wires, properly 
spaced, so as to give corona without spark-over. The appearance 
of the corona is a continuous uniform glow or luminous brush 
surrounding the wires However, if observations be taken 
through a stroboscope, it is found that the corona pidsates in 
synchronism with the impressed voltage. By turning the strobo¬ 
scope through 360 electrical degrees it may be seen that the 
corona disappears twice each cycle (that is, during the portions 
of the cycle when the instantaneous voltage is less than the 
required value to produce visual corona); and that the appearance 
of the corona for the positive and negative half waves is decidedly 
different. Fig. 424. The luminous brush extending a distance 
from the wires is generated by the positive half wave, while the 
negative half produces a bright glow in close contact with the wire. 
With the neutral grounded, the luminous brush, or positive 
corona appears alternately on the two wires, but with ordinary 
frequencies the pulsations overlap so rapidly that when viewed 
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without the aid of a stroboscope the corona appears to be 
continuous. 

(/) The Dielectric Circuit.—From the preceding discussion it 
is seen that the corona primarily affects the electric circuit (leak¬ 
age) between the conductors. The corona results from a partial 



+ (c) Stroboscope rotated 180 °. 

Fig. 424 


breakdown of the insulation with a resultant leakage current and 
corresponding energy loss. In the space filled by the corona the 
resistivity is less than for air under normal conditions. As a 
consequence of this change in the resistance of the layer near the 
conductors, the condensance of the dielectric circuit is increased, 
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becauige the insertion of a layer of comparatively low resistance, 
as compared to the normal air, around the wires, is, in effect, an 
increase in the conductor diameter, and this increases the con- 
densance of the dielectric circuit. The specific resistance of the 
corona, while less than for normal air, is still much greater than 
for metallic conductors. On this assumption the corona, intro¬ 
duces a fairly large resistance into the dielectric circuit in series with 
the condensance, through which the reactive energy flows when 
passing to and from the electrically elastic air outside the corona 
zone. The increase m the condensance may be only apparent as 
the increase in condensance current may be due to harmonies 
produced by the pulsating corona. For alternating currents the 
corona and the resistance of the electric circuit Qeakage) through 
the air, and likewise the condensance and series (corona) resistance 
of the dielectric circuit, pulsate in synchronism with the impressed 
voltage, with alternate values for the successive half waves. 

PROBLEMS 

1. Calculate the required voltage to neutral to give visual corona on two 
smooth parallel wires of No. 2 A w.g copper, for 5-, 10-, 16-, 20-, 25- and 
30-cm. spacing between centers Barometer = 74 cm Temperature = 
20°C. Plot curves with spacing as absciss© and visual corona voltages as 
ordinates. 

2. Find the spark-over voltage for No. 2 copper wires spaced as in 
problem 1 Plot spark-over voltage curve as ordinates and distance 
between centers as absciss© 

3. Calculate the voltage gradients at the surface of the wire correspond¬ 
ing to the spacings and size of wire given in problem 1 with 60,000 volts 
alternating current, one-phase between wires. Plot the voltage gradients 
as ordinates and distance between centers as absciss© 

4. Same ns problems 1, 2 and 3 but with No 12 wire. 

6. An alternating-current voltage of 24,000 volts, 60-cycle, is impressed 
on two No 00 A w g copper conductors placed at spacings of 2, 4, 6, 8, 12, 
16, 20, 24, 36 and 48 in. Find the maximum surface gradients for the 
several spacings. Plot curves with voltage gradients as ordinates and 
spacings as absciss© 

6. In problem 6 let the wire be No. 16 A.w g. Find the voltage gradients 
and plot curve as in problem 5 

7. What is the corona loss at 150,000 volts on 10 miles of single-phase 
line consisting of No 0000 wire with 10-foot spacing? What size of wire 
is required to eliminate the corona with the same voltage? Elevation 
3,000 ft. 

For Experiments see page 601. 
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SHORT TRANSMISSION LINES 

In direct-current systems the voltage drop on the transmission 
line is equal to the product of the resistance and the current. 
The voltage at the generator is the arithmetical sum of the volt¬ 
age at the receiver and the line drop, and hence the voltage at the 
load is always less than at the generator. For alternating cur¬ 
rents the transmission-line problem is much more complex. The 
magnetic field surrounding each wire and the dielectric field 
between the wires as well as the ohmic resistance of the wires 
are distributed along the transmission line, thus forming an 
interwoven network of series and parallel circuits over the whole 
length of the line Through this complex circuit, power is trans¬ 
mitted to a load that may vary both in magnitude and in power 
factor. The voltage and current values along the transmission 
line depend not only upon the magnitude of the component parts 
but also upon their time-phase and space-phase relations; and 
the problem of voltage regulation becomes radically different 
from the simple conditions existing in direct-current systems. 
The voltage at the load may be less, equal to or even greater 
than the voltage at the generator. The voltage along the line 
may be greater than at either end, and the conditions may be so 
adjusted as to keep automatically constant voltage at three points 
on the system for wide variations of load. The basic factors in 
the problem are the resistance, inductance and condensance of 
the transmission Une, the so-called Vine constants; and it will be 
necessary first to derive expressions by which these may be found 
quantitatively for any given Une. 

(a) Line Resistance.—In commercial calculations the ohmic 
resistance is generally used, and only in special cases are correc¬ 
tions for obtainmg the effective resistance introduced. 

R = resistance. 

I = length of wire. 

r = radius of wire. 

Po = resistivity at 0° temperature 
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Pt — resistivity at temperature. 

a = temperature coefl&cient, usually taken at 0.0042 between 
0 and 50°C. for an initial temperature of 0® 

Pt = Po(l + Oit), 

The resistance vanes directly as the length and inversely as 
the cross-section of the conductor 

Rt = (667) 

(6) Line Inductance.—As the inductance in a circuit is a meas¬ 
ure of the magnetic field produced by unit current, it depends 
upon the size and spacing of the conductors and the permeability 
of the conductors and the surrounding medium. Let the con¬ 
ductor be a cylindrical wire m a single-phase circuit, Fig 425. 



Fig 425 


5Ca = strength of the magnetic field, at any point a outside 
the wire. 

= strength of the magnetic field, at any point b inside 
the wire 

s = the distance from a to the center of the wire in cm. 
u = the distance from b to the center of the wire in cm. 

(Bfl = flux density at a. 

(Bs = flux density at b. 
r = radius of the wire in cm. 

d = distance between centers of the conductors in cm. 
ju' = permeability outside the wire 
p. = permeability inside the wire 
Inside the conductor with uniform current density the m m.f for 
any cylindrical shell a centimeter in length and of n radius equals 

47 r 7^2 and the reluctance is proportional to 

The number of hues in a cylindrical shell du of radius u and 


1 cm long is 

d<ph 


m.m f. 
reluctance 


2pJibdu 


(568) 
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As these lines interlink only with that part of the current lying 
inside of the corresponding cylindrical shell it is desirable to find 
the equivalent flux, which, multiplied by the total current, 
equals the integral of the products of the separate lines into their 
respective parts of the current 

Let 00 -r be the equivalent flux surroundmg the whole current. 

rW r2ixIuHu_ixI . . 



Fig 426 


Hence the flux inside the wire is equivalent to ^ lines mterlink- 
mg the total current I in the wire, and the equivalent inductance 


2 


5C6 = 


m m f 

length of path 
2 fjJu 


= m3C6 = 


2Iu 

”r^ 


(570) 

(571) 


Outside the conductor, Fig 425, at a distance 8 from the center 
of the wire, and for 1-cm. length of wire, 


4x7 27 

(572) 

3Ca = -s— = — 

2x5 5 

s 

(673) 

d4,a - (Rods = 

8 

(674) 
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= 2/Z log. ■ (576) 

Hence total flux per centimeter length of conductor: 

0 = + 4>o-r = 21 m' log, ^ (576) 

L = | = 2M^log.(l^)+H (577) 

The flux distribution for each wire in a smgle-phase line is 
shown diagrammatically in Fig. 426 and the total flux for both 
wires in Fig. 427 



For copper, aluminum and all non-magnetic materials the per¬ 
meability is unity, hence for most transmission lines 

jli = JLt' = 1 

Therefore, m copper or aluminum aerial single-phase transmission 
lines, 

—-—j + 0 5 m electromagnetic c.g.s units 

= [21og« ^^--^;-^^+0.5]10”®henryspercm of conductor (578) 

Transforming from the Naperian to the common system of 
logarithms, 



410 


ALTERNATING CURRENTS 


/dt *” T\ 

L = [4.61 log I —-— j + 0.5J10-® henrys per cm of conductor 

= 3 048 [4.61 log + 0.5]10“® henrys per 1,000 ft. of 

conductor 

= [74.1 log + 8.05] 10"^ henrys per mile of conductor 

(579) 

In electrical handbooks, the corresponding reactances for 25, 
60 and 100 cycles are given in tabular form, for the more com¬ 
mon spacmgs and sizes of wire. For iron wire /x is not unity 
and the inductance inside the wire varies with the permeabihty. 

(c) Line Condensance.—When a difference of potential exists 
between two conductors a stress is exerted upon the dielectric 
between the conductors. This stress produces the equivalent of 



a stram and the product of the stress and strain measures the 
energy stored in the dielectric. Thus in Fig 428 let A and 
B represent the two conductors (wires) of a single-phase trans¬ 
mission line The voltage applied to the Ime exerts a stress 
and produces a strain in the dielectric (air) between the wires 
With alternating currents the stress and the accompanying 
strain increase until the maximum point of the wave is reached 
and then decrease to zero, reverse, reach a maximum in the 
other direction and again decrease to zero. Thus electric 
energy is stored in the dielectric and returned to the electric 
circuit twice durmg each voltage cycle. The strain is usually 
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represented by dielectric lines of force or dielectric flux, its rela¬ 
tive magnitude by the flux density, and the total strain by the 
total number of lines of force. The distribution of the stress 
and strain in the dielectric circuit follows simple laws similar 
to those of the magnetic and electric circuits. In Fig. 429, let 
A and B represent the two wires in a single-phase line 

d = distance between centers of the conductors 

r = radius of each wire. 

5 = distance of a point a from center of conductor A. 

Ka = dielectric field intensity at a point a. 

Da = dielectric flux density at a point a. 

K = permittivity (specific inductive capacity). 

7 = proportionality factor. 

NN' == neutral plane. 

En = the voltage to neutral 



/V 


A'' 

O' 



Fig. 429. 



The dielectric stresses are symmetrical with respect to the 
neutral plane, and the voltage from the neutral plane is positive 
to one wire and negative to the other. 

As the total stress in the dielectric is the same for any path 
between the two conductors, the discussion may be confined to 
the condition along the straight line connecting the centers. 
The flux density along this line is proportional to the total 
dielectric flux between the wires for different values of d and 
and the proportionahty factor is determined by the system 
of units employed. Since the dielectric stress varies inversely 
as the distance from the center of each wire and directly as the 
voltage, the dielectric flux density at the point a is expressed 
by equation (580) 


Da 







1 


d — s 


] 


(580) 
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The voltage absorbed in any elemental zone is equal to the 
product of the flux density and the distance. 

de = Dads (581) 

The total voltage from conductor A to neutral is therefore the 
integral of equation (681) between the limits of r and 


d d 



For air K = 1, and for the electrostatic c.g.s system of units y = 

2 . 


C = ,, ^ per cm. of wire in c.g.s. electrostatic 

2 log, units (584) 

To change from the electrostatic^ to the electromagnetic system of 
units, equation (584) must be divided by the square of the veloc¬ 
ity of propagation of an electric field in space (equal to the 
velocity of Hght). 

C = _ X ^ electromagnetic 

2y2 log. 

For circuits in which r is small as compared to d, the equation 
may be simplified: 

C = ^ , (586) 

2v^ log “ 

V = 3 X 10^“ cm.-seo. 

Reduced to farads, 

C= (687) 

2i>Mog.2 

For microfarads and common system of loganthms, 

^Bewley, L. V, Electrostatic Electromagnetic Conversion Factor Bui. 
#23, Engineering Experiment Station, Umveraity of Washington. 
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C = 


0.241 

lO'log^ 


mf. per cm. of wire to neutral 


7,360 

lO-log^ 


mf. per 1,000 ft. of wire to neutral 


= ' , mf per mile of wire to neutral (688) 

100 log - 
^ r 

In electrical handbooks the charging currents for a wide range 
of wire sizes and spacings and for standard frequencies are given 
in tabular form. It is generally more convenient to use the 
charging current in commercial problems than to derive the 
microfarads by equation (588). 


J = 2TfCil = Jaii (589) 

(d) Velocity of Propagation of an Electric Field.—^The speed at 
which the electric field travels through space may be expressed m 
terms of the inductance and condensance of the transmission line. 
From equation (676): 


i' =■ 2 log. (^'), 


the inductance outside the conductor in 


air per cm. of length of line. 

From equation (585): 

^ , , the condensance outside the conductor 


C = 


2y* log. (—^) 


in air per cm. of length of line. 

Therefore, 

CU = or, V = .- 

VCL' 


(590) 


Due to retardation produced by the losses the actual speed is 
somewhat less. Since v, the velocity of propagation of an elec¬ 
tromagnetic field (same as the speed of light), is known, it is pos¬ 
sible to calculate either the inductance or the condensance when 
the other is given. This method is sometimes used m commer¬ 
cial problems when it is difficult to measure both quantities. 

(e) Line Leakage.—In addition to the resistance, inductance 
and condensance which, as already shown, may be calculated 
with a fair degree of accuracy, or obtained from tables in electn- 
cal handbooks, another factor, more or less constant, enters mto 
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the transm is sion-line problem. The dielectric between the con¬ 
ductors is not a perfect insulator and hence a current in phase 
with the voltage leaks through the dielectric throughout the whole 
length of the line. As a result, power is dissipated along the 
transmission line in proportion to the product of the leakage 
current and the line voltage. The amount of this leakage and 
the consequent power loss are not so readily predetermined as 
the resistance and reactance factors. Even in aerial high-tension 
trsnsmission lines the leakage depends on many factors that are 
diBElcult to define, or whose quantitative values are either not 
known, or continually vary within wide hmits. The tempera¬ 
ture, humidity and barometric pressure of the air, the amount 
of dust in the air and the velocity of the wind, the condition of 
the insulators and line, the wave shape and maximum voltage, 
corona and other factors enter into the problem, and it is evident 
that exact calculations are impracticable. Fortunately, the 
leakage loss along commercial lines in good condition is relatively 
small and may, in most cases, be neglected. 

(J) Transmission-line Constaaits.—The transmission-line con¬ 
sists of a series circuit having resistance and inductance inter¬ 
woven with parallel circuits having conductance and susceptance 
between the conductors. The properties of the transmission line 
may be stated in terms of four constants, called the transmission- 
line constants. 

(1) r = effective resistance. 

rl = voltage consumed in phase with the current. 

rP = power consumed by the ohmic resistance, mutual 
inductance, magnetic hysteresis. Series circuit. 

(2) X — effective reactance. 

jxl = voltage consumed in quadrature with the current. 
jxP = reactive power from self- and mutual inductance. 
Series circuit. 

(3) g = effective conductance. 

gE ^ current consumed in phase with the voltage. 
gE^ = power consumed by leakage, dielectric induction, 
dielectric hysteresis, etc. Parallel circuits between the 
line wires. 

(4) b = effective susceptance. 

jbE = current consumed in quadrature with the voltage. 

jbE^ — reactive power due to hne condensance and dielectric 
induction. Parallel circuits between the line wires. 
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These constants are uniformly distributed over the whole 
length of the transmission line and hence the elemental unit of 
the network is the differential length dl, and the corresponding 
line constants dr^ dx, dg and dh. The complete solution of the 
problem for transmission lines with uniformly distributed resist¬ 
ance, inductance, condensance and leakage is given m Chap 
XXVII. The derived equations are complicated and their appli¬ 
cation to commercial lines involves long and tedious calculations. 

For short transmission lines certain assumptions may be made 
that gi'eatly reduce the labor involved in making the calculations 
The results obtained by short-cut methods are in most cases 
sufficiently close approximations to the actual values for ordinary 
commercial work. 

{g) Equations for Short Lines under Special Assumptions.— 

Case L —When both line condensance and Vine leakage are omitted 
from the calculations 



Fig. 430. 


The corresponding circuit and vector diagrams are shown in 
Figs. 430 and 431. With the condensance and leakage omitted 
the problem becomes simply the line resistance and inductance 
in series with the receiver load. 


Er = voltage at the receiver end. 

Eg = voltage at the generator end. 
r = line resistance. 

= line inductive reactance, 
cos dr = power factor at receiver end 
cos Og = power factor at generator end. 

Qr = conductance of receiver. 
hr = susceptance of receiver. 

From the vector diagram in Fig. 431 we have. 

Eg^ = {Er cos Br + riy + {Er sin dr + lxI)'^ 

_ Er cos dr + rl 
cos By = „ 


(591) 

(592) 
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Mershon’s Diagram.—For any given commercial transmission 
line operating at constant frequency the impedance is constant 
and hence the voltage triangle ABD, Fig. 431, is directly pro¬ 
portional to the current. The line regulation is dependent both 
upon the impedance drop and the phase relations of the voltages 
or upon the power factor. With a variable power factor it is 
desirable to have some convenient way in which to calculate the 



line regulation for commercial loads of any power factor. A 
number of graphic charts have been proposed and several are 
ioL commercial use. Mershon’s diagram is convenient and 
frequently used. Let OB in Fig. 431 be rotated around 0 as 
a center as shown in Fig. 432. Let the system operate with a 
constant voltage at the receiver end and express the voltages m 
per cent, with OB the receiver voltage as 100 per cent. Draw 



concentric circles at convenient differences, as 5 per cent, in Fig. 
432. A section of Fig. 432 drawn to a larger scale with circles 1 
per cent, apart is shown in Fig. 433. Let the distance OB 
along the Z-axis be the power-factor scale for the receiver load. 
To find the regulation proceed as follows: 

Given: The size, length and spacing of the line conductors, the 
load and power factor at the receiver end and the receiver voltage. 
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(а) Find the resistance and reactance drops in per cent, of the 
receiver voltage from the given data. 

(б) Starting on the X-axis at the given power factor, follow the 
ordinate until it intersects the OB circle. From the point of 



Fig 433. 

intersection lay oflF along the coordinate parallel to the X-axis 
the resistance drop in per cent as found under (a). From this 
point lay off on the ordinate upward the reactance drop m per 
cent. Follow the arc of the circle passing through the last point 
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down to the X-axis and obtain the per cent, regulation for the 
given load and power factor. 

An example will make the process plain. 

Given: Single-phase transmission Mne, 2 miles long, of No 0 
copper wire, spaced 24 in. Receiver voltage 2,400, receiver load 
220 kw. at 85 per cent power factor, / = 25 cycles. 

(a) Find line resistance and reactance drops. 


Line current = 


220 


X 1,000 ^ 


amp 


2,400 X 85 

Line resistance (handbook tables, per mile of No. 0 = 0.534) 
= 2.14 ohms. 

Line reactance (handbook tables, per mile of No. 0 = 0.265) = 
1.06 ohms. 

Resistance drop = ^ ^qq “ 

Reactance drop =-^00 

(b) From the 90 per cent point on the Z-axis, Fig. 432, follow 
the ordinate untU it intersects the OB circle, at Lay off the 
resistance drop of 9.6 per cent, parallel to the Z-axds B'D\ 
From D' lay off the reactance drop, 4.8 per cent, parallel to the 
7-axis to A\ Follow the circle passing through A' to the Z-axis 
and the regulation is found to be 11 per cent, of the receiver volt¬ 
age. Expressed in terms of the generator voltage, the regulation 

- 100 +11 - ® ® f*' ““*■ 


In order to reverse the process and find the size of wire for a 
givefi load, power factor and line drop one must solve by trial 
and error. As commercial wires differ in diameter by definite 
steps the nearest size is readily found. 

Case II. —Let the additional assumption be made that the 
power factor at the generator is the same as at the receiver end 
of the line, a condition that approximately obtains in short 
lines. This simplifies the equations, as may be seen from Fig. 
434. If cos Bg — cos Br is small, the projection of vector Eg along 
Et) produced, is almost equal to Eg, or FH may be neglected in the 
calculations. 

Hence (approximately) 

Eg — Er BF = 7(r cos Br + a Br) (593) 

This gives the line drop per wire to neutral. Between lines the 
voltage drops for single-phase and three-phase lines are: 
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ei* = 21 (r cos 0, + ^a; sin 6r) for single-phase (694) 

68* = V3/(r COS dr + ijs) sin dr) for three-phase (695) 

In order to facilitate the line-drop calculations, graphic 
methods are often used The chart in Fig. 436 is convenient for 
rapidly calculating line drop under the conditions assumed. 
When using the chart proceed as follows: 

Find the given size of wire on the positive Jf-axis. Follow the 
ordinate to the proper power-factor line; from there move alon- 
the abscissa to scale I or II on the right-hand edge. 
gives the factor r cos Sr* Similarly, in order to find x sin d^ fi 
the given size of wire along the F-axis. FoUow the line 
the left imtil it intersects the desired spacing curve. From i 



point of intersection follow the ordinate to the .X-axis and obtain 
the reactance for 100 cycles. Then follow the arc of the circle 
to the intersection of the desired frequency line. From this 
intersection move horizontally to the right and intersect with 
the desired power-factor Hne. The ordinate passing through 
this intersection gives, on the upper scale, the desired value for 
X stn dr. An example will illustrate the use of the chart: 


Three-phase line, distance 
Spacing of wires. 

Full load to be dehvered 
Voltage at receiver end... 
Frequency... .... 
Power factor of load. 

Size of wire, copper. 


25 miles. 

30 in. 

4,000 kw. 
30,000 volts. 

60 cycles 
86 per cent. 
No. 0 A.w g 


In the right-hand quadrant follow the Ime for No. 0 wire and 
find the intersection with the 85 per cent, power-factor hne. 
r cos dr = 0.440. In the left-hand quadrant find the intersection 
of No. 0 wire and the 30-in. spacing curve, move along the ordi¬ 
nate to the X-axis, follow the circular arc to the 60-cycle line, then 
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move homontally to the 85 per cent, power-factor and 
from the intersection vertically to the upper scale, x sin dr = 
0.335. Total drop per mile of wire per amp. = 0.440 -f 0.336 
= 0.775 volt. 


j _ 4,000 X 1,000 _ Q. _ 

^ 30,000 X V3 X 0.85 “ 

Total drop = V3 X 90.7 X 25 X 0.775 = 3,440 volts 
Regulation = 100 - 100 = 11.4 per cent. 


Case III.—Let the total line condensance be represented by a 
condenser across the middle of the line as indicated in Pig. 436. 
No leakage. 



f 


V 


f f 








Fig 435. 



In addition to the notation used under case I, let 
ch = line susceptance. 

Em = voltage at middle of line. 

J = condensance or charging current. 

It = current at receiver end. 

Ig = current at generator end. 


Beginning at the receiver end of the line we have: 

tr = JErigr “ jbr) ( 590 ^ 

+ (" \^-yr = 4[l + (697) 

~ ■^*'1 + j I (698) 
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, (r +j^x)(gr - A) ,jMr +;» , jc&(r +i,;c)*(ffr - A)! 

+ 2 2 4 J 

= ^,[ 1 + (r + j,x) (ffr - A + ^) + + J» ^(ffr - A) ] 



(599) 


The current and voltage relations are shown graphically by the 
vector diagram m Fig. 437. 

C<ise IV.—Let the total condensance of the line be represented 
by three condensers, one-sixth at each end, and two-thirds at the 
middle. No leakage. The circuit diagram under the above 
assumptions is shown in Fig. 438. In addition to the notation 
used in case II, we have, as indicated in the diagram: 



Fig 438 

Jr — condensance or chargmg current at receiver end. 

Jm = condensance or charging current at middle of Ime. 

Jg = condensance or charging current at generator end 

Starting at the receiver end and proceeding toward the gen¬ 
erator, we have; 

ir = Er{gr - J&r) 

= Ir + Jr ^ Ir Jo = Er “ jbr + 


(600) 

(601) 
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- S, + C + ^-') /. - i,[l + ('■ +/'■*)(„ - A + f)] 

(602) 

/s = A + o^m = -fs + 

= Er^gr - A + ^ (r + j 

(603) 

K = ^r[l + (r + j.a:)(^, - A + ?f) 

+ ~ (’^ + (604) 

l, = U + Ja = h+^-^E, 

= J5r[(ff, - J&r + i<.6) + ^(r + J»(3fl'r “ 3i&r + HjJ^) 

- - j6r + ] (606) 



The current and voltage relations at the receiver, generator 
and at the middle of the line are shown graphically by the 
vector diagram in Fig 439. 

Case 7.—^For moderately long transmission lines a closer 
approximation to the actual condition of uniformly distributed 
inductance, condensance and resistance is necessary. The com¬ 
plete solution gives complicated equations that are not readily 
applied but which must be used for very long lines, as shown m 
Chap. XXVII. These equations may be expanded into rapidly 
converging series, and the first few terms give results sufficiently 
accurate for commercial purposes for lines up to 150 miles long 
These approximate equations are derived in Chap. XXVII, 
page 644. 

In tranpTYiiasion problems in polyphase circuits it is most con¬ 
venient to calculate the line characteristics of one line to neutral. 



SHORT TRANSMISSION LINES 


423 


The solution of any given problem is also made on the basis of one 
line to neutral Thus in a three-phase circuit, by taking one- 
thirjJ of the load and the voltage to neutral the solution is the 
same as for a single wire to neutral in a single-phase system. 

(h) Line Transformers.—In the above discussion the trans¬ 
formers at both ends of the transmission line are not included. 
Usually it is desirable to calculate the voltage relations on the low 
side at both the generator and receiver ends. This introduces 
both the step-up and the step-down transformers between the 
generators and the receiver distribution system. The resistance, 
inductance and condensance of the transformers may be con¬ 
sidered as part of the line constants, and a complete solution 
obtained from one set of equations. This is often done in com¬ 
mercial problems. The resistance and reactance of the trans¬ 
formers at both ends of the line are added to the constants of the 
line proper and all calculations made in terms of the high-tension 
circuit For preliminary calculations, or in the absence of 
definite information, it is customary to assume the transformer 
resistance drop to be 1 per cent, and the inductive reactance drop 
6 per cent, of the impressed voltage. The actual values may vary 
from 0 5 to 2.0 per cent, for the resistance and from 3.5 to 9.0 
per cent, for the reactance. The lower limit for the resistance 
and the higher values for the inductance refer to transformers 
on long-distance, high-voltage transmission lines. At the receiver 
end the equivalent values for the step-down transformers may be 
found as follows: 


Let Pr = power delivered to receiver. 

Jirt = per cent, reactance drop assumed for the transformer. 
= per cent resistance drop assumed for the transformer. 
Ir = line current at receiver 
Er = receiver voltage between mains. 


n 


Er 



receiver voltage to neutral. 


^ l OQ/ravt 

nEr 


(606) 


rdrt 

Ir 


lOOIrrrt 

.Er 

_ Pr 

y/ZEr cos 6r 


(607) 


(608) 
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_ , Er^ COS dr 

Xrt - 

_ , Er^ COS dr 

Trt - tOt, ^ qqp ^ 


ohms 

ohms 


(609) 

(610) 


Similar equations give the constants for the transformers at the 
generating station. The transformers are considered as con¬ 
nected from line to neutral in making the above calculations, 
whether the actual connections are in delta or star. 

(^) Line Regulation.—From the previous discussion in this 
chapter, it is evident that the transmission-line drop depends 
upon the line constants and also upon both the magnitude and 
power factor of the load. This interaction of the reactive com¬ 
ponent of the receiver circuit with the impedance of the line 
forms the basis for voltage regulation on the whole transmission 
system and merits careful consideration. For long transmission 
lines it is necessary to consider the distribution of the inductance 
and condensance on the line, as discussed in Chap. XXVII, 
in determining the effects of variations in the power factor of 
the receiver circuit. For short hnes this is not necessary, and 
the equations and computations may be greatly simplified by 
assuming that the transmission line consists merely of a resist¬ 
ance and an inductance in senes with the receiver. A closer 
approximation for somewhat longer hnes may be made by con¬ 
sidering a condenser equivalent to the line condensance connected 
across the Kne at the receiver end. This condenser may be 
included in, and considered as part of, the receiver circuit, thus 
requiring no changes m the equations derived under the condi¬ 
tion that the line condensance is omitted. Let the discussion 
be for a single-phase circuit. The same equations may be 
applied to balanced three-phase circuits by using either equivor 
lent single-phase values or solving for one-third of the load with 
one line wire and voltage to neutral. 


zi = n + jxi impedance of transmission line. 
yr — gr — jbr admittance of receiver circuit. 
Eg = voltage at generator end of line. 

Er = voltage at receiver end of Ime. 

1 1 = current m transmission line 


For any given transmission line the resistance and reactance 
are constants while the load in the receiver circuit may vary both 
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in magnitude and power factor. In the discussion it will be 
assumed that the generator voltage, the line resistance and 
reactance are constants, while the receiver conductance and sus- 
ceptance are variable, as indicated in Fig. 440. It is necessary 
to derive the equations for the receiver voltage and line current 
in terms of the given constants and for any desired load. 

il = ErVr (611) 

E„=:Er + tiZi = ErO- + y^i) (612) 

_ f613^ 

1 + VrZi (1 + riQr + xihr) + j(a:ifirr T rj5r) 

_ EuDt _ i'ai.Qr jbr) (614) 

1 + y,Zi (1 + r,gf ± Xlbr) + jixiQr + nbr) ^ ’ 


tr 

tl 





For absolute values: 

E ^ 

\/(l + riQr + ZlbrY + (XiQr - Tib,)^ 

E„Vgr^ + 

' V'(l + riQr + Xibr)^ + {XiQr - Tit,)* 

For convenience, let a represent the ratio of the receiver and 
generator voltages. 

^ (617) 

Eg 'v/(l + ngr + Xlbry + (xigr — n&r)* 

The regulation (618) 


(615) 

(616) 


The power delivered to the receiver circuit: 

P, = Er% = Eg^a^gr (619) 

Efficiency of transmission 

_ Ef'^gr _ gr 
~ Er^gr + r|/{* gr + 


( 620 ) 
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With a constant voltage at the generator and a given trans¬ 
mission line, the power transmitted, current in the line^ voltage 
at the receiver, efficiency of transmission and voltage regulation 
all depend upon both the magnitude and relative values of the 
conductance and the susceptance of the receiver circuit. In 
order to determine the effects produced by either variable 
it is convenient to discuss the problem under the following 
assumptions: 

Case I. Qr variable, &r = 0. 

Case II. br variable, gr = 0. 

Case III. br variable, gr constant. 

Case IV. gr variable, K constant. 

Case V. Maximum efficiency of transmission. 

Case VI. Maximum voltage at receiver circuit. 


Case L gr VariahUj br = 0.—In this case the receiver voltage, 
line current, ratio of voltages, power dehvered and efidciency of 
transmission are given in equations (621) and (627). 


(1 + rz^r) + JXigr 

(621) 

^ + 'If'lQr) jxigr 

(622) 

In absolute values: 


E = 

■\/(l + rigrY + {xigrY 

(623) 

h = , 

■v/(l + ‘I'lOry + 

(624) 

_ 1 

Vci + Tigr)^ + (xigry 

(625) 

Pr = Ef’^gr = EgVgr 

(626) 

Efficiency of transmission 


_ 1 

1 + riQr 

(627) 


Case II, br Variablej gr = 0.—The equations are readily 
derived in the same manner as under case I. Since no power is 
delivered to the receiver circuit, the assumed conditions are 
seldom realized in commerical systems. 
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Case III, hr Variablej Qr Constant .—From equation (619) the 
power delivered to the receiver circuit is: 

Pr = Eg^a% 

For constant conductance Qr, in the receiver, the power will be a 

maximum when a is a maximum, or when ^ equals zero. 

abr 


Hence 


or 


Xi 


Xi(l + riQr + Xibr) — Ti^XiQr — Tibr) = 0 

4“ br = bz + &r =0 


Ti^ + Xi^ 

Hence for maximum power the line susceptance must b 
magnitude to the receiver susceptance but of oppo 
That is, if the line has inductive reactance the receiver i 
condensive reactance of an equal amount. Substitut.**^ 
value for br in equations (613) to (620) inclusive, we have: 

1 + VrZi (ri + jxi) (gr + gi) 


E, = 


Eo 


Zi(gr + gi) 

= ^oVr _ 


^o(gr + jbl) 


1 + Zil/r (1 + TiQr “ Xibi) + j(ribi + aJzfiTr) 

■, -sj S-’ + V _ + 


(629) 

(630) 

(631) 


(1 + ngr - Xiky + inh + XiQrY Z,(J, + gi) 


{n +jxi){gr + gi) 

Maximum power, 

Pr = Eo^a% 

Power factor at receiver = cos B ,; where 

Br = tan”^— = tan"^^ 

gr gr 

Power factor at generator = cos Bg] where 
e„ = tan-i/'*' 


i(^T -r 


(633) 

(634) 

(636) 

(636) 


Case IV g, VanabU, b, Comtavi .—The power delivered to the 
receiver, Pr = Eg^a^gr, will be a maximum when a^gr is maximum, 
or when 


dia%) 
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. ■ - (1 + Tigr + Xihf) — 2gr{ri + ugr + Xibr) = 0 (637) 


Hence the conductance for maximum power in the receiver 
circuit is: 


9r = Vgt^ + (6r + hy (638) 


Substituting this value in the equations for receiver voltage and 
power delivered to the receiver, the following expressions are 
obtained: 


V2gr(gr + gi} 


(639) 


Er = 


_ EJi 

V 2ffr(ffr + gi) 


(640) 


Pr 


Eo^Yi^ 

2(ffr + gi) 


a 


Ea^ 

2[n + + {xi + 

Yi 

V 2g,{g, + ffz) 


(641) 

(642) 


If in the above expressions the receiver susceptance be taken 
equal to minus the line susceptance, &, = — h, as denved m 
case III for the condition of maximum power as a function of the 
receiver susceptance, we have: 


br = - bf, gr' = gr, Vr =yi\Xr = - Xi] Tf = rj; 2, = Zi (643) 

Yi = Vgi^ + bi^ = = Yr (644) 

Zi = V n® + = Vr,® + Xr^ - Zr (645) 


With the inductive reactance in the line balanced by an equal 
condensive reactance in the receiver, the maximum power 
dehvered becomes the same as for direct currents. For, sub¬ 
stituting the values given in equation (643) in equations (641) 
and (642): 


up _ 

” 4rz 


(646) 


U 


a 


Yi 

2gt 2ri 


(647) 


Case V . Maximum Efficiency of Transmission .—Since the line 
loss varies as the square of the current and for any given load 
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the current is a minimum when the power factor is unity, the 
maximum efficiency for any given load is obtained when the 
current is in phase with the voltage. 

Hence, 


cos 0, = 1, OT Xr = — Xl 


(648) 


Substituting in equations (617) and (619): 

_ 

“ (r, + n) 

p _ 


(649) 

(650) 


The power at maximuni efficiency will be a maximuin 
Qr = gi ss explained under case IV. 


Ba 


Hence, maximum Pr at maximum efficiency == —^ 


and 


a 


h 

2ri 


when 


(651) 


Case VI, Maximum Voltage aJb Receiver Circuit —The ratio of 
the receiver and generator voltages a contains both the con¬ 
stants of the line and the receiver conductance and susceptance. 
For any given line and constant generator voltage the receiver 
voltage depends upon both gr and br, 

XXX ^ = 1 

Eg \/(l + rigr + XihrY + {xigr — rihrY 


Hence for maximum receiver voltage, 


da 

dgr 


0 and 



(652) 


These conditions are fulfilled when gr = 0, and br = — h 
Hence, for maximum receiver voltage a condition of resonance 
exists and the line resistance alone opposes the flow of the cur¬ 
rent. Substituting in equations (617) and (619): 


K ^Zi ^ Yj 
Eg ri gi 

ii=^ 

n 


(653) 


(654) 
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PROBLEMS 

1. Show that in a three-phase transmission line with equilateral spacing of 
conductors the condensance to neutral is twice the condensance between 
two conductors. Show that the inductance per wire is one-half the 
conductance of two wires. 

2. Two parallel conductors carry the same current. 

(a) Denve an expression for the magnetic force per unit length acting 
on each conductor 

(&) Calculate numerical values of the maximum force per unit length 
when the current is: 

(1) 60,000 amp. direct current. 

(2) 60,000 amp , r.m s , sine wave. 

Let the conductors be spaced 2, 4, 6, 8, 10, 12, 14, 16, 18, etc. in. (or cm.) 
in successive setting center to center. Assume the current flow in the two 
conductors to be opposite m direction. Plot curve, using magnetic force 
per in. length as ordinates and spacing as abscisssB. 



CHAPTER XXII 

PHASE CONTROL OR REGULATION BY POWER FACTOR 


The interaction of the line reactance and the receiver su& 
ceptance provides a basis for voltage regulation in alternating 
current systems that is not available in direct-current systems 
The receiver voltage may be varied, within limits, independently 
of the power delivered by adjusting the receiver susceptancc 
while the generator voltage is held constant. 

This method of voltage control in a circuit delivering powei 
over an inductive line by varying the receiver power factor is 
known as 'phase control or regulation by power factor. It is 
used to a large extent in transmission lines supplying power 
to electric railways through synchronous motors or rotary con¬ 
verters, and is the accepted standard in long-distance transmis¬ 
sion systems. For short lines the required variation in the 
receiver susceptance is supplied by adjusting the field excita¬ 
tion of the synchronous motors or rotary converters. The 
required variation is provided^automatically by a series winding on 
the field coils. At no load or light loads the fields are under¬ 
excited and therefore the current is lagging; at overload* the com¬ 
pound field winding overexcites the synchronous machme, which 
then takes a leadmg current from the line. The receiver sus¬ 
ceptance is in this manner automatically adjusted from inductive 
at no load to condensive at overload and provides the means for 
voltage regulation. In some cases shunt-wound converters or 
synchronous motors are used and the field excitation is controlled 
by Tirrill regulators in much the same manner as was explained 
for voltage regulation of alternators in Chap. XIV. 

In long-distance transmission lines synchronous condensers 
are installed at the receiver end, with their field excitation con¬ 
trolled by Tirritl regulators. These machines carry no load but 
automatically supply the leading or lagging reactive component 
of the current and thereby keep the voltage at the receiver con¬ 
stant, at some predetermined value, for aU loads. The line 
condensance forms an important factor in the calculations, as is 
shown in Chap. XXVII. 
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For short lines, only the inductive reactance need be considered. 
In many systems the inductive reactance in the line does not 
give a sufficient range in voltage regulation for the changes in 
load. The additional reactance required for phase control is 
obtained by inserting reactive coils in the line or by a magnetic 
bridge in the transformers, methods often used in transmission 
lines supplying power to electric railways Hence, while the 
resistance in the system is kept at a miminum, the reactance is 
often greatly increased by inserting reactive coils in order to 
secure the advantage of automatic voltage regulation by phase 
control. 

A diagrammatic representation of the complete circuit, omit¬ 
ting line and transformer condensance, in a system consisting of 
generators, step-up transformers, transmission hnes, step-down 
transformers and synchronous motors or rotary converters is 
shown in Fig. 441. 

I I 
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Er = voltage at terminals of synchronous motor. 

^Etn = nominal induced voltage in synchronous motor, pro¬ 
portional to the field excitation. 

If the calculations are made for the nominal induced voltages, 
the synchronous impedance of both the generator and the syn¬ 
chronous motor must be included. If the terminal voltages of 
the generator and synchronous motor are used in the equations, 
only the impedances between the two points enter into the calcu¬ 
lations. Since the resistance and the reactance in the line, step 
up and step-down transformers and reactive coil form one seriet 
circuit the notation may be abbreviated. 

Let R ~ + rz “b = total resistance between generate 

and motor terminals. 

X = Xrt + Xi -{• XeXgt = total reactanco between gen¬ 
erator and motor terminals. 

Z = R + jX = total impedance. 

Selecting Er as reference vector: 

I = QrEr “ ibrijr = ^ 7 / + jhl (655) 

Eg = Er + zt = (Er + Rgl - Xj) + j(Xgt + Rj) (656) 

E% = {Er + Ral - xay -f {Xgl + Rjy (657) 

This is the fundamenUd equation for phase control. 

From equation (657): 

Er = VE,^ - (XJ + Ril)^ - (BJ - XJ) (658) 

_ ErX - VE.^Z^ - (ErR + JZ^)^ 

z^ 

The maximum load, or power component of current at which 
unity power factor can be maintained with the supply voltage, 
Eg, constant, is found by equating the quantity under the radical 
to zero. 

T _ EqZ — EtR 

O-i max 2^2 (.OOU) 

Phase control is in most cases used for regulating the voltage 
so as to hold automatically a predetermined ratio between the 
generator and receiver voltages for aU loads This ratio may be 
equal to, less than or greater than unity 
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First, Er = Eg] second, Er < Eg] third, Er > Eg. 

Let Eg and Er be constant and the load variable. 

In the problem four current values are of special importance 
{a) bio = the reactive component at no load. 

(&) gimax = the power component at maximum, load. 

(c) glu = the power component at which the reactive com¬ 

ponent is zero. 

(d) gif = the power component at full load. 

At no load gl == 0, and from equation (669): 

, _ErX- VEg^Z^ - Er^R^ 

— 2^2 

^ ErX - V{E,^ - E,^) + Eg^Xi 

For Er = Egj bl = 0] 

Er< Egjbl <0] hence current lagging 
Er > Egj bl >0] hence current leading 

When power is delivered to the receiver circuit the field 
excitation of the synchronous motors or converters must be 
increased if the voltages shall remain constant 
Hence with load, ^,7 > 0 

For Er = Eg, bl > 0, hence current leadmg (666) 

< 

Er<EojbI^0, hence current lagging, m phase or 

leading (666) 

Er > Eg, bl > 0, hence current leading (667) 

When Er is less than Eg the current is laggmg at no load and 
for light loads, in phase at some loads, depending upon the ratio 
selected, and leading for larger loads. The average quadrature 
component for a variable load is therefore less when Er < Eg 
than for either Er = Eg or Er > Eg. If the choice of the ratio 
is made on the basis of a miniTnum copper loss the shunt field of 
the synchronous motor or converter must be adjusted to give 
unity power factor at such load as to require a mmimum quad¬ 
rature component over the given range. With a contmually 
varying load the actual minimum may be difficult to determine 
Generally, the reduction in efficiency due to copper losses over 
the possible m i n im u m is of little importance. However, these 


(661) 

(662) 

(663) 

(664) 
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losses affect the temperature rise in the machines and thereby 
affect the pe rmis sible output. On this account it is customary 
so to adjust the shunt field as to give unity power factor at the 
generator at full load. The possible maximum load and the 
no-load reactive current depend on the amount of reactance m 
the line; the larger the required overload capacity the larger the 
reactance in the line, and consequently the larger the no-load 
current. As the line reactance may be adjusted by inserting 
reactive coils, a compromise is usually made in a more or less 
arbitrary manner, between a desirable large overload capacity 
and a likewise desirable minimum no-load current. It is gener¬ 
ally assumed that ilo == which the factor h depends on 

the conditions of the system and may vary widely, probably 
from 20 to 50 per cent Hence, in problems of phase control 
seven quantities are involved: Etj Eg, X, gl/, g^U) hlo) ^max} of 
these, two are given by the load requirements (En gl/), two are 
assumed tlo) and the remaining three are calculated. Assum- 
mg glu = gif, bio = kglu and letting the reactive component 
produced by the compound field winding vary as a linear func¬ 
tion of the load, J = Kgln — gl), then by substituting in 


equation (657) 

we have: 


At no load: 

II 

o 

11 

(668) 


Eg^ = (Er - kXghy + (.kRgl^y 

(669) 

At full load: 

gl “ ~ 0 

(670) 


Eg^ = (Er + Rgl.y + (XgUy 

(671) 


From equations (669) and (671): 

[ 5 -«<*■-»]’ ( 672 ) 

- 1 ) 

Eg may be found by substituting the value of X from equation 
(668) in either equation (669) or equation (671), and gl mas by 
substituting the above derived values on equation (660). Similar 
equations may be derived if the maximum load current glmax is 
assumed mstead of the no-load current t/., as above. 

The double sign before the radical in equation (672) shows 
that two values for the reactance, Zi and Xi, satisfy the given 
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conditions. Hence two values of the generator voltage are 
found to produce the required constant voltage at the receiver; 
or by dividing the reactance in two parts, Xi and X 2 — Xi, three 
points on the system may be kept at constant voltage for widti 
variations in load. It is therefore possible automatically to 
keep the voltages constant at the receiver Erj at the generator 
terminals Eg and also the nominal induced voltage in the gener¬ 
ator fEgj which is proportional to the field excitation. Since tho 
generator armature has a resistance in addition to the react¬ 
ance aXgf the equations for the two values of X that satisfy th(* 
required conditions of constant voltage at the receiver and gener¬ 
ator terminals with constant field excitation of the generator 
are given by equations (673) and (674): 


kEr 



+«- S - -')]’ 

(k^ -1) 


(673) 


kEr 

X.= ’■ 


T ++1) - - (B+ T,){k, 

- 1 ) 


‘>1 


(674) 


Referring to Fig 504, for constant’ Er, Eg and jEg, 

Xi = Xgt + Xi + Xrt + Xo 

X2 = Xl + aXg 

The value of JCg may be adjusted by means of a reactive coil 
in addition to the normal synchronous reactance of the generator. 


(675) 

(676) 


CHAPTER XXIII 

COMMERCIAL WAVE FORMS—HARMONICS 

The preceding chapters have dealt almost exclusively with 
alternating current and voltage waves of the simple harmonic 
form. The fundamental relations of alternating-current cir¬ 
cuits have been discussed under the assumption that the instan¬ 
taneous values of the voltage and the current could be expressed 
by e = ^£1 sin (at and i = ^7 sin (at. Both in theoretical dis¬ 
cussions and in practical operation the sine ^ave is taken as the 
standard and any deviation is termed a distortion. Although 
the sine wave is the ideal form sought by both the operating and 
designing engineer, many factors m both the generators and dis¬ 
tribution system cause distortion in the current and voltage wave 
shapes. As mentioned in Chap. II and illustrated by Figs 
18 and 19, the distortions may be so large that even the sem¬ 
blance of a fundamental sine wave is lost. 

(a) Fotuier’s Series.—Before attempting an analysis of the 
several factors that produce distortions in the shape of the volt¬ 
age and current waves, it is desirable to note two fundamental 
characteristics: 

1. The waves are periodic, that is, the successive cycles are 
alike. 

2. The function is single valued. At any point in the system, 
at any instant, the voltage or current has only one value. 

In 1822, long before alternating currents came into commercial 
use, Fourier published his researches and proved that any single¬ 
valued, periodic function can be completely expressed by a simple 
trigonometric series, equation (677), now known as Founer’s 
series 

y = Ai sin a; + A 2 sin 2x + As sm 3a; -1- -|- A„ sm nx 

+ Bi cos X + B 2 cos 2a; + Bz cos 3a: -f- . + Bn cos nx 

(677) 

The same series is often written in another form, as shown in 
equation (678), and using the notation applicable to any distorted 
voltage wave. 
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€= sin (wi+7i) + ^E2 sin (2a)i + 72) "h sin (Scoi+^a) 
+ "E4 sin ( 4 wi + 74) + ... "-En sin (nwf +yn) . ( 678 ) 
The first term in equation ( 678 ) is called the fundamental and 
the other terms the harmonics. The transformation factors 
between equations ( 678 ) and ( 677 ) are. 

y = e; X = oit 

“El = Vili* + “Ei = VAi^ + SaS- “E^ = etc. 

7i = tan”^-^;72 = tan-^-j-', 73 = tan ^ -j-; etc. 

Ai A2 



Any voltage or current wave may in this manner be expressed 
by a senes of sine waves of multiple frequency and of different 
maximum values and phase positions. While the series has an 
infimte number of terms, only a few are required to express the 
elemental characteristics of waves in commercial power systems. 
In most cases only a few of the harmonics are present and three 
or four terms fully express the distorted voltage or current wave. 

(6) Distorted Voltage Waves.—In commercial power systems 
the altematmg voltage is produced by rotating machinery and 
hence the positive and negative halves of the wave are equal in 
magnitude and similar in shape. It is readily seen that waves 
with equal positive and negative halves can have no even har- 
momcs. Hence for voltage waves in power circuits, 
c = sin {(jiit -f- 7i) “h ‘^Ez sin ( 3 a;^ + 73) 

+ "^6 sin ( 5 a)< + 7 b) + . sin [(2?i — l)co^ + 72n-i] ( 679 ) 
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In most power circuits the voltage wave consists of a funda¬ 
mental combined with the third and fifth harmonics, while 
sometimes the seventh and ninth harmonics are of importance. 
Except in special cases harmonics above the eleventh may be 
neglected. Thus, in Fig. 442 is shown a wave consisting of 
the fundamental and a third harmonic. The expression for the 



instantaneous voltage, equation (680), has two terms only. The 
coefficients "F/s, ""Ft, "F 9 . . are equal to zero and 

hence all but the first two terms of the series vamsh. 

e =■ 100 sin (coi -|- 2°) + 9.7 sin (3coi — 27°) (680) 

In this case the maximum of the fundamental is greater than 
the actual voltage in the circuit. 

In Fig. 443 and in equation (681) is shown a wave consisting of 
a fundamental and the third and fifth harmomcs. The maximum 
of the fundamental is considerably less than the maximum of the 
actual voltage wave. 

e = 100 sin (coi) H- 28.2 sin (Soj^ 4 - 180°) +54 sin (deal) (681) 
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The three component waves reach a positive mRyirmim at the 
same time, producing a peaked voltage wave whose maximum is 
equal to the sum of the three maxima or 133.6 per cent, of the 
fundamental. The waves shown in Figs. 442 and 443 were taken 
by an oscillograph from two machines in the laboratory. The 
fundamental and component waves were found by analysis as 
will be explained in a later paragraph. It is, however, evident 
that not only the relative magnitude of the fundamental and the 
harmonics but also their phase position afifect the shape of the 
resultant wave. By keeping the same magnitude of the three 
component waves as in Fig. 443, but changing the phase positions 
of the harmonics by 180° the resulting complex wave is changed 



mto the form shown in Fig. 444 and the corresponding equation 
IS given in equation (682); 

e = 100 sin (oit) -f 28.2 sin (Scot) + 6.4 sin (Scot + 180°) (682) 

The effect of phase position is more fully illustrated in Figs. 
445 and 446. In Fig. 446 is shown a series of waves formed by 
^combining the same fundamental with a 20 per cent, third har¬ 
monic but differing by 30° in phase angle. Similar effects due 
to changes of phase angle of 30° between a fundamental and a 
20 per cent, fifth harmonic are shown in Fig. 446, The com¬ 
ponent curves and corresponding equations are given in each 
case. From these illustrations it is apparent that the combinar 
fcion of a fundamental with two or three harmonics may produce 
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Fia. 446. 
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Fio. 440 
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a very great variety of wave forms. Often the shape of the 
wave makes it quite evident what harmonics are present and an 
approximate solution may be found by inspection. In general, 
a systematic analysis is required to determine the magnitude 
and phase relations of the harmonics. To the operating engineer 
it often becomes of great importance to know just what harmonics 
are present in the voltage or current waves. To gain this 
information is usually the first step in determining the cause of 
any periodic disturbance in the system. Knowing the relative 
magnitude of the harmonics present and noting which one is 
specially prominent, the problem of finding the cause of the diffi¬ 
culty is simplified. It is of importance to distinguish between 
higher harmonics of voltage and higher harmonics of current. 
In general, they are interdependent and the distorting effects 
of circuit conditions may affect one or both. Thus, if a sine 
voltage wave is impressed upon a transformer the hysteresis of 
the iron core distorts the current wave; and, conversely, if a 
current of sine wave form is passed through the same trans¬ 
former the hysteresis causes a distortion of the voltage wave. 

(c) Generated Voltage Waves.—In any circuit the first source 
of voltage wave distortion is in the alternator. With no current 
flowing, that is, on open circuit, the instantaneous voltage at 
the generator terminals is directly proportional to the instan¬ 
taneous rate of cutting lines of force. A simple conductor revolv¬ 
ing in a uniform field (Fig. 14, Chap. II), at uniform velocity, 
generates a sine voltage wave. Distortions may therefore be 
caused by: 

1 . Lack of uniformity or pulsation of the field. 

2 . Variation in the speed. 

3. The distribution of the armature conductors connected in 
series. 

In present-day alternators the speed is always so nearly uni¬ 
form that this possible source of wave distortion need not be 
considered. 

The slotted armature necessarily affects the distribution of the 
magnetic flux and produces pulsations in the field that, m turn, 
cause distortions in the voltage wave. Thus, m Fig. 447, is 
shown a voltage wave having a pronounced twenty-fifth harmonic 
produced by the pulsations of the magnetic flux. In alternators 
with few slots and teeth per pole the movement of the slots across 
the field pole produces pulsations of the magnetic reluctance 
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of the field circuit and hence with constant excitation a pulsation 
in the magnetic flux. Therefore, in a machine having s slots per 
pole the magnetic flux pulsates with 2 s frequency. 

Assuming that the pulsations follow a simple sine law and have 
fc''# amplitude, the instantaneous flux interlinked with the arma¬ 
ture coil is: 

(jb = cos (coO [1 + k cos ( 2 sa>i — 7 )] (683) 


The voltage generated is: 



From equations (683) and (684): 


(684) 


e = 27r/n"$ {sin (coi) [1 + fc cos ( 25 w< — 7 )] 

+ 2sk cos (coO sin ( 2 sa)/ — 7 )} (685) 



From trigonometry: 

2 sin X cos j/ = sin (a: + 2 /) + sin (a: - j/) I 
2 cos X sin 2 / = sin (x + y) — sin (x — 2 /H 

Hence, 

e = 27r/n''#{sin ut + ^ ^ sin [( 2 s — !)&)< — 7 ] 

+ fc ^ sin [(28 + l)w< - 7 ]} (687) 

The pulsation of the magnetic flux due to the armature slots 
is therefore the source of two harmonics in the voltage wave of 
frequencies 28 + 1 and 2 s - 1 times the fundamental. 
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For s = 1 
h 

e = 27r/n"^ [sin (wO +1 sin - 7) + y sin (Scat - 7)] (688) 

For 8 = 2 

e = 27r/n"'<l> [sin (cat) + -^ sin (3a)i — 7) + -^ sin (5<at — 7)] (689) 

Similarly, for three slots the pulsations of the field flux intro¬ 
duce a fifth and a seventh harmonic into the generated voltage. 
While the pulsations of field flux to some extent distort the 
voltage wave, the main factors determining the wave shape are 
the flux distribution and the arrangement of the armature con¬ 
ductors. A single conductor or a bundle of conductors in a 
single slot produce a voltage wave of the same shape as the flux 
distribution curve. However, the voltage for each phase of an 
alternator armature is ordinarily made up of the vector sum of 
the electromotive forces of several conductors in series, since the 
adjacent slots are displaced by an angle corresponding to the 
slot pitch. The voltage wave at the terminals of the generator 
therefore differs from the flux distribution curve and depends 
upon:^ 

1 . The fractional pitch of the armature winding. 

2 . The number of slots per pole. 

3. The number of coils per slot. 

4. The angular span of the single-phase belt. 

(d) Distorted Current Waves. Constant R, L and C.—In 
order to determine the current wave shape produced by any 
given impressed voltage wave the circuit conditions must be 
known. In many commercial circuits the so-caUed circuit corir 
Btanta, the resistance, inductance and condensance, fluctuate or 
pulsate in a more or less irregular way during each cycle of the 
voltage or current waves. Thus in any circuit having iron, the 
inductance and hence the reactance varies, while the current 
changes from its zero to its maximum values. Moreover, the 
variation is not the same for decreasing as for increasing values 
of the current. Likewise, the resistance in the vapor of an arc 
lamp decreases with increase of the current. Similarly, under 
conditions where corona is produced at the crest of the voltage 
wave the condensance pulsates during the voltage cycle. The 
discussion of current wave shapes therefore naturally falls into 

1 Adams, C. A., “Wave Shape of Alternators,” Trans, A. I. E. E., vol. 
28, p 1053. 
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two groups: firstj in circuits with constant r, L and C, second, in 
circuits with r,L or C pulsating or changiug in magnitude during 
each cycle. 

In Chap. IV it was shown that the instantaneous value of the 
voltage in a series circuit was given by the differential equation: 

e = ri +Lj^+^Jidt (690) 

If the voltage is a sine wave, the current is likewise simple 
harmonic and of the same frequency but differing in magnitude 
and phase position. 

For 

e = sin (wOj i = "/ sin {(d — 6); 

in which 
and 

r 

Since the voltage equation is single valued, the law of super¬ 
position may be applied; and, as each voltage wave produces a 
corresponding current of the same frequency, it follows that in 
a complex voltage wave each harmonic produces its own current 
independent of the fundamental and all the other harmonics. 

Hence, 

6 = Cl + 6s + 65 + .' . + C2n-1 

= ^E\ sin {bit + 7 * 1 ) + ^E^ sin (3coi + 73 ) -j- "jEs sin (5co^ + 75 ) 
+ . . . + sin [(2n — l)co« + 72 n-i] (691) 

and 


i = il +^3+^6+ . . . + ^2n-l 
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+ . . + sin I {2n - l)w< 

+ - tan- [< 2 " (692) 


In order to abbreviate the notation in equation (671), let 


..-tan-(2f5:-j^) (693) 

■i. . 

V’'’ 

Then, 


i = sin {(Jit y\ — di) 4“ ^7 3 sin (3coi H- 73 — ^a) 

+ "Js sin (5coi + 76 “ ^6) + 

+ ^^an-i sin [(2n — l)coi + 72 n-i — ^an-i] (695) 

Comparing the expression for the voltage in equation (691) 
with the resultmg current as expressed in either equation (692) 
or (695) it is seen that the current wave form differs from the 
voltage due to both a change in phase position and relative mag¬ 
nitude of the harmonic wave. Thus the phase position of the 
current for the third harmonic is 9^ behind the corresponding 
third harmomc of the voltage wave. Similarly, the fifth har¬ 
monics differ by 9^ while ^3 is not equal to ^ 6 - The relative mag¬ 
nitude of the harmonics m the current is not the same as for the 
voltage wave, for in each case the maximum current for each 
harmomc equals the maximum voltage divided by the corre¬ 
sponding impedance as shown in equation (696). 


if 


In 



(696) 


It IS readily seen that the relative values of r, L and C are of 
great importance in determining the current wave form resulting 
from a given impressed voltage wave. 

Thus in a circuit having resistance only, 


“h = — and = 0 


(697) 


The current is in phase with the voltage wave and has the same 
wave form. This is illustrated in Fig. 448. The oscillogram 
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shows a voltage wave e having a pronounced third and fifth 
harmonic. This voltage was impressed upon a circuit having 
resistance only and the curve i in the oscillogram shows the 
current wave. 

In a circuit having both resistance and inductance the current 
wave is different from the impressed voltage. 


. and i9„ = tan-i C^\ 


•\/r® + {ncoLy^ 


V r y 


(698) 


The higher the harmonic the less current flows for the same 
impressed voltage, since the reactance increases with the fre¬ 



quency. Hence, the current harmonics are smaller than those 
in the voltage, and the current wave more nearly approaches the 
sine form. This is illustrated in Fig. 449. The same voltage 
wave c, as in Fig. 448, was impressed on the second circuit, 
having both resistance and inductance. The current wave is 
less peaked and its ma ximum value lags behind the voltage. 
The relative magnitudes of the third and fifth harmonics of the 
current are reduced proportionately to the impedance and hence 
are less than the corresponding harmonics in the voltage. The 
pharo displacements also cause a reduction in the peak, as the 
maxima of the three component current waves do not coincide 
as in the voltage waves. In a circuit having resistance and con- 
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densance tho effect is just the reverse, since an increase in the 
frequency reduces the reactance and impedance and therefore 
causes a proportionate increase in the current. 




Fig 460, 


In Fig. 460 is shown the same voltage as in 448 and 449 
impressed upon a circuit having resistance and condensance. 

For the higher harmonics the effect of inductance or condens¬ 
ance is more marked. Thus, m Figs. 451 and 452 are shown the 
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voltage wave of a small generator having a strong eleventh har¬ 
monic. In the currentj passing through a circuit having a con¬ 
stant resistance and inductance, Fig. 451, the eleventh harmonic 



3 ticaUy eliminated; while the current flowing into a con- 
*, Fig. 462, from the same generator shows a very strong 



eleventh harmonic. The current distortion in Fig. 451 is only 
one-eleventh as large as for the voltage wave, while in Fig. 452 
the current distortion is eleven times as large as for a non-react- 
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ive circuit. By comparing the voltage waves in Figs. 451 and 
452 it is seen that the lagging and leading currents produced 
different armature reactions in the generator and thus the termi¬ 
nal voltages were not quite the same in the two cases. 

In Fig. 453 is shown the voltage wave of a large machine having 
a pronounced twenty-fifth harmomc and also the condenser 
current wave. The circuit diagrams in each case show the 
connections of the oscillograph vibrators in the circuits. 



(e) Distorted Current Waves in Circuits with Pulsating 
Inductance, Condensance and Resistance. 1. Pulsating In¬ 
ductance .—The main sources of pulsations in the inductive react¬ 
ance in a circuit are: first, the variation of the reluctance around 
the armature conductors due to synchronous rotation; and, 
second, the variation in the permeability and the hysteresis 
with the flux density in iron-clad circuits. 

The pulsations of the generator field caused by the relative 
position of the armature slots are discussed in the first part of 
this chapter in relation to the distribution of the field flux and 
hence as a primary cause of distortion of the voltage wave. The 
relative position of the field pole and armature slots also affects 
the armature reactance, producing pulsations that cause dis¬ 
tortions in the current wave as compared to the impressed volt¬ 
age. It is evident that a similar effect is produced by a 
synchronous motor, or any other synchronous apparatus with 
slotted armature, in the circuit. Since the cycle of variations in 
fnagnetic reluctance is completed for each pole, the pulsations 
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of the inductive reactance complete a cycle for each half wave 
of the fundamental frequency. Moreover, as the distortion 
cycle is applied alternately to a positive and a negative funda¬ 
mental half wave, the harmonics introduced have a frequency of 
2 s — 1 and 2s + 1, in much the same way as for the voltage wave, 
but differing in magnitude and phase position. With a large 
air gap, large numbers of slots per pole, proper shaping and spac¬ 
ing of the armature slots and by using fractional pitch in the 
winding, the distortions produced by pulsations in the synchronous 
reactance may be reduced to practically negligible values. 



From 
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The second factor producing pulsations of the inductive react¬ 
ance is present in all iron-clad circuits. In Chap. XI it is shown 
that with an impressed sine voltage wave the form of the current 
wave is determined by the shape of the hysteresis loop, Fig. 144. 
Conversely, the hysteresis loop of an iron-clad circuit may -be 
found from the exciting current produced by a sine voltage wave. 
In Fig. 454 is shown an oscillogram of a sine voltage wave and 
the corresponding exciting current of a potential transformer. 

J5 = 110;/ = 60; 7 = 2.0; 10-kw. transformer. 

Since the upper and lower halves of the hysteresis curve are 
equal, the cycle of distortion is complete for each half of the 
fundamental wave. As the cycle of variation is applied alter¬ 
nately to the positive and negative halves of the fundamental 
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wave the distortion consists essentially of the third and Hfth 
harmonics. . For this reason the distortion of the current wave 



m Kg. 454 consists mainly of a third harmonic in combination 
with a smaller fifth harmonic. Analyzing the current wave in 
Fig. 464, the component fundamental, with the third and fifth 



harmonics are represented graphically in Figs. 45.-5 anti and 
analytically by equation (700). “ 

- 100 in («0 + 37.0 Bin (3»1 + 114-)+ 10,7 nin (•■•,„, + 24 . 1 .) 

( 700 ) 
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It is apparent that if a current of sine wave form is sent 
through an iron-clad circuit the distortions produced by the 
hysteresis of the iron will appear in the voltage wave. Thus, 
in Fig. 457 is shown the voltage wave produced by sine wave 
exciting current passing through an iron-clad circuit having a 
hysteresis loop of the shape shown in the figure. The third and 
fifth harmonics therefore appear in the voltage wave when a sine 
current is flowing in the circuit in precisely the same maimer and 
for the same reason as the distortion of the current wave with an 
impressed sine voltage wave. In single-phase constant-potential 
systems the distortion produced by the hysteresis of the iron 



appears chiefly in the current wave. Secondary reactions of the 
distorted current wave upon the generator field may cause corre¬ 
sponding distortions in the voltage wave, but the current wave 
is primarily affected by the hysteresis distortion. 

In polyphase circuits the manner of mterhnkmg the component 
circuits, in a large measure, determines which part of the dis¬ 
tortion shall appear in the current or voltage. The delta and 
star connections in three-phase circuits are of special importance 
in commercial systems Since the fundamental waves in a three- 
phase system are 120° apart the third harmomcs in the three 
phases are in phase with each other. This is shown in Fig 458. 
Hence m a star connection the current can not have a third 
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harmonic and likewise in a delta connection the third harmonic 
must be absent from the voltage wave. The same phase rela- 



Fio. 468 


tions exist for any odd multiple of the third harmonic. Therefore, 
in a star connection the third, ninth, fifteenth, etc. harmonics 



Fig 469 


can not exist in the current wave; and sinularly the third, ninth, 
fifteenth, etc. harmonics can not appear in the delta-connected 
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voltage wave. The fifth, seventh, eleventh, etc. harmonics, 
however, may exist in both current and voltage waves for both 
star and delta connections. 

The effect of a star connection in distributing the harmonics 
produced by the hysteresis of the transformer iron is shown in Fig. 
469. The circuit diagram shows the star connection of both the 
generator and the three transformers, and the locations in the 
circuit of the three vibrators of the oscillograph. The second¬ 



aries of the transformers are open so the transformer exciting 
current only is flowing in the circuits. Hence vibrator No. 1 
gives the voltage from one main to neutral, vibrator No. 2 the 
voltage between mains, and vibrator No. 3 the exciting current 
in one transformer. The voltage between mains as impressed 
on the transformers closely approximates a sine wave. The 
exciting current consists of a fundamental and a fifth harmonic, 
as shown in Fig. 460 and by equation (701): 

= 100 sin (wt - 5°) + 16 sin -f- 28°) (701) 
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The third harmonic produced by the hysteresis distortion 
appears in the voltage wave to neutral. The components of the 
voltage to neutral wave are shown in Fig. 461 and expressed by 
equation (702). 

„e = 100 sin {wt — 26°) + 44 sin (3a)i + 98°) (702) 

In the star connection the third harmonic can not exist in the 
current and hence only the fifth harmonic appears in the exciting 
current, while the third harmonic appears igi the voltage to 
neutral wave. Since the voltage between the mains is the vector 
difference of the voltages of each pair of circuits, the third har¬ 
monics in the circuits neutralize. This may be illustrated 



graphically by the diagram in Fig. 462. Let the triangle ABC 
represent the balanced voltage between the mains. If the 
voltage to neutral is also a sine wave, the lines OA, OB, OC with 
0 as the center represent the corresponding circuit voltages. 
With a third harmonic in the three circuits the neutral point 
may be represented by the point N revolving around 0 with a 
triple frequency. The corresponding magnetic flux wave and 
hysteresis cycle are shown in Fig. 463. 
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If the neutral of the generator be connected to the neutral 
point in the star-connected transformers, then the point N in 
Fig, 462 is fixed and coincides with the center 0. Under these 
conditions there can be no third harmonic in the voltage to 



neutral, but a current of triple frequency flows in the neutral. 
In Fig. 464 is shown the circuit diagram and connections for the 
oscillograph, with the corresponding oscillograms. Vibrator 



No. 1 gives the voltage to neutral, vibrator No. 2 the voltage 
between mams, vibrator No. 3 the exciting current and vibrator 
No. 4 the current in the neutral. With the neutral connected, 
the hysteresis distortion produces a triple harmonic current in 
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the neutral, which is the sum of the three triple harmonics in the 
exciting currents of the three transformers. 

As a third illustration of the effect of transformer connec¬ 
tions on the wave shapes in three-phaise circuits take the star- 
star-delta connection as shown in the circuit diagram of Fig. 466. 
The star-connected generator is again connected to the low-ten¬ 
sion side of the three star-connected transformers, and the neu¬ 
tral is left open. The high-voltage sides of the transformers are 
connected in delta and without load. As indicated in the dia¬ 
gram, Fig. 466, vibrator No. 1 gives the voltage to neutral, 




vibrator No. 2 the voltage between mains, vibrator No. 3 the 
line current and vibrator No. 4 the delta current. The corre¬ 
sponding oscillograms show that the two voltages have only 
slight distortions, while the fifth harmonic appears in the line 
current. The third harmonic required by the hysteresis distor¬ 
tion is supplied by the current of triple frequency flowing in the 
secondary delta connection of the transformers. From the above 
it is apparent that, while the hysteresis of the iron introduces a 
third and a fifth harmonic, the phase connections largely deter¬ 
mine whether the distortion shall appear in the current or volt¬ 
age waves. ^ 

i Proc. A. I. E E , vol. 33, pp 753, 771, 7S.5, 791, 1153. 


460 


ALTERNATING CURRENTS 


2 . Pulsating Condensance ,—Within ordinary volta,ges the prop¬ 
erties of the generally used dielectrics remain fairly constant and 
do not show any marked variation of the condensance of the cir¬ 
cuit. Leaky condensers, polarization cells and possibly dielectric 
hysteresis cause a distortion similar to that of magnetic hysteresis. 
The magnitude of such distortion is, however, comparatively 
small and of little commercial importance. With higher voltages, 
particularly under conditions producing the corona or brush dis¬ 
charge, air as a dielectric undergoes periodic changes that cause 
important pulsations in the condensive reactance as well as 



marked variations in the insulating properties of the material 
surrounding the conductor. The dielectric strength of air and 
the law of the corona are discussed in Chaps. XIX and XX. 
It was explained how the corona appeared only during that part 
of the voltage cycle when the instantaneous voltage exceeded 
the critical valve. It was also noted that the positive and nega¬ 
tive halves of the voltage wave do not produce similar corona 
effects. Since the extent of the corona is affected by such factors 
as the shape, size and distance apart of the conductors, the tem¬ 
perature, barometric pressure and moisture of the atmosphere, 
etc., it is evident that the effects upon a commercial system 
operating under varying conditions may be difficult to determine. 
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However, the presence of the corona increases the condensance 
and leakage loss of the system and hence causes a pulsation in the 
condensive reactance. As the variation is not the same for suc¬ 
cessive half waves, this pulsation may introduce even harmonics 
into the circuit. 

In the same manner as magnetic hysteresis produces distortion 
primarily in the exciting current of iron-clad circmts, so the pulsa¬ 
tions of the condensive reactance primarily introduce pulsations 
in the charging current of the circuit. If the condensance or 
charging current is of sufficient relative magnitude, secondary 
effects may cause distortions in the voltage wave. Moreover, 
the connections of the circuits in polyphase systems may shift 
the distortion in much the same manner as was explained for 
pulsations of inductive reactance. 



3. Pulsating Resistance .—As a rule, the pulsations in reactance 
are accompanied by similar pulsations in the resistance. This is 
indicated by the hysteretic angle of advance in iron-clad circuits 
having a pulsation of inductive reactance; and similarly in the 
dielectric by pulsations in the leakage current coincident with 
the appearance of the corona. 

Rapid changes in the temperature of a conductor, as, for 
example, in an incandescent lamp filament, cause corresponding 
changes in the resistance. Thus in Fig. 468 are shown oscillo¬ 
grams of the sine voltage wave impressed upon the terminals of a 
tungsten mcandescent lamp, and the current waves flowing in 
the lamp. Vibrator No. 1 gives the voltage wave and vibrator 
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No. 2 the current in the lamp. The distortion consists mainly 
of a third harmonic. While periodic changes in temperature 
introduce pulsations in the resistance of solid conductors, the 
distortion of the wave shapes is small under commercial condi¬ 
tions and, as a consequence, of little importance. 

The most important example of a synchronously pulsating 
resistance is the alternating-current arc. In a gaseous conductor 
the resistance decreases with an increase of current, being high 
for small currents and low for large currents. The gaseous con¬ 
ductor between the carbons or metallic electrodes of an arc lamp 
has a rapidly varying resistance, pulsating at double the fre¬ 
quency of the current. Assuming that the current flowing in the 
arc is a sine wave, and that the fluctuations of the resistance vary 
inversely with the current, the circuit relations may be expressed 
as in equations (697) to (705). 


V sm (coO =• Vsi sin (coO 

(703) 

ro(l + A cos 2(j)t) 

(704) 

ri = \/27^o sii| (<^0 0- + k cos 2c»}t) 


V2rol|^(l -g) sin (at) 4-| sin 3(«i) j 

(705) 


The distortion of tte voltage wave therefore consists, under 
the given assumption, of a third harmonic in phase with the fun¬ 
damental when passing zero value, and hence 180° out of phase 
at the maximum value of the fundamental. This is illustrated in 
Fig. 467 for the following values of current and resistance: 


^ = 10 sm (cat) 

(706) 

r = 4(1 -f- 0.6 cos 2(ai) 

(707) 

e = 28 sin (cat) + 0.43 sin (3co0 

(708) 


With a sine wave of current the voltage wave becomes double- 
peaked, having an abrupt rise near the zero value of the current. 
Conversely, if a sine wave of voltage is impressed across the 
term inal s of the arc the resulting current wave in the arc is 
peaked at the maximum points and flat near the zero values of 
the voltage. While the assumption of a variation in the resist¬ 
ance inversely proportional to the current illustrates the mam 
feature of the phenomenon, the relations in the actual arc are 
much more complex. Many factors affectmg the resistance 
variation are diflB.cult to determine. The material used* in the 
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electrodes radically modifies the resistance variation. A cored 
or impregnated set of carbons gives an entirely different law of 
resistance variation than would apply to hard carbons or for 
carbides; similarly, different metals or electrodes radically change 
the resistance of the arc. The temperature of the surrounding 
space, the vaporization point of the materials in the electrodes, 
the size and shape of the electrodes, enclosed or open condi¬ 
tion of the arc, length of the arc, current density, frequency and 
wave shape of the current or of the impressed voltage and other 



factors affect the resistance and may produce an infinite variety 
of resistance fluctuations. In all this diversity of electric arc 
phenomena, the double-peaked nature of voltage wave is the 
most important. This characteristic is so marked that if in an 
investigation of an electric circuit by the oscillograph such wave 
shapes are found, the existence of an arc or arcing ground may 
be suspected. It is of special importance in high-tension sys¬ 
tems since any arc or arcing ground is a most fruitful source for 
high-frequency oscillations producing dangerous voltages. 

(jf) Analysis of Wave Forms. First Method .—A number of 
equally spaced ordinates are measured on the half wave to be 
analyzed. The number of ordinates used must be one greater 
than the highest harmonic. Thus, if the eleventh harmonic is 
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the highest, twelve equally spaced ordinates are selected, while 
if the seventeenth harmonic is the highest, eighteen equally 
spaced ordinates must be measured. These measured values 
are tabulated and a series of operations performed as prescribed 
in the corresponding chart^ for the number of ordinates measured. 
In this way the numerical values of the sioe and cosine coeflB.- 
cients are derived for the fundamental and each of the harmonics. 
Having the values of the sine and cosine coefficients, the numer¬ 
ical values may be substituted in the equation. As this deter¬ 
mines both the magnitude and phase position of the several 
component waves, the curves may be plotted. The method is, 
however, laborious and requires painstaking care. 

Second Method .—Several mechanical devices which have been 
invented for analyzing complex waves, operate in a more or less 
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satisfactory manner. The Harmonic Analyzer devised by Dr. 
0. Mader is an excellent example of a simple mechanical contriv¬ 
ance by which the complex waves may be rapidly analyzed. 
The instrument is shown in Fig. 468 in connection with an ordi¬ 
nary planimeter for obtaining quantitative values. It may be 
noted that the values of the sine and cosine coefficients are taken 
separately for each of the component waves. After the Limits of 
the carriage movement have been adjusted to the size of wave 
to be analyzed, the process is as follows: Select the proper cog 
wheel for the fundamental. Place the podium of the plani¬ 
meter in the small hole marked s on the cog wheel. Move the 
point P to the left end of the wave, adjust the cog wheel to the 
zero position and read the planimeter. Next let the point P 
trace the complete wave and return to the starting point along 
the X-axis as indicated by the arrows in Fig. 468. Again read the 

1 Bedell and Pierce, “Direct and Alternating-current Manual,” BvM. 
203, TJ. S. Bureau of Standards, p. 331. 
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planimeter. The difference of the two planimeter readings gives 
directly the sine component of the coefficient for the fundamental 
wave. 

To obtam the cosine component, merely move the podium of 
the planimeter to the small hole marked c on the cog wheel; 
read the planimeter; move the point P through the complete 
cycle as before, again read the planimeter. The difference in the 
two planimeter readings gives directly the cosine component of 
the fundamental. 

For any of the harmonics select the proper cog wheel and take 
similar readings for the sine and cosine components. The 
adjustments can be made quickly and the readings taken rapidly. 
With care the errors will be less than 6 per cent., which is about 
the accuracy that can be obtained by the first method. 

(g) Effective Values of Currents and Voltages of Distorted 
Wave Shapes.—Since the effective value of voltage or current 
represents the square root of the mean square of the instan¬ 
taneous values, and since the successive cycles are alike, the 
effective values may be expressed by equation (709). 

and 

From equations (679) and (695) 

e = "El sin (cot + 71 ) + "-Ea sin (Scat + 73 ) 

+ "Eh sin (5wi + 75 ) + etc. (710) 

i ^ "Ii sin {(at + 71 — ^ 1 ) + "Iz sin (Sw^ + 73 — ^s) 

+ sin {5(at + 7b ^b) 4" ©tc. (711) 
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and it is evident that, in the integration of e^dt and i^dt, all terms 
except those that contain a sine squared are equal to zero 

Hence, 

E = . etc.) 

= y/E-^ -f- Ei^ + Et^ + . . etc. (713) 

and 

^ + ""/a* + “h^ + . etc.) 

=\//i* + /3*+ /5*+ . etc (714) 

Graphic Method, —^The effective value of a complex voltage 
or current wave may be found graphically without the necessity 
of analyzmg the curve into the component harmonics. The half¬ 
wave cycle is plotted m polar coordinates and the area of the 
curve obtained by means of a planimeter. Draw a circle having 
the same area. Then the diameter of this circle is equal to the 
maximilm value of the equivalent sine wave. The effective 
value is therefore '\/2R, where R is the radius of the circle 
Fairly accurate results may be obtained even without the aid 
of a planimeter, as a circle of approximately the same area can 
readily be drawn over the polar wave diagram. 

(A) Form Factor, Curve Factor, Peak Factor, Harmonic 
Factor and Distortion Factor for Complex Waves. Form Fac¬ 
tor, —The form factor is the ratio between the effective and aver¬ 
age values. The average value may be found by plotting the 
wave in rectangular coordinates, obtaining the area by means of 
a planimeter and dividing the area by the base, thus obtaining 
an average ordinate. For sme waves the form factor = 1 . 11 . 

Curve Factor. —The curve factor is the ratio between the effec¬ 
tive values of the complex wave and of the fundamental. 


Curve factor = !■= + ’ ‘ ' (^16) 

Ll XLi 


Peak Factor .—The peak or crest factor is the ratio between the 
maximum and the effective values. 


Peak factor = . 

VEi^ 


"E 

+ E,^ + E,^ + 


( 716 ) 


This ratio is of importance in the study of corona, insulation 
tests, etc. 
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Harmonic Factor ,—The harmonic factor is the ratio of the 
effective value of all the harmonics to the effective value of the 
fundamental. 


Harmonic factor = 


\/i^3'+i4V+^7* + 
Ex 


(717) 


Distortion Factor ,—The distortion factor is the ratio of the 
effective value of the first derivative of the wave, with respect 
to time, to the effective value of the first derivative of the 
equivalent sine wave. If a condenser is connected across the 
terminals of a circuit having a complex voltage wave the current 
fiowing, J, is greater than for a simple sine wave of effective 
value equal to the equivalent effective value of the complex 
wave. The true reactance of the condenser at the frequency of 
the fundamental is 

El 


C^l - T 

II 

The apparent reactance for the complex wave is 


ciCo = 


2 -f- “H Ei 


Ve, 


+ /6* + 


Distortion factor = 


cPCo 


(718) 


(719) 

(720) 


(t) Power in Circuits with Distorted Current and Voltage 
Waves. Equivalent Sine Wave. Power Factor.—The power 
delivered in a circuit is 

P = (721) 

Substituting the values of e and i from equations (710) and 
(711) and integrating the product, all terms vanish except those 
containing a sine squared, in the same manner as for the effective 
values of voltage and current. 

P = cos di + ^Ez"h cos Os + ^E.^h cos ds + ) 

= £^ 1/1 cos di “h Eziz cos dz “f~ E^Ib cos 6z “h (722) 

= Pi + Pa + P6 + etc. 

It is important to note that as regards the power all the har¬ 
monics are independent of each other. The current of any 
harmonic is wattless with respect to the pressures of all other 
harmonica. Each harmonic has its own power factor and each 
follows independently the same laws as already explained for 
simple sine waves. The total power is the summation of the 
powers of the several harmonics. Hence each harmonic may be 



468 


ALTERNATim CURRENTS 


treated by itself and the effects calculated separately by the laws 
and graphic constructions abeady deduced. In commercial 
work the wave shape is seldom known with any close degree of 
exactness. The analysis of waves is a tedious process and the 
power and power factor are usually determined by the wattmeter, 
voltmeter and ammeter readmgs. It is generally assumed that 
the actual conditions may be represented by an equivalent due 
wave of current and voltage and that the power factor is the ratio 
of the watts to the volt-amperes. 

P == El cose ^ rP (723) 

In equation (702) r is the effective resistance, I the equivalent 
sine current wave and cos 6 the measured power factor. 

From equations (692), (693) and (704) and considering the 
effective resistance constant for aU frequencies: 


cos 6 = 


rl 

E 


+ Is* + + ^ 

+ . . 


(724) 



4“ -^8* “1“ -^5* “h 


2 + 
(725) 



cos^ 6i -f Ez^ cos^ 03 + E^^ 
Ei^ + Ez^+ E,^ + 


COS^ 06 


(726) 


It should be noted that, while the resistance is constant for 
all frequencies (in all cases to which the above equations apply), 
the reactance is affected by the frequency, and hence the relative 
value of the reactances for the several frequencies depends upon 
whether the cbcuit is inductive or condensive. If Xn be the 
reactance for the nth harmonic, its value is given in equation 
(727) in terms of the fundamental frequency and the inductance 
and condensance of the circuit. 


r 1 eXl 

Xn = ncoL- n^jxi - 

ncoG n 


(727) 


Of*. o». 

Xz = 3ta;i —3^ > ^ 


tajtt = —-4^ 

r r rnooC 


COB 8n = 


Vr^ + *»* 


r 


rin 

E„ 


(728) 

(729) 

(730) 


Hence, 
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O') Resonance in Circuits with Distorted Current and Voltage 
Waves.^—Since any complex wave may be separated into a series 
of sine waves of multiple frequency, and each harmonic acts inde¬ 
pendently, the effect of a distorted voltage wave is equivalent to 
the resultant of the component sine waves. While the induc- 
tanee and condensance are constant, the inductive and condensive 
reactances are different for the several harmonics. For reso¬ 
nance th.e inductive and condensive reactances or susceptances 
must be equal. Hence resonance can occur only for one fre¬ 
quency. This is illustrated in Fig. 469. A voltage wave repre- 




Fiq 469 


sen ted by equation (731) was impressed on one end of an artificial 
transmission line with the ammeter and voltmeters connected as 
shown in the circuit diagram. 

e = 100 sin (wO — 28 2 sin (ScoO + 5.4 sin (5a)f) (731) 

By varying the frequency of the impressed voltage and readmg 
the charging current at the generator end and the voltage at the 
receiver end the data for the two curves were obtained. The 
natural period of the line was 223 cycles. Note the increase in 
J and Er when / = 44.5 and for / = 74. Also that 44.5 X 5 = 
222.5; and 74 X 3 = 222. That is, for / = 44.5, the circuit was 
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in resonance with the fifth harmonic, and for f = 74, resonance 
was produced by the third harmonic. The increase is approxi¬ 
mately proportional to the relative magnitude of the two 
harmonics in the impressed voltage wave. 

It should also be noted that for some frequencies the current 
may be leading for one harmonic and lagging for another. Thus 
for frequencies giving resonance for the third harmonic, 

a:, = 3«L - ^ “ y = 0 (732) 



At this frequency the fundamental has a leading current, since 

ici = ojL - ^ (733) 

must be negative and therefore condensive; while the fifth, 
seventh, etc. harmonics must have lagging currents, since 

OJs = finJri - X7 = 7^1 - Y'f (734) 

are positive and therefore inductive. 

(fc) The Standard Wave Form.—In small plants operating at 
low potential the current and voltage wave forms are of minor 
importance. As this was the general condition in the early 
development of the electrical industry little attention was given 
to wave forms. The vast extension of electrical distribution 
systems, the development of enormous central stations and the 
necessity of operating long-distance transmission lines at high 
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potentials demand very careful attention to all factors that may 
produce wave distortion. 

Two requirements may be considered as fundamental for the 
wave form in constant-potential systems; 

1. In parallel operation the waves generated should be equal 
at aU instants so as to avoid cross-currents, 

2. The differentials and the integrals of the curve should have 
the same shape as the generated wave. 

For alternating currents, generated by rotating machinery, 
both requirements are met by the simple sine wave. Consider 



the two voltage waves in Fig. 470, an oscillogram taken from two 
small generators (35 and 60 kv.a.) operating in parallel in an 
isolated plant. Machine No. 1, €i, gives almost a simple sine 
wave, while in machine No. 2, ca, both the third and fifth harmon¬ 
ics are present. It is evident that for all instants during which 
the two waves are not equal the difference in the voltages causes 
cross-currents to flow through the two armatures. The addi¬ 
tional RP losses reduce the eflficiency and also raise the tempera¬ 
ture above the value which would obtain for the same load if 
the machines operated independently. Since the permissible 
output, or rating, of well-designed electrical machines is based 
on the temperature rise, the cross-currents reduce both the rating 
and the efficiency of the alternator. In Fig. 471 is shown an 
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oscillogram of two larger units (500 and 1,500 kv.a.) operating 
in parallel on the same busbars. Machine No. 1, ei, has a 
marked eleventh, and machine No. 2, 62 , has a strong twenty- 
fifth harmonic, and instantaneous values of the two waves differ 
at most points. 

In the induction motor the harmonics are likewise undesirable. 
In a rotating field the fundamental alone produces the useful 
torque, while the harmonics increase the losses and may cause 
undesirable stresses on the dielectric. 

As already explained, the harmonics may produce entirely 
different effects from the fundamental while passing through an 
extensive distribution system. For instance, resonance condi- 
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tions for one harmonic in some section of the system may greatly 
magnify the distortion and cause excessive pressures or abnor¬ 
mally large currents. 

The basis for the second requirement is found in the funda¬ 
mental law of magnetic and dielectric induction, as may be 
readily seen from equations (735) and (736). In a simple series 
circuit. Fig. 472, the instantaneous voltage is: 




For a simple parallel circuit, as in Fig. 432, the instantaneous 
current is: 


i 


e fedt 



(736) 


Letting i = "7 sin (o)t) for equation (735), and similarly e = 
'"E sin (coi) for equation (736), the total voltage and current 
waves are of the same simple sine form, of the same frequency 
and are merely displaced in time-phase position. For any other 
wave form there is distortion so that the total voltage wave in 
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equation (736) is not of the same shape as the current; nor is the 
total current wave in equation (736) like the impressed voltage. 

The chief unavoidable factor producing distortion in the wave 
forms is the variable permeability of iron. The effect is, of 
course, greatest in iron-clad circuits. Many other causes, 
which offer a constant menace to satisfactory operation, are often 
present in commercial systems due to faulty design or construc¬ 
tion, The generated voltage wave should approximate very 
closely the standard sinusoidal form, and the system should be so 
constructed as to eliminate as completely as possible all sources of 
wave distortion. 

PROBLEMS 

1. A generator having an effective inductance of 0.01 henry and a resist¬ 
ance of 0 1 ohm is connected to a series circuit consisting of a 10-mf con¬ 
denser, a 0.1-henry inductance and a 10-ohm resistance The generated 
wave of the generator is represented by 

eo *= 100 sin + 20 sin {Zwt + 30*) + 10 sin (JSwt + 16®) 

The frequency is 60 cycles per second for the fundamental. Plot waves of 
current and voltage across the inductance in rectangular coordinates. 

2. What are the effective voltages across each umt in the senes circuit 
in problem 1 ? WThat is the effective current? What is the average power? 
"What is the relation between the cosine of the angle of phase difference 
between fundamental current and terminal voltage and the average power 
divided by the effective volt-amperes? 

3. In Fig. 473 let Co = 100 sin loi + 30 sm (6«rf + 16®) 

r = 10 ohms 
L <= 0.1 henry 
C = 100 mf. 

/ = 60 cycles 

(а) Find J^o, J, J, J and /o. 

(б) Write the equation for U. 

(c) Plot curves in rectangular coordination for e and t. 

For Experiments see page 602. 
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PROTECTIVE APPLIANCES 

In all electric plants safety devices are installed for protection 
against abnormal conditions. Even under normal operating 
conditions the stresses may vary greatly under changes of load, 
and especially while starting or stopping machines may reach 
several times the average values. The extent of this variation 
may be calculated and the maximum stresses must be provided 
for in the design of the apparatus. Auxiliary apparatus, like 
starting autotransformers, are used to lower the impressed volt¬ 
age; and circuit breakers and fuses are inserted to protect against 
excessive currents. Speed control is centered in the governor of 
the prime mover. Any changes in the load must be balanced 
by a similar change in the amount of energy supphed by the 
prune mover. The action of the governor can not, however, be 
instantaneous and there will always be a certain lag in the adjust¬ 
ment of the energy delivered by the generator to the amount 
received by the load. Hence after a decrease in load the gen¬ 
erators and motors receive more energy than is delivered; and 
conversely, for an increase in the load the amount delivered is 
greater than that received. The difterence must be stored in or 
taken from the system and causes changes chiefly in the kinetic 
energy of the rotatmg machinery. Any change in the load must, 
therefore, be counteracted by rapid and effective action of the 
governor of the prime mover in order to obtain, as nearly as 
possible, the constant speed required for constant frequency. 

Abnormal conditions are, of course, transient phenomena, 
and an extended discussion does not come within the scope of 
this book. However, a brief statement of two important groups 
of dangerous disturbances will be given in order that one may 
more readily understand the hmitations imposed on operatirg 
conditions for alternating-current systems. 

(a) Lightning. 

(b) Short circuits and arcing grounds. 
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(a) Lightning .—Lightning is a complex phenomenon and for 
many of its manifestations no satisfactory explanations have been 
found. Several factors, however, have been determined with 
sufficient accuracy, so that apparatus can be constructed that 
effectively protects electric systems against damage from light¬ 
ning disturbances, except in extreme cases. The thunder cloud, 
the earth and the intervening air form a gigantic dielectric 
circuit, or condenser. The voltage difference between the earth 
and the cloud becomes very great, often reaching millions of 
volts before a disruptive spark, or lightning stroke, suddenly 
relieves the dielectric stress. The duration of the stroke is 
extremely short, a small fraction of a second, while the current, 
and especially the power, are very great, in some cases probably 
millions of kilowatts. The amount of energy released from the 
dielectric circuit, and suddenly transformed into light, heat, 
sound, mechanical work and chemical reactions, varies widely, 
and may be only a few Idlowatt-hours. It is the extremely rapid 
rate of transformation in the stroke that makes the lightning 
phenomena so destructive, although in most cases the total 
amount of energy involved may be comparatively small. The 
sudden break in the stress on the electrically elastic air at any 
one point necessitates a readjustment of the energy stored 
dielectrically under the whole cloud. This, although a secondary 
effect, may produce violent disturbances, that may cause damage 
at a considerable distance from the actual stroke. This readjust¬ 
ment may cause damage far away from the lightning discharge, 
particularly in long-distance transmission lines, as the metaUio 
conductors, insulated from the ground, provide special rapid- 
transit routes for equalizing the energy distribution. The 
lightning cycle may be described as consistmg of three stages: 

1. A gradual increase in the difference in voltage between 
the earth and the thunder cloud, with a corresponding increase 
in the stress on the electrically elastic air, and in the amount of 
dielectrically stored energy. 

2. When at any time and place the sparkover gradient is 
reached, a lightning stroke follows. A large portion of the 
dielectrically stored energy in a hmited space near the point of 
discharge is transformed, at an extremely rapid rate, into light, 
heat, sound, mechanical work and chemical reactions. 

3. A rapid readjustment of the energy distrxbution in all 
parts of the complex dielectric system. The rate of readjust- 
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ment is greatest nearest the point of discharge, and directly 
after or during the discharge 

The cycle then repeats, a gradual increase of the stress until 
the spark-over gradient is reached; a sudden release of the 
stress with energy transformation; and a rapid readjustment of 
the energy distribution in the dielectric S 3 ^tem. In addition 
to the lightning discharges the continuous change in shape of the 
cloud and its motion relative to the earth produce a correspond¬ 
ing change in the dielectric circuit. This necessitates a continu¬ 
ous change in the energy distribution whether or not the voltage 
gradient be sufficient to produce a spark discharge. The rate of 
change in the form and in space position of the cloud is relatively 
slow, and hence the corresponding energy changes seldom cause 
any violent disturbances. The conductivity of the cloud, a 
variable factor, while greater than that of the intervening air, 
is much less than for metallic conductors. For clouds covering 
wide areas, only the energy stored in a limited space near the place 
of discharge is released by any one lightning stroke. So many 
variables, as the shape of the cloud, its distance from the earth, 
the contour of the earth’s surface, the conductivity of the space 
filled by the cloud, the condition of the air between the cloud and 
the earth, variations and changes in the temperature, humidity, 
wind, precipitation and similar factors make general quantitative 
calculations impossible. Hence, although the nature of lightning 
phenomena are, in general, known, the several factors that enter 
into the problem may vary widely, and the local conditions of 
individual transmission lines may so modify any specific case 
that no definite predictions can be made. In general, lightning 
and other atmospheric causes produce disturbances of very high 
voltage, and may be of any degree of intensity according to the 
proximity of the discharge to the circuit in question, 

(6) Short Circuits. Arcing Grounds .—Frequently the internal 
disturbances produce a breakdown of the insulation followed 
by a short circuit, or an arcing ground. Other causes, such as 
the sudden operation of switches or circuit breakers, or the occur¬ 
rence of resonance may also produce disastrous results. Usually 
the disturbances from internal causes are of low voltage and low 
frequency but often of very large current. On constant-potential 
S 3 ^tems the generators and prime movers automatically tend to 
hold the voltage at the normal value, and hence under short- 
circuit or arcing-groimd conditions enormous currents may flow. 
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With the entire power of the station forcing energy into the break, 
the results may be very destructive. Intermittent arcing grounds 
are especially dangerous because they impose a succession of 
severe strains on the apparatus. The arc may start oscillations 
of almost any frequency, and it is therefore extremely dangerous, 
since it may cause resonance or destructive surges in almost 
any system. 

Protective Apparatus.—^Whether the source of the disturb¬ 
ance be from external or internal causes, or a combination of both, 
the dangerous abnormal conditions consist of high voltages, 
excessively large currents or high frequencies. Since these 
factors all refer to a transient flow of energy, the abnormal con¬ 
dition may be transferred from one factor to another in passing 
through parts of the electric apparatus. Thus a high-frequency 
current passing through an inductive reactance, as a transformer 
winding, generates in the first few turns an abnormally high 
voltage that may puncture the insulation Although most of 
the dangerous disturbances are caused by external forces, as 
lightning and wind storms, and first affect the transmission 
line, the protective appliances are installed primarily to shield 
the station apparatus. One of three fundamental ideas underhes 
all protective installations: 

1. To provide a low-resistance path to ground by which the 
energy in the transient may be removed from the system. 

2. To open the circuit automatically and thus cut off the 
portion of the system having trouble. 

3. To limit the energy flow between sections of the system, 
until the short-circuited portion may be isolated. 

A. Arresters.—The first type deals chiefly with high-voltage 
and high-frequency disturbances, and, in general, may be 
classified as arresters. While a great variety of appliances have 
been tried, only a few types are in general use, namely: 

(a) Special ground wire. 

(b) Hom-gap arresters. 

(c) Sphere-gap arresters. 

(d) Reactors. 

(e) Non-arcing metal arresters. 

(f) Compression chamber arresters. 

(g) Electrolytic arresters. 

(h) Oxide film arrester. 
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(а) Special Ground Wire. —Long-distance transmission lines 
are often provided with an extra wire or stranded cable supported 
on the tops of the poles above the regular transmission wires. 
This conductor is grounded at frequent intervals, preferably at 
every pole. The ground is thereby brought above the trans¬ 
mission line and hence the dielectric stress in the air, due to 
lightning and other atmospheric disturbances, near the trans¬ 
mission wires and insulators is greatly reduced. Since the ground 
wire is parallel to the transmission wires, it also dampens any 
impulses or surges that travel along the Hne, thus aiding the 
station arresters. Although the groimd wire is on top of the 
transmission line, its chief service is to prevent external disturb¬ 
ances from reaching the station apparatus, the protection of the 
transmission line itself being of secondary importance. 

(б) Horn-gap Arresters .—Two curved wires, bending away 
from each other, as shown in Fig. 474, form the horn-gap arrester. 



* Fig. 474. 


One side is connected to the line wire, 
and the other to ground, usually in se¬ 
ries with a resistance or an electrolytic 
arrester. If the voltage gradient ex¬ 
ceeds the spark-over value, a discharge 
occurs across the narrowest part of the 
gap and an arc is formed. The path of 
the current through the lower portion 
of the hom-shaped wires and the bridg¬ 
ing arc is in the shape of an inverted U, 
and the magnetic field on the inside 
of this curve forces the arc upward, 
thereby increasing its length, until the 
arc breaks. The heat liberated by the 


arc produces air currents that, to some extent, aid the magnetic 
forces in breaking the arc. The cycle repeats until the voltage 
gradient in the gap is less than the spark-over value. 

Since the arc resistance is very low, ii one side of the gap is 
connected directly to ground, the discharge becomes a short- 
circuit, The simple horn gap is therefore not used alone except 
in special cases for protection against such violent disturbances 
that even a short circuit is preferable. At places of special 
danger on long transmission lines, as where the line crosses a 


range of hills, the simple hom-gap arrester is sometimes installed 
to guard the system against direct strokes of lightning. For this 
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service the horns are spaced further apart than at the station 
and therefore the arrester operates only for disturbances of 
exceptional violence. The horn gap is widely used in connec¬ 
tion with a resistance and in combination with reactors and 
electrolytic or oxide film arresters to give the desired protection. 

(c) Sphere-gap Arresters ,—The sphere-gap arrester is similar 
in construction to the horn-gap arrester, except that two hemi- 



Fig 476.—Covered hemisphere gap as used on outdoor type oxide film arrester 
26,000-37,000 volts. {General Electric Co ) 


spheres are used in place of the curved wires or horns, as illus¬ 
trated in Fig, 475. One of the hemispheres is connected to the 
line wire and the other to ground through a resistance in series 
with reactor and oxide film arresters. The difference as well as 
the similarity of the electrical characteristics of the sphere-gap 
and hom-gap arresters can best be made clear by briefly reviewing 
the basic principles of electric conduction through gases. 

When a spark gap in air is excited from a source of potential, 
the air in the vicinity of the gap electrodes becomes ionized, to 
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a degree depending on the intensity of the electric field. The 
ionization of the air, which means the tearing apart of the atoms 
or molecules into positive and negative parts, begins at a definite 
gradient (see Chap. XX) or for a given gap at a definite voltage. 
This tearing apart of the air consumes energy, and since energy 
involves a time factor, tine is required to ionize the air. As 
soon as the ionization has produced a saturated path of conduct¬ 
ing ions from one electrode to the other, a discharge takes place 
along this conducting path, that is, the gap arcs over. The 
interval of time elapsing from the instant when the voltage 
reached the breakdown value until the moment spark-over occurs 
is called the Zo^. 

K a uniform field exists anross the air gap, the whole space will 
be subjected to the same gradient, and hence ionization will 
occur uniformly throughout the whole length of the gap, as soon 
as the field intensity has reached the critical value. The time 
lag of such a gap will be a TniniTnum, and spark-over will occur as 
soon as the necessary disruptive energy can be delivered. It is 
obvious that a form of gap which does not establish a uniform 
field will not be uniformly ionized from the instant the critical 
voltage is reached. At first a saturated field will be produced 
in the region of greatest intensity, as, for instance, at the points 
of a needle gap, and discharge, corona, will take place from the 
electrodes across this saturated region to the non-ionized space 
beyond. The corona is a conductor and its formation virtually 
enlarges the electrodes until, finally, with the increase of voltage, 
a path of good conductivity is established across the entire gap. 
Spark-over then follows. The tune required to break down such 
a gap progressively is longer than the simultaneous breakdown 
the whole distance across a uniform field gap, i.e,, its time lag 
is greater. Although this time interval is actually very small, 
yet, in comparison with the time required in the uniform field gap, 
it is relatively large. Therefore the time lag of the uniform field 
gap is small—^in fact, it is practically neghgible, while the time 
lag of the non-uniform field gap is comparatively large. 

The voltages which can be applied to a gap vary greatly in 
their rate of change. For instance, a 60-cycle sine wave changes 
very slowly in comparison with a lightning impulse. In terms of 
microseconds (millionths of a second), it takes over 4,000 such 
time units for a 60-cycle wave to change from zero to its maxi¬ 
mum value. A 1,000,000-cycle impulse would require only 
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microsec. to reach its peak. If the voltage across a gap has 
risen slowly during the ionization process, so that the breakdown 
value finally reached has prevailed for a relatively long time (as, 
for instance, a 60-cycle sine wave), the spark-over wiU have 
time to occur before the voltage increases appreciably above the 
critical value. The moment of spark-over will follow the instant 
when breakdown voltage is reached by some definite time inter¬ 
val, i.e., by a certain time lag for this kind of a voltage wave. 
On the other hand, if the voltage has risen rapidly, and con¬ 
tinues to rise rapidly after the 60-cycle breakdown value is 
passed, the time required to saturate the gap will be different and 
less than before, although during this interval the voltage greatly 
exceeds the 60-cycle breakdown value. This will be the result 
when an impulse of steep wave front and of a maximum voltage 
much higher than the 60-cycle breakdown value is apphed. At 
the moment when the 60-cycle breakdown value is reached, the im¬ 
pulse wave is increasing so rapidly that it rises to a much higher 
value before the necessary time elapses to establish a flash-over. 

It is therefore apparent that time lag depends on both the 
character of the gap and the nature of the voltage wave. Since 
in a uniform field gap the ionization occurs simultaneously 
throughout the field, it is obvious that spark-over will occur 
in such a field practically as soon as the critical voltage is reached, 
regardless of whether this voltage is relatively constant or rapidly 
increasing. In other words, smce the time lag of such a gap is 
so very small, even with respect to a high-frequency wave, the 
breakdown occurs at essentially the same value of the voltage, 
regardless of its rate of change. Such a gap is approximated by 
two smooth spheres placed close together. A sphere gap 
therefore sparks over at approximately the same voltage value, 
independent of frequency. In the non-uniform field gap, how¬ 
ever, the lag is so much greater than the uniform field gap that 
rapidly rising voltages have time to reach greater values than 
the 60-cycle spark-over value before ionization is completed and 
the gap discharges. This higher value of spark-over voltage 
obtained with a high-frequency impulse is commonly called the 
impulse spark-over in distinction from the 60-ci/cZe spark-over 
value. The ratio of the impulse spark-over to the ^0-cycle 
spark-over is termed the impulse ratio* This impulse ratio is 
dependent upon the time lag of the gap, and consequently upon 
the gap-end form of voltage wave. 
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To restate these principles: (1) A uniform field gap has small 
and negligible time lag, and is called fast It discharges low- 
frequency (or continuously applied) voltages and high-frequency 
(or steep wave front) impulses at the same value, i.e., its 60-cycle 
spark-over and impulse spark-over are the same. The impulse 
ratio is therefore unity. A sphere gap approximates this type. 
(2) A non-uniform field gap has large and influential time lag, 
and is called slow. Its impulse spark-over is higher than its 
60-cycle spark-over, and hence its impulse ratio is greater than 
unity, depending on the type of gap and shape of the impulse 
wave. The needle gap is an extreme form of this type. 
Between the extremes of the uniform field gap and the non-uniform 
field type, as illustrated by spheres and needles, there are all the 
intervening forms. The horn gap so common on lightning 
arresters is one of these intermediate forms. The gap across 
line insulators from line to tower is another. Likewise, a high- 
voltage bushing is still another. When several such gaps with 
different characteristics are placed in parallel and subjected to 
the same impulses, it is clear that they will not behave alike. 
The fastest gap wiU discharge first and prevent the others from 
flashing over, the fast gap becomes a protective device for 
the slow gap. 

To illustrate this principle, assume three gaps in parallel, a 
sphere gap, a horn gap and a needle gap. Suppose their spacing 
is such as to give the same 60-cycle spark-over. If a steep 
impulse is then applied, the spheres only will spark over. If the 
spheres are then disconnected, the horns only will spark over. 
In both cases, the needles, being slow, are protected by the faster 
gap. Suppose again that spheres set for 250,000 volts, 60 cycles, 
are paralleled with horns set for 140,000 volts, 60 cycles (aU 
voltage values refer to maximum peak values). A slanting wave 
will spark across the horns. A steep impulse will spark across 
the spheres, although set for 1.8 times the 60-cycle spark-over 
voltage of the horns. The fast spheres thus protect the slower 
horns, when a steep wave front impulse is applied. On a trans¬ 
mission system having many forms of air gaps in parallel, it is 
necessary for proper protection that the intended protective 
gaps should be fast and aU other gaps slow. Hence the applica¬ 
tion of spheres to lightning arrester gaps. 

(d) Reactors, Electrically, reactors are merely low induc¬ 
tances that may be connected in series with the transmission- 
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line wires where they enter the station. Mechanically, the 
reactors consist of a few turns of wire arranged in a spiral or 
helical form with sufficient spacing to withstand high voltages. 
The chief function of the reactor is to prevent any high-fre¬ 
quency disturbance on the line from entering the station. Since 
the reactance of the reactor is directly proportional to the fre¬ 
quency, any high-frequency current from the line produces high 



Fig. 476.—Cylmdrioal choke coil or reactor arrester for outdoor sorvioe. 200 
amp. 16,000 volt. {Oenerdl Electric Co,) 


voltages across the reactor. An arrester is usually connected 
between the ground and a point on the line just outside the 
reactor. The high voltage produced by the high-frequency 
current in the reactor operates the arrester and the transient 
energy is shunted to ground. 

The energy content of these transients is in most cases small, 
but may be sufficient to produce a puncture in the insulation. 
In the air-msulated reactor the rupture is automatically repaired, 
but in the solid insulation of the transformer windings the 
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breakdown persists and the normal busbar voltage may be 
sufficient to enlarge the rupture and produce a short circuit and 
bum-out. If no reactors are installed it is customary to provide 
specially heavy insulation on the terminal turns of the trans¬ 
former as a protection against the high voltages induced by the 
transient high-frequency currents. In systems having long¬ 
distance transmission lines reactors must be used in combina- 



Fig 477.—Pancake tyi>e of reactor arrester (Weatinghouae Elec. & Mfg. Co.) 

tion with ejctra heavy insulation on the terminal turns of the 
transformers. 

Two types of commercial reactors are shown in Figs. 476 
and 477. In some designs the inductances of the two types are 
in the ratio of 1:10 or more. Where still larger inductances are 
required, as in mountainous districts having severe thunder 
storms, the arresters, of the pancake type, are enclosed in iron 
tanks and submerged m oU. Pancake types are at the present 
time not used on systems above 26,000 volts. 
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Reactors do not dissipate the energy in the high-frequency 
disturbance but merely reflect the transient back on the trans¬ 
mission line. Unless a path to ground or some means of dissipat¬ 
ing the energy in the transient is provided, the disturbance is 
transmitted to other parts of the system, and may break through 
the insulation at some other point or surge to and fro in the line 
until dissipated by the rP losses. In order to remove the energy in 
the high-frequency disturbance from the system a path to ground 
is generally provided through a lightning arrester. The reactors, 
therefore, are merely magneto-induction buffers that reflect the 
high-frequency disturbance back on the line. When the tran¬ 
sient is reflected the voltage rises, and, if high enough, the lightning 
arrester, connected to the line close to the reactor, operates and 
removes the energy of the transient from the system. 

(e) Non-arcing Metal Arresters .—^When a discharge occurs 
between copper electrodes, a vapor stream of low resistance 
bridges the gap. The high resistance of the air gap is thus 
changed into a fairly good conductor. Similar results follow 
if the electrodes are made of other metals. But if certain alloys 
of zinc are used as terminals, the vapor formed by spark-over has 
a rectifying property which tends to prevent the current from 
flowing in the reverse direction during the next half cycle. 
This property of the so-called non-arcing metal tends to limit 
an alternating-current arc to one-half cycle. The non^-arcing 
metal arrester consists essentially of a series of knurled cylinders 
of a non-arcing alloy separated by small air gaps. In general, 
the series of air gaps is combined with resistance in order to 
extend the voltage range of the arrester. On the basis of these 
combinations the non-arcing metal arresters may be divided 
into four groups: 

1. A series of gaps between non-arcing metal cylinders, Fig 478. 

2. Series of gaps as in group 1 connected in series with a 
resistance. 

3. Two series of gaps as in group 1 connected in series, with one 
of the sets shunted by a resistance. 

4. Combination of groups 2 and 3. 

Group 1 is the simplest in design, but can be used only on small, 
low-voltage plants, upper limit 500 kw. and 2,500 volts. For 
higher voltage the rectifying property of the alloy used is not 
suflicient to break the arc if once formed. In group 2 the series 
resistance linuts the current, and thereby aids the gaps in 
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breaking the circuit. This type may be used on plants of any 
capacity, and for a wide range in voltage, usually up to 22,000 
volts. It may be used to advantage on higher voltages and has 
given satisfactory service on 33,000 volts. The series resistance 
must be increased with the voltage and this limits the initial 
discharge. Tor higher voltages the protection given by the 
arrester is reduced, as the apparatus does not give a free path 
to ground for heavy discharges. 
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Fia, 478.—Non-arcing metal cylinders. Lightning arrester. 


In group 3 the advantages of group 1 are extended to higher 
voltages and larger stations. A free path to ground is provided 
for the initial discharge when the voltage is high enough to arc 
across both sets of series gaps. The resistance forms a bypath 
and thereby the voltage across the shunted gaps is reduced until 
the arc goes out. The resistance then reduces the power current 
following the discharge until the arc is broken in the series gaps. 

Group 4 is the complete form of the non-arcing metal arrester 
and is known as the multigap or low-equivalent type. It may 
be used in stations of any capacity and for a wide voltage range. 
While this type is stUl used, it has been largely superseded by the 





Fig. 479,—Sectional view of pellet lightning arrester rated 1,000 to 3,000 volts. 
Type OF. {General Electric Co ) 

in series. The gap nearest the line will have the largest and the 
gap nearest the ground the least voltage on account of the com¬ 
bination of parallel and series dielectric circuits between the 
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metal cylinders themselves and to ground. The combination 
of series and parallel dielectric circuits is similar to that explained 
in detail for string msulators m Chap, XX. The conditions are 
so variable, quantitatively, in different installations, due to the 
dimensions of the dielectric circuits to ground, that it is customary 
to provide an adjustable spark gap in addition to the series of 
non-arcing metal gaps, by which the spark-over voltage of 
the arrester may be adjusted to suit the conditions of each 
•mstallation. 

The multigap non-arcing metal arresters have been largely 
superseded by the compression chamber arrester or the pellet 
arrester. Fig. 479, on low-voltage distribution networks, and by 
the electrolytic arrester, Fig. 483, or the oxide film arrester^ Figs. 
485 and 486. 

if) Electrolytic Arresters —The elemental unit in the electro¬ 
lytic arrester is a cone-shaped aluminum tray immersed in an elec- 



Pio 480 —Volt-ampero charactenstic cun’-e for direct currents. 

trolyte and so placed that the current flowing in the electrolyte 
passes through the tray. The current passing through the 
aluminum forms a thin surface layer of aluminum hydroxide 
having a very high resistance. For higher impressed voltages 
the hydroxide film becomes thicker and the resistance increases 
up to a cnUcal voltage. For pressures above the critical voltage 
the hydroxide film breaks down and the high resistance is then 
removed from the circuit. While the range between partial 
and complete breakdown of the hydroxide layer is small, the 
critical voltage is a fairly definite value, as shown by the sharp 
bend in the curves in Figs. 480 and 481. It is affected by the 
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electrolyte used, the wave shape and other factors. If the cur¬ 
rent passes through several trays in series, the total resistance 
and likewise the total breakdown voltage are increased in pro¬ 
portion to the number of trays. Arresters designed for service 
on high-voltage systems, therefore, have a suj0B.cient number of 
trays arranged in series so that the voltage per tray is less than 
the critical voltage. For alternating currents it is customary 
to let the normal operating voltage be 300 volts or less per tray. 
Hence, for a system having 44,000 volts tone utral the electro¬ 
lytic arrester should have at least 150 trays. 



Fig. 481.—Volt-ampero characteristic curves for alternating currents. 

The shape and arrangement of the aluminu m trays, the space 
filled by the electrolyi;e, the oil insulation and terminal leads 
are shown in Figs. 482 and 483. The oil insulates the trays, 
conducts the heat away and prevents evaporation of the elec¬ 
trolyte. It also prevents the electrolyse from splashing out of 
the tray during discharges. The shape of the tray is usually 
conical or a double cone for large sizes, but always so designed 
that gas bubbles formed during the discharge may escape. To 
provide a path of sufliciently low resistance so as to afford the 
required freedom of discharge when the high-voltage disturbance 
disrupts the hydroxide films, the cross-sectional active tray area 
is from 90 to 100 sq. in. 

With the arrester connected to the line a small current flows 
below the critical voltage as indicated by the curves in Figs. 
480 and 481. For direct currents this is strictly a leakage cur¬ 
rent. For alternating currents the susceptance formed by 
the aluminum trays takes a charging current in addition to 
the leakage through the resistance of the hydroxide films. The 
leakage current wastes energy which, if flowing continuously, 
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j the electrolyte to a temperature that may impair the 
sufciveness of the arrester. To eliminate both the energy loss 
undesirable rise in temperature a horn gap is installed be¬ 
tween the electrolytic arrester and 



the line as shown in Fig. 484. 

The formation of a uniform and 
continuous hydroxide film requires 
great care and, moreover, the hy¬ 
droxide film, once formed, is slowly 
dissolved by the electrolyte. To 
keep the film in good condition it is, 
therefore, necessary to send, at inter¬ 
vals, a current through the arrester 
for a few seconds. This is called 
charging the arrester, and is accom¬ 
plished by short-circuiting the horn 
gap through a resistance. For com¬ 
mercial systems it is customary to 
charge the arresters once every 24 hr 
Under ordinary operating conditions 
the horn gaps prevent any current 
from flowing through the electrolytic 
arresters. The spacing of the horn 
gaps is adjusted so that any dan¬ 
gerous high-voltage disturbance on 
the line jumps across the gap. The 
arc thus formed has low resistance 
and the high voltage impressed on 
the electrolytic arrester disrupts the 
hydroxide films, thus forming a low- 
resistance path to ground through 
which the energy of the transient is 
conducted to ground. When the 
transient voltage drops below the crit- 


Fig 482 — Aluminum trays voltage, the aluminum hydroxide 

ance thus automatically inserted cuts 
down the current until the arc in the horn gap breaks. 


For low-voltage, high-frequency disturbances coming from the 
line, the reactors reflect the wave, causing the voltage to rise 
until an arc breaks across the horn gap, and to disrupt the 
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hydroxide resistance films in the electrolytic arrester. A low- 
resistance path is thus formed, through which the energy of the 
transient passes to ground. 

Although the combination of reactors, horn gaps and electrolytic 
arresters protects the plant for practically all types of high-voltage 
and high-frequency disturbances coming from the transmission 
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Pig. 483. —Crosa-seotion of an aluminum arreater. ((?eneraZ Electrio Co,) 


line, this type of arrester is being replaced by the more effective 
and more easily operated oxide film arrester, Figs. 485 and 486. 
For grounded systems three electrolytic arresters are connected 
to a neutral point. For ungrounded systems the three arresters 
are also connected to a neutral point, and in addition a fourth 
arrester is placed between the neutral point and ground, as shown 
in Fig. 484 
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The electrolyte generally used is a solution of ammonium 
tetraborate for installations where the temperature does not 
fall below 5°C. Below this temperature this solution freezes. 
In colder climates a mixture of ammonium tetraborate and 
ammonium tartarate is often used. As the tartarates dissolve 
the hydroxide film faster than the borates, it is not desirable to 
use the mixture except under low-temperature conditions. 



Fio 4S4.—Hom-gap and electrolytic arresters Non-grounded system. 

{g) Oxide Film Arrester .—The arrester consists cf a set of 
oxide film cells connected in series in a manner similar to the 
alummum disks in the electrol 3 rtic arrester. The cells are 
disk-shaped, about 73^ in. in diameter and % in. thick. Each 
cell is made of two circular sherardized steel plates crimped firmly 
to the edges of an annular piece of porcelain. A powder, lead 
peroxide, which has very low resistance, compactly fills the space 
between the metal plates. The inside of the metal plates is 
covered with a varnish film which is an insulator. The number 
of cells used in an arrester is such that the voltage per cell is 
approximately 300 volts. 

When a Ughtning voltage sparks over the gaps it is impressed 
on the cells and breaks down the insulating coating on the metal 
plates. The breakdown occurs in the form of a small puncture 
of the film coating. The metal plates are not punctured. As 
soon as the film gives way, a discharge current flows through the 
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cells to ground, thus relieving tke lightning pressure. The 
flow of current through the cells immediately causes a chemical 
change, by heat, in the lead peroxide at the point of puncture 



Fig. 486.—Oxide film lightning arrester for indoor service, on 3 phase circuits 
16,000-26,000 volts, type OF. {General Electric Co,) 


The lead peroxide is changed to red lead and litharge, which have 
a very high resistance. Thus, following the lightning discharge, 
a very high resistance, amounting practically to insulation, is 
automatically put into the discharge path. This cuts off the flow 
of generator current that would otherwise follow the lightning 
discharge, and the arcs in the gaps die out. If the potential 
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jfficiently high to break down the 
..ed at some other point on the surface 

j*ough the stack a minute area of the 
placed by a red lead or litharge film, which 
insulating value. With continued service 
36 over the active area of the plate, so that 



Fig. 486. —Oxide film lightmiig arrester for outdoor servioe on three phase 
cirouita, 37,00CM:6,200 volts. Type OF. (general Electric Co.) 

the varnish film is more or less replaced by the litharge or red 
lead film, and this, in turn, will act as the active film and be broken 
down by excess potentials with consequent sealing-up action with 
a higher insulating value of film. Thus the film gradually 
thickens and becomes of higher breakdown voltage with resultant 
decrease in the protective value of the arrester. It is evident 
that the effective hfe of the cell, while not unlimited, is much 
longer than represented by the original active area of the plates. 

All arresters are equipped with sphere gaps. Fig. 485. The 
1,000- to 7,500-volt arresters actually have horn gaps, but 
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the curvature and size of the horns are such, with respect to the 
gap, that the effect is the same as if sphere gaps were used. The 
sphere gaps give the highest obtainable speed of discharge from 
the most dangerous kind of lightning disturbances—^impulses 
of steep wave front, 

For the outdoor arresters, Fig. 486, the sphere gaps are 
covered so that the gap setting, not being affected by rain, can 
be made the same as for the indoor arresters. 



Fio. 487,—Inverse time element, overload relay. 


B, Relays.—Aside from protection to life, continuity of service 
is of paramount importance in the operation of all electric systems. 
The larger the system the more important is the necessity for 
continuous service. Likemse, the larger the system the more 
frequent will be the occurrence of short circuits that may cause 
shutdown. The enormous increase in the size of central stations 
during the past few years has, in a measure, been due to the 
successful operation of selective apparatus that automatically 
cuts out any part of the system in which a short circuit develops. 
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thus permitting the greater portion of the plant to operate with¬ 
out interruption. This automatic, selective action is obtained 
by means of some form of relay, which may be defined as an 
auxiliary device, that operates and transmits its a.ction to another 
independent piece of apparatus on the occurrence of * some 
predetermined condition in the electric circuit. Mechanically a 
relay consists: first, of a coil, or coils, connected to the circuit it 
controls; second, a movable part whose motion, is determined by 
the current in the coils; and, third, a contact device operated by 
the movable part, controlling the circmt that operates a switch 
or circuit breaker. The relay must operate only for those 
disturbances for which it has been designed and only when the 
disturbances are in the part of the system tmder its control. 
Relays of great variety are in commercial use, and may be classi¬ 
fied in several ways. The nature of the disturbance is a funda¬ 
mental factor and may be used as a basis for classification; also, 
whether the switch or circuit breaker controlled by the relay 
opens or closes the circuit. However, the ihost important factor 
in the service desired from the relay is the time elapsing between 
the occurrence of the disturbance and the operation of the con¬ 
tact device. Only the essential features determining the time 
elements of relaya designed for protection of excessive currents 
or reversal of power due to short circuits on the system will be 
mentioned, namely: 

(a) Instantaneous relays. 

(b) Definite time relays. 

(c) Inverse time-limit relays. 

(d) Reverse power relays. 

The nature of the disturbance and' the general plan of the 
system determine which type should be installed at various 
places in the system. These factors are referred to only inciden¬ 
tally in explaining the characteristics of the relay mechanisms. 

(а) Instantaneous Relays ,—This is the simplest form and con¬ 
sists of a solenoid with a plunger acting on a trip mechanism. 
For currents in excess of a predetermined maximum or below a 
fixed miTiim i im the relay operates as nearly mstantaneously as 
the inertia of the moving parts permits. 

(б) Definite Time Relays ,—In most cases the disturbances do 
not cause a complete break down, and the excessive flow of current 
is of short duration, causing no damage to the apparatus. The 
continuity of service may be improved by using a relay so con- 
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structed that a definite time must elapse from the occurrence of 
the disturbance to the operation of the contact devices. While a 
number of devices have been used to give the desired time lag, 
only three types are in general use: 

1. Clock mechanism. 

2. Leather bellows. 

3. Magnetic induction. 

If two types of apparatus for the same service give satisfactory 
results, the higher-priced machine will be forced from the market. 
On account of the relatively high cost of the clock type of relay 
its use is limited to special cases, since satisfactory services may 
be secured in most cases from the bellows and induction types. 



Fig 488 —Charactonstic time ourves of an inverse time-limit, bellows-type relay. 

The definite time limit is secured, m the second type, by means 
of leather bellows filled with air, under normal operating condi¬ 
tions. When the increased current operates the relay, a spring 
IS released, which then presses against the bellows, forcing the air 
out through a needle valve. The size of the opemng in the needle 
valve and the pressure exerted by the spring may be adjusted 
so that it takes a predetermined length of time to empty the 
bellows. The third type is built on the same principle as an 
induction wattmeter. The rotating field produces the- torque, 
and the drag is obtamed by means of an aluminum disk moving 
between the poles of permanent magnets. A small transformer 
(compensator) is inserted between the series transformer and the 
relay. The core of this transformer is of such cross-section that 
the saturation point is reached at full-load current. Hence, for 
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overloads the current in the relay does not increase so fast as in 
the mains and the torque may be adjusted so that a definite time 
elapses before the relay operates. 

(c) Inverse Time-Kmit Relays ,—In the inverse time-limit relay 
of the bellows type, the core acts directly on the bellows; thus 
a pressure, proportional to the overload, forces the air through the 
needle valve. The time for compressing the bellows is, therefore. 
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inversely proportional to the overload. Characteristic curves are 
shown in Fig. 488. 

The location of the relays in the system depends on many 
factors. In general, inverse time-limit relays are placed nearest 
the generators, while definite time-limit relays control the sub¬ 
station feeders. 

The time setting depends on the characteristics of the gener¬ 
ators and the position in the system. Among the factors that 
must be known, the more important are: 

1. The instantaneous short-circuit current. 

2. The sustained short-circuit current. 

3. The safe circuit-opening capacity of the circuit breakers. 

4. The time characteristics of the relays and the circuit 
breakers. 

5. The position in the system. 
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If several relays are in series on a system, as in Fig. 489, the 
one farthest from the generator must operate in the shortest time, 
with each relay in the series toward the generator requiring 
longer time than the one preceding it. 

The characteristics of both the definite time and the inverse 
time-limit relays are sometimes combined in one apparatus for 
use in special cases. 
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(d) Reverse Power Relays .—If power is transmitted from a 
generating station to a substation over two lines connected to the 
same busbars, Fig. 490, a short circuit, as at Z on the line A, 
will cause power to flow not only from the generator on line A, 
but also on line B through the substation and back on line A to 
X. The excessive current should operate the relays and open the 
circuit of the line A at the generator. In order to continue the 



service, it is also necessary that the line A be disconnected at 
the substation. This is accomplished by means of reverse power 
relays. One form in common use is based on the dynamometer 
principle. The stationary coils are connected to series current 
transformers and the movable element to potential transformers 
connected to the busses. While the energy flows in the desired 
direction the contact lever operated by the shaft carrying the 



movable coil is held against a dead stop by a spring. WTien the 
direction of energy flow reverses, the movable coil tends to turn 
in the opposite direction and throws the contact lever against a 
contact completing the tripping circuit for the oil switch. It is 
evident that this apparatus is not affected by overloads and 
that it operates only on the reversal of the direction of the energy 
flow. 
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For the protection of generators or transformers against short 
circuits inside the machine or for a short between the machine 
and the busbars a reverse-power relay, based on the differential 
principle, is used. The connections are shown in Figs. 491 and 
492. Series transformers are connected in opposition as shown in 
the diagrams. If a short circmt occurs between the two series 
transformers connected to the relay, the flow of current in one is 
reversed and thus the sum of the two currents produces a heavy 
magnetomotive force that operates the relay. Various connec- 


Fig 403 —119-kv.a , three-phase, 160 cydes, ourrent-limiting reactor. 200 amp., 
3 per cent, and 11,400-volt hnes. {WeatznghoiLse Elect, & M/g. Co,) 

tions are used for special cases to give the desired action, but 
fundamentally the reverse-power relays are based either on the 
dynamometric or the differential principles. 

C. Power-limiting Reactances.—^In large central stations 
apparatus is installed that will automatically limit the amount 
of power that can be developed under short-circuit conditions 
in order to save the machines from self-destruction. 

As explained in Chap. XIV and illustrated by Fig. 279, the 
instantaneous short-circuit current is several times the value of 
the sustained short circuit. Since the magnetic forces vary as 
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the square of the current, the mechanical forces due to the 
instantaneous short circuit current may tear the alternator or the 
transformer windings apart and wreck the station. 

Another factor that must be considered is the maximum current 
for which the circuit-breaking switches can safely operate. 
Under excessive currents the switch would be destroyed. A third 
factor is the necessity for limiting the amount of energy that can 
be transnoiitted from the station to the short circuit. In stations 
of 100,000-kw. capacity or more the amount of power that could 
be concentrated in a diort circuit is enormous, probably several 
million kilowatts. 

To protect the alternators, transformers and switches against 
excessive short-circuit currents and to limit the power that can be 
delivered by the station, power-limiting reactances are placed in 
the generator leads. 



Fig 496, 


Typical sets for three-phase generators are shown in Figs. 
493 and 494. 

The core is of concrete, and the winding consists of bare stranded 
copper cable held in place by wooden supports bolted to the core. 

In addition to the protection given to the station machinery, 
power-limiting reactances are also used to enable the large central 
station to give continuity of service. The busbars in the station 
are section a lized and reactances are placed between the several 
sections, as illustrated for a typical case in Fig. 495. These 
reactances limit the power that flows between the sections so 
that, if a short circuit occurs on one section, only the circuit 
breakers for that section shall operate. The generators in the 
other sections carry an overload until the operator isolates the 
section on which the short circuit occurred. With 26 per cent, 
reactance between the sections, neither the drop in voltage nor 
the phase displacement is large enough to cause synchronous 
motors or converters to drop their load. Similar reactances are 
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soiuBtiniBB plfliOBd in the feeders and in the tie lines between the 
stations. 


PROBLEMS 

1. True reproduction of current on the secondary of a current transformer 
IS desirable for both value and phase relation. In any commercial HA«ign 
the ratio and the phase angle, or phase displacement, are affected by a 
change m seconds^ loading with fixed pnmary current, and a nV-ftT'gA m 
primary current with fixed secondary loading 

(a) What effect have the following losses on these factors: 

(1) Primary copper loss? 

(2) Secondary copper loss? 

(3) Iron loss? 

(&) With a fixed secondary loading and a fixed primary current what is 
the effect on ratio and phase angle of: 

(1) Change in power factor of secondary load? 

(2) Change m power factor of system load? 

2. Transformer banks are frequently protected against internal trouble 
by means of differential protection, which consists of balancing the currents 
on the two sides of the bank through current transformers and on overload 
relay, so that, in event of unbalance of current produced by an internal 
short, the relay will be operated, but not in the case of trouble outside the 
bank. A transformer bank is connected star-delta with the current trans¬ 
formers on the star side connected in delta, and on the delta side connected 
in star. Trace the currents through the windings and determme which 
loads should be connected together in order to get the proper action. 

8. (a) Why are current-limiting reactors made without an iron core? 

(b) Why is the cyhndncal form the best for use*in reactors? 
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Any polyphase system may be analyzed by separating the net¬ 
work into its elemental branches or phases The voltage gener¬ 
ated in any one phase causes currents to flow in the network that 
may be calculated independently of the voltages in the other 
phases. The current flowing at any point and at any instant in 
an interconnected system is the vector sum or the resultant of 
the currents produced by aU the voltages in the several phases. 
Ohm^s and Kirchhoff's laws apply to the complicated network in 
the same manner as for simple series or parallel circuits. In 
order to emphasize certain charticteristics of commercial systems 
under operatmg conditions, it is customary to make the following 
classifications: 

(а) Symmetrical and unsymmetrical systems. 

(б) Independent and interhnked systems. 

(c) Balanced and imbalanced systems. 

(d) Systems having grounded or floatmg neutral. 

(a) Symmetrical and Unsymmetrical Systems.—If a poly¬ 
phase system is composed of n phases having voltages of equal 


magnitude and differing in time phase successively by of a 

nth 

cycle, the system is symmetrical, but if either the magnitude or 
the time-phase displacement of the voltages, or both, differ, the 
system is unsymmetrical. 


For symmetrical systems: 
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For n = 1 , the single-phase, two-wire system: 

ei = sin (cot) (738) 

For n = 2 , the single-phase, three-wire (Edison) system: 
fii = "E sin {(at) and 
62 = ""E sin (coi — 180°) 

For n = 3, the three-phase, three-wire system: 
ei = sin (cot) 

62 — sin {oyi — 120 °) and 

63 = sin (o)t — 240°) 


For 71 = 4, the four-phase, or quarter-phase four-wire sjt 

ei = "J? sin (a )0 

62 = "S (sin (xjjt — 90°) 

63 = sin (coi — 180°) and 

64 = sin (a)i - 270°) (741) 

Similarly, for n = Q and n = 12, we have the six-phase and 
the twelve-phase systems. 

Unsymmetncal Syst 6 ms .—The two-phase system, the three- 
phase open-delta or V connection and the inverted three-phase 
or monocyclic connection are the more common unsymmetrical 
systems. 

( 6 ) Independent and Interlinked Systems.—Each phase of an 
n-phase system may be arranged so as to form a closed circuit, 
the whole system, therefore, consisting of n independent single¬ 
phase systems The two phases of a four-wire two-phase 
system are often operated as two independent single-phase cir¬ 
cuits. In most cases the several phases of commercial polyphase 
systems are interconnected, forming networks or interlinked sys¬ 
tems through which the currents flow In practice the phases 
are either star- or ring-connected, or the network consists of a 
combination of star and ring connections. 

In a star-connected system the starting points of all the phases 
are connected together, forming the so-called neutral point 
This common point is either connected to earth or to another 
neutral point in the same system. It is customary to consider 
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the neutral point as having zero potential. The voltage e„ 
from the neutral to the line wire is the phase or circuit voltage. 
For any phase q, of an ji-phase system, 

e„ = “En sin - (g - 1) ( 742 ) 

Between the terminals of any two adjacent phases is the linA 
voltage Bm, or voltage between the mains. For any two adja¬ 
cent phases, as q and g + 1, 

Cm = “En sin — (? “ 1) — “En sin — g 

= Bin^ |cos[wt - (2g - 1) ^]} • (743) 

Em = 2JS7„ sin ^ (744) 

In any star-connected system the voltage between the mains 
is the vector difference of the voltages between the two adjacent 
circuits, and the current is the same as for the corresponding 
phase circuit. 

In a ring-connected system the starting point of one phase is 
connected to the ending point of the next preceding phase. The 
sum of the voltages generated at any instant in the several phases 
connected in series should be zero, otherwise the resultant voltage 
causes currents to circulate in the ring connection. In sym¬ 
metrical polyphase systems having simple harmonic voltage 
waves the sum of the voltages for all the phases is at all instants 
equal to zero and therefore either the ring or the star connections 
may be used. The voltage between successive mains is the same 
as the voltage in the corresponding circuit. The current in the 
mains is the vector difference of the currents in the adjoining 
phases. For the main between the two adjacent phases q and 
q + 1 the current is 

im = sm “ (g — 1) — "I sin 

= 2"/ sin- cos fco^ - (2g — 1) -1 (746) 

= 21 Bin 2 (746) 

The interlinked systems of commercial importance are described 
in Chaps. XII and XVI. 
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(c) Balanced and Unbalanced Systems.—Any polyphase sys¬ 
tem that develops a constant flow of energy is balanced, and any 
system in which the power varies or pulsates during each voltage 
or current cycle is unbalanced. 

In single-phase circuits, 

e = -'JS? sin (o^t) (747) 

i = ''I sin {cot — 6) 
p — El [cos d — cos (2<jot — ^)] 

The power pulsates with double the frequency of the 
or current, and the system is unbalanced. 

In two-phase circuits having the voltages, currents and i 
factors of the two circuits alike, the power 

p = Pi + p 2 = 2EI cos df a constant (750) 

Under these conditions the two-phase system is balanced 
although unsymmetrical. However, if the voltage, current or 
power factor of phase A is not equal to the corresponding factor 
in phase J5, the flow of energy pulsates and the system is 
unbalanced. 

In the three-phase system, either for delta or star connections, 
with the currents, voltages and power factors in the three phases 
of like value the power is constant and the systems are balanced. 

p = Pi + P 2 + Pa = cos 6 (751) 

However, if the voltages, the currents or the power factors 
of the three phases differ, the power pulsates and the system is 
unbalanced; similarly for six-phase and twelve-phase or any 
symmetrical ?i-phase system. If the voltages, currents and 
power factors are alike for the several phases, the power is con¬ 
stant throughout the complete voltage cycle and the systems are 
balanced. For satisfactory operation the balanced condition 
is the most desirable. In commercial systems this is an ideal 
which is seldom attained. 

The chief disadvantages resulting from unbalanced load con¬ 
ditions are: (a) poor voltage regulation, (6) unequal voltage 
stresses in the several phases and (c) unequal heating in the cir¬ 
cuits. The more common cause for unbalanced load conditions 
is the operation of essentially single-phase load, as incandescent 
lamps or single-phase motors, on polyphase systems. 
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With sufficient data given, the values of the currents and 
voltages in the several phases and their time-phase relations^ 
may be found by the application of Ohm^s and Kirchhoff^s laws. 
This may be illustrated by the solution of a few problems. 

Problem 1.—Given a three-phase system, star-connected, 
floating neutral and having a non-reactive unbalanced load. 
Circuit diagram as in Fig. 496. Ea^d = Eb^a = Ed^b = 220 
volts; ta = 3; Tb = 4; r^) = 5 ohms. 

Find (a) Eaj Ebj Eb» 

(b) Ia, 1b, Iz). 

(c) OaX) ^b,b] time-phase angles between Ea and 
I A, etc. 


(d) Sb^a,b] Od^bj), time-phase angles between 



Fio 496. YiQ, 497. 

(e) The total kilowatts. 

(/) Draw to scale the vector diagram for the currents 
and voltages. 

Let the voltages between the mains be represented by the sides 
of an equilateral triangle, Fig. 497. Since the common point 
0 is not grounded and the resistances in the three circuits are 
unequal, the voltages from the mains to the common neutral 
point must be unequal. The vector difference of the voltages 
m any two circuits must be equal to the voltage between the 
corresponding pair of mains. Hence, by assuming some point 
N in the diagram as the neutral position and drawing the vec¬ 
tors NA^ NB and ND, we have a graphic representation of the 
^ Burt, Austin, ''Three-phase Power Factor,” Trans A. I E. E . vol 27 

p. 801. 
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voltages in the circuits and in the mains. The actual position 
of the point N may be found by the application of Kirchhoff’s 
laws. Through N draw rectangular coordinates with the X-axis 
to the line DA. Denote the coordinates of the point 
A by A: and h. The following equations may then be derived 
directly from the diagram: 

Ea = k — jh 

Es = {k~ 110) -I- i(190.5 - h) 

Eli ^ — (220 ~ fc) jh 

r h — jh 

1a 3 

- (A: - 110)-|-j(190 5 -/i) 

1b = 4 

_ _ (A: - 220) - jh 

Id- 5 

From Kirchhoff’s laws the real and quadrature components 
may be separately equated to zero. 


A , A: - no , A: - 220 „ 

3 + 4 + 5 = u 

(758) 

- A 190.5 - ^ I - * _ A 
~3 ^ 4 5 ^ 

(759) 


(752) 

(753) 

(754) 

(755) 

(756) 

(757) 


Hence A: = 91 3 and li = 60.8. 

(a) Ea = 110.0 volts 
Ea = 131.0 volts 
Ed = 142.2 volts 
(&) Ia = 36.7 amp 
la = 32.8 amp 
Id = 28.5 amp. 

(c) Oa = 6a = 0 d = 0i or the power factor is unity 
(d!) The time-phase angles between the currents and the 
corresponding voltages between the mains may be found directly 
from the above equations 

The time-phase angle of the current in line A and the voltage 
between the mains A and D, 

Oa-d.a = tan-‘| = 33° 40' 


(760) 
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The time-phase angle of the current in line B and the voltage 
between the mains B and A, 

= 30“ + tan-^ TqJ 5° j* * = 21“ 45' (76i) 

\ 

\\^ 



The time-phase angle of the current in line D and the voltage 
between the mains D and B, 

= 60“ - tan-‘ _ 2 ^ + = 34“ 40' (762) 

(e) The total power = B^Ia + Bsis + BdId = 12.36 kw. (76S) 

(f) The vector diagram drawn to scale is shown in Fig. 498. 



Problem 2.—Given a three-phase system having an inductive 
load, star-connected and with floating neutral, Fig. 499. 

Ea-b = Eb-a = Ed-b = 440 volts; 2 .* = 2 -f j4; = 3 -h 

i2; 2 d = 1 -f-j3;/ = 60 cycles. 




POLYPHASE SYSTEMS 


511 


Find (ci) ^A} ^Sj -Ed* 

(6) 7^, 7s, 7s. 

( c ) 6a,A} 6d,bj 6bj)* 

(d) 6^-2),A) 6b—A,B, 

(e) The total kilowatts. 

(/) The total reactive power. 

(gr) Draw to scale the voltage and current vector 
diagram. 

Following the same method as explained m problem 1, draw the 
equilateral triangle ABD, similar to Fig. 497; assume a neutral 
point Nj as before, for the origin and let k and h be the coordi¬ 
nates of the point A, The complex equations are: 


1 

II 

(764) 

Eb = (k- 220) + i(381 - h) 

(765) 

Ed = (k- 440) - jh 

(766) 

j h - jh 

^ 2+j4 

(767) 

j (fc - 220)+j(381 - A) 

‘ 3+j2 

(768) 

, (k - 440) - jh 

^ l+j3 

(769) 


Equating to zero the real and quadrature components of the 
currents passing through the common point, we have: 

k - 1.62A - 83 7 = 0 (770) 

jh +il.52/b -i690 - 0 (771) 

Hence k = 296 and h = 140. 

(а) Ea = 328 volts. 

Eb = 253 volts. 

Ed = 201 volts. 

(б) IA = 73.3 amp. 

Ib = 70.3 amp. 

Id = 63.3 amp. 

(c) = tan-i^ = 63° 26'. 

Bb.b = = 33° 40'. 
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Bd,d — = 71° 35'. 

(d) = 63° 25' + tan-i| = 88° 45'. 

BB-A.a = 33° 40' + tan-i *g“ + 30° 

ea-B.D = 71° 36' + 60° - tan"' ^ 

\ 

\ 




/ 

/ 

Fia. 600. 

(e) The total power = EaIa cos Ba^a + EbIb cos Bb.b- 
+ EdIb cos Bjiji = 29.9 kw. (775) 

(/) The total reactive power = EaIa sm 6 a,a 
+ EbIb sin Bb.b + EdId sin 60,0 = 44.0 kv.a (776) 

(g) The vector diagram is drawn to scale in Fig. 500 
Problem 3. Given the same data as in problem 2, except that 
the neutral is grounded with the voltage in each circuit to ground 

440 , 

= ~ 7 ^ volts. 

■\/3 

In the vector diagram the point JV is therefore fixed at the 
center of the equilateral tnan^e. 

Find (a) Ia, Ib, h. 

0 ^') Ba.aj Bb.B} 6 d,D’ 

(c) Ba—d,A) Bb—a.bj Bb—bj>- 

(d) The total power, in kilowatts. 

(e) The total reactive power 



( 772 ) 

= 81° 10'. (773) 
= 87° 25'. (774) 
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(/) Draw to scale the vector diagram for the currents 
and voltages. The voltage in each circuit is known, 
hence: 

(a) 7^ = 2 = 66.8 amp. 

= 3 + ,-2 = 70.5 amp. 

7fl = j ^^‘3 = 80.4 amp. 


\ 



Fio 601. 


(5) Aa.x =630 26'. 
eB.B = 33“ 40' 

Bb.!, = 71° 35' 

(c) e^-B,A = 93° 26'. 

Bb-a.b = 63° 40'. 

0D-B.D = 101° 35'. 

(d) Total power = 27.7 kw. 

(e) The reactive power = 42.2 kv.a. 

(f) The vector diagram in Fig. 501 

Problem 4. —Given a three-phase circuit, star-connected, 
floating neutral, similar to Fig 499 
E^.d = 120 volts; Eb-a = 115 volts; Eo-n = 118 volts, 
Za = 2 + Zb = S-, zp = 2 + j3; / = 60 cycles 
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Find (<i) Ejii Es, Ed- 
(i) I A, Ib, Ib. 

(c) Oa,A) Oa,Bt 

id) 

Od—B,D> 

(e) The total kilowatts, 

(f) The total reactive power. 

(g) Draw to scale the vector digaram for the voltages 
and currents. 

From Fig. 602 the complex equations are. 

Ej,=^k-jh (777) 

^ (57.6 - k) +i(99.8 - h) (778) 

- (120 - A) - jh (779) 



Fig 602 . 


2+j4 

, _ - (57.6 - *)+j(99.8 - A) 
* “ 3 

j ^ - (120 - fc) - jk 
2+j3 


(780) 

(781) 

(782) 


Equating real and quadrature components to zero, we have: 

k — 0.733A - 64.5 = 0 (783) 

jk + jl.36h — jl41.4 = 0 (784) 

Hence k = 91.3; h = 37.0. 

(a) Ea = 98.6 volts. 

Eb = 71.5 volts. 

Ed = 46.8 volts. 
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(6) I A = 22,06 amp. 

Ib = 23.8 amp. 

Id = 13.0 amp. 

(c) 6A,A = 63° 25'; 6b,b = 0°; dD,D = 

(d) 6 a—D,A ” 82°47'; 6b—a,b ~ 68° 12'; 

(e) The total power = 3.00 kw. 

\ 



Fig 603. 


(/) The total reactive power = 2.46 kv.a. 

(g) The corresponding vector diagram is shown in 
Fig. 503. 

Problem 6.—Given a three-phase delta-connected system as 
in Fig. 604. 

Ea = = 120 volts; / = 25 cycles. 

Za =■ 3 -I- j4; 2 a = 4+32; Zd =3 ohms. 



Fig 604 


Find (a) Ia, Ib, Id- 

(b) Ia—Di Ib—Aj Id—B 

(o) 6a.A) 6d,D 

{d) 6 a,A—D) 6b,B-A) 6d,D^B’ 

(e) The total kilowatts. 
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(/) The total reactive power. 

(g) Draw the vector diagram. 

Since the three voltages are equal, the three circuit currents 
may be solved directly. 

(a) I A = 24.0 amp.; Ib = 26.9 amp.; Ib = 40.0 amp. 

(b) The currents in the mains may be found graphically from 
the vector diagram or by applying the law of cosines. 

Ia-d = 37,6 amp.; = 49.0 amp.; == 64.0 amp. 

(c) Ba^a = 63° 10'; Bb^b = 26° 34'; B^j, = 0°. 

(d) Ba^-b = “24° 30'; = 11° 10'; Bb,d^b = “13° 10' 

(e) The total power = 9.0 kw 

(/) The total reactive power = 3.6kv.a. 

(g) The vector diagram is drawn to scale in Fig. 506. 



Problem 6.—Same circuit and data as in problem 2, except that the fre¬ 
quency of the impressed voltage = 25 cycles. 

Problem 7.—Same circmt and data as in problem 4, except that the fre¬ 
quency of the impressed voltage = 40 cycles 

Problem 8.—Same circuit and data as in problem 5, except that the fre¬ 
quency of the impressed voltage = 60 cycles 

Problem 9.—A three-phase delta-connected distribution system has the 
following load. 

(a) Three-phase induction motor, 50 kw., 86 per cent, power factor. 

(b) Incandescent lamp load of 30 kw. on phase A, 22 kw on phase B 
and 20 kw. on phase D 

(c) Single-phase motor on phase Z), 4 kw., 80 per cent power factor 
The line voltage is 2,200 volts. Find the hne currents 

(d) Grounded and Floating Neutral.—While many factors 
enter into the problem of whether a high-voltage system should 
be grounded or kept isolated, the main argument lies in the 
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relative value of continuity of service as against an increased 
risk of damage to the apparatus. In any transmission system the 
apparatus operating on the lowest factor of safety needs most 
attention. Until the advent of the suspension insulator, line 
insulation was the weakest part of the system and on high-voltage 
transmission lines special care had to be taken in order that no 
excessive voltages should be impressed on the insulators. A 
partial protection is gained by grounding the neutral, as then 
only the fixed Y voltage (68 per cent, of the Une voltage) can 
come on the line insulators; a ground on any of the lines produces 
a short-circuit and hence causes a shutdown. If the neutral is 
floating, i.6., the line isolated, a ground on one of the lines does 
not produce a short circuit, but shifts the neutral point to the 
grounded wire and therefore increases the stress across the insula¬ 
tors on the other two lines to fuU-line voltage. If the factor of 
safety for the insulators is small, the increased stress may cause 
a breakdown with interruption of service. By means of the 
suspension type of insulator, sufficient insulation can be provided 
to give an ample factor of safety for the full-line voltage. 

Continuity of service is of very great importance in practically 
all electric service systems. Because an isolated system can 
operate with one line grounded, while a system having the neutral 
grounded would be short-circuited and forced to shut down if one 
of the lines became grounded, it is generally assumed that more 
nearly continuous service is possible with the system isolated. 
However, if the increased stresses on the line insulators cause 
further breakdown, the reverse rmght be true. Many other 
factors, like the location and number of power stations in a sys¬ 
tem, the number of parallel trunk lines, the possible mechanical 
and electrical stresses incident to short-circuit conditions, the 
importance of providing continuous service, must also be taken 
into consideration. With a single power plant suppljong energy 
over a smgle hne, the isolated system is clearly desirable. With 
several power plants and several transmission Imes forming a 
network, continuity may be secured even if one or more of the 
lines or plants are out of service. In the isolated system the 
single ground must be located and promptly removed, as a second 
ground would cause a short circuit. The location of grounds, 
particularly if of a partial or intermittent nature, is sometimes 
a difficult problem and, as a consequence, repairs must often be 
delayed Under such conditions the isolated system is virtually 
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grounded and also the insulation to ground is subjected to full 
line voltage on two of the lines. 

The chief advantage gained by having the neutral grounded is 
that the voltage to ground can not exceed the normal Y voltage 
of the system. In isolated systems having unbalanced loads the 
neutral shifts in position with changes in the load. In high- 
voltage lines the condensance of the system helps to keep the 
neutral fixed except when a ground develops on one of the lines. 
Short-circuit stresses become increasingly dangerous as the 
amount of power involved increases. In order to reduce the 
sudden flow of energy when a short circuit occurs, the system is 
sometimes grounded through a resistance. While the short-cir¬ 
cuit shock may be reduced by this device, two objections should 
be noted. First, it is very difficult to install and maintain a 
reliable groimdmg resistance. Second, the voltages between the 
lines and ground would rise above the normal Y voltage imtil the 
circuit breakers operate. As explained in Chap. XXIV, power- 
limiting reactances are installed in large systems in order to keep 
the effects of short circuits within permissible limita 

The question of whether the neutral should be grounded or 
floating is independent of the use of star or delta transformer con¬ 
nections. However, isolated systems are generally delta-con¬ 
nected and the groimded neutral systems star-connected. A 
ground on a del tar-connected system may be obtained by using 
a special grounding device or by lettmg one set of transformers 
be star-connected. The neutral should be grounded at one place 
only. If connected at two or more places, currents will flow 
through the ground even imder normal operating conditions. 
These ground currents mav cause serious interference with the 
telephone service. 

(e) Transmission Line Efficiency.—Omitting the transformers 
and taking only the transmission line into consideration, the effi¬ 
ciency of transmission depends practically on the RP losses and 
the power delivered. For properly designed lines operatmg 
under normal conditions, both the leakage and the corona losses 
are negligible. In order to make a comparison of the several 
systems it is necessary first to assume a basis. The power 
delivered is the product of the current, voltage and power factor, 
while the losses vary as the product of the resistance and the 
square of the current. As the power factor affects all systems 
alike, it may, for convenience, be taken as unity. Assuming 



POLYPHASE SYSTEMS 


610 


the power delivered to be of the same magnitude in all cases, the 
line efficiencies may be compared either by the losses for the 
same amount of copper or as to the copper required for the same 
losses under specified voltage conditions. As the voltage and 
the insulation are directly related, the assumptions on which 
the comparison should be made must be different in low-tension 
distribution systems from that which would be desirable for long¬ 
distance transmission lines. Likewise, the stresses on the insula¬ 
tion in a high-voltage system differ, depending upon whether 
the neutral is floating or grounded. For application to com¬ 
mercial systems the comparison should be made under three 
voltage conditions: 

1. The systems to have the same mmiTYium effective voltage 
per circuit 

2. The systems to have the same maximum effective voltage 
between any conductor and ground. 

3. The systems to have the same maximum effective voltage 
between any two conductors in each system. 

In distribution networks ample insulation can be provided and 
hence the voltage per terminal circuit should be the basis for 
comparison. In high-tension distribution lines with grounded 
neutral the maximum voltage impressed on the insulators, or the 
voltage from conductor to ground, should be the same in the 
several systems. In cables the voltage between conductors is 
the desirable basis for comparison. 

1. Low-potential Distribution Networks, Lighting Circuits, 
Etc.—(a) Single-phase, tuoo-^ire system. 

Let r = the resistance per wire and i = the current. 

Powerless = 2n®. 

Copper required (two wires) = 100 per cent. 

(6) Single-phase, three-wire system. Neutral of same cross- 
section as either outside wire. 

Current in outside wire = 

Copper required = 37.6 per cent. 

(c) Single-phase, three^ire system. Neutral of half the cross- 
section of one outside wire. 

Current in outside wire = 

Copper required = 31.25 per cent. 

{d) Single-phase, three-wire system. Neutral of zero cross- 
section. 
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Current in outside Wire = 

Copper required = 25 per cent. 

(e) Single-phasej five^ire system All mres of the same cross- 
section. 

Current in outside wire = 7 

4 

Copper required = 15 63 per cent 

(/) Single-phase^ five-wire system. Each of the inside wires to 
have half the cross-section of one of the oidside wires. 

• . . i 

Current in outside wire = 7 - 

4 

Copper required = 10.93 per cent. 

(g) Quarter-phasSf four-wire system. All wires of the same 
cross-section Equivalent to two single-phase, two-wire systems. 
Same as (a). 

Copper required = 100 per cent 

Qi) Quarter-phase^ three-wire system. The third wire is the 
common return for the two phases. Its cross-section is ^/2 times 
that of either of the outside wires so as to have the same current 
density in the three wires. 

The resistance of one of the outside wires = ri 

Current m each of the outside wires = r • 

2 


Current in the middle wire = 


V2 


T\ f 7*1 

Power loss m the middle wire == — 7 =/ —= ] = — 

V2\V2j 2V2 


^2 ni^ /' 

Total loss m the three wires = 2ri ^ 


2 + V2y 


Equating the total loss to that of the single-phase, two-wire 
system in (a) 

^2 + ^ 2 ^ 


rii 




and solving for ri, we have • 

8 

ri = ^r 

2 - f - \/2 

Hence each outside wire must have a cross-section of 


2 +V2 
8 
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2 "4“ 2'v/2 

and the middle wire „ times that of the equivAlpnf 

o 

single-phase wires. 

. 2(2 -I- V2) 2 + 2\/2 

8 8 

Copper required = 2 = 72.9 per cent. 

(i) Quarter-phase, siotonre system. All vnres of equal cross- 
section. 

Equivalent to two circuits of (&). 

Copper required = 37.5 per cent. 

(j) Quarter-phasej five-wre system. The fifth wire to be used as 
neutral for both phases. All vnres of the same cross-section. 

Equivalent to two circuits of (c). 

Copper required = 31.25 per cent 

(k) Three-phase^ three-wire system. All wires of the same cross- 
section 

Letri = resistance for each wire 
Current in each main = —^ • 

Vs 

Tii^ 

Loss ia each mam = ; total loss = rii^ = 2n^. 

o 


The cross-section is mversely as the resistance, and ri = 2r. 
Copper required = 3 = 75 per cent. 


(Z) Three-phase, four-wire system. The had star-connected. 
All wires of same cross-section. Voltage from main to neutral 
equal to the voltage between lines in (a). Voltage between mains 
is \/3 times voltage to neutral. For balanced had no current 
flows in the neutral 


Current in mains = 


i^ r\i^ 

Loss in each wire = g ; i<^tal loss ~~ = 2ri^, 
ri = 6r. 

4 ( 1 ^) 

Copper required = — ^ - - = 33.3 per cent 


and hence 


(m) Three-phase, four^ire system. Same as in (1) except 
that the neutral has only half the cross-section of one of the mains 
Copper required = 29.16 per cent. 

2. High-voltage Circuits. Transmission Lines with Grounded 
Neutral.—The maximum voltage from the line to ground is the 
basis of comparison 
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On this basis the Edison three-wire and fivo-wire systems give 
no advantage over the two-wire system. Whether the ground 
connection is used merely for maintaining a constant-potential 
difference between the ground and the line conductors, or as a 
return circuit carrying current, all grounded systems are equiva¬ 
lent to a single-phase, two-wire system with grounded neutral, 
or to a single-phase circuit having one wire and ground return. 

3. High-voltage Circuits. Isolated Transmission Lines, 
Cables, Etc.—The maximum voltage between any two conductors 
is taken as the basis of comparison. On this basis the Edison 
three-wire and five-wire systems offer no advantage over the 
single-phase, two-wire system. 

(a) Quarter-phasej four-wire system. All wires of the same cross- 
section, The system is equivalent to two single-phase circuits in 
time quadrature. 

Copper required = 100 per cent. 

(b) Quarter-phase^ three-wire system. The cross-sedion of the 
middle wire is *y^2 lhat of either outside wire, 

* , i 

Current in outside wire = —7= 

V2 

Current in middle wire = i. 

Power loss in outside wire = —; m middle wire = —-7=- 

2 V2 

Total loss in the three wires = ~ 

2(2 + V2) . V2i2 + \/2)* 

4 4 

Copper required “ 2 ~ 145.7 per 

cent. 

(c) Three-phase, three-wire system. All wires of the same cross- 
section. 

Current in each wore = —7=* 

V3 

Total loss = 3 ’"i* 

Copper required = ^^2^ = 75 per cent. 

For the same efficiency of transmission the three-phase line 
requires less copper and for this reason is most desirable for long¬ 
distance transmission lines. 



CHAPTER XXVI 
CERTAIN FORMS OF NOTATION 


TOPOGRAPHIC METHOD. ROOTS OF MINDS ONE AS OPER¬ 
ATORS. HYPERBOLIC SINES AND COSIITES 

It is often desirable to show in a single diagram the simul¬ 
taneous time-phase relations of the currents and voltages at 
several points in an alternating-current system. It is especially 
advantageous to show both the time-phase and space-phase rela¬ 
tions when discussing the electrical phenomena of long-distance 
transmission lines. Since the form of representation is some¬ 
what like a topographic map it has been called the topographic 
method. 

(a) Topographic Method.—For illustrative purposes, consider 
a single-phase circuit having resistances, inductances, condensers 
and leakage conductances as shown in Fig. 506. Let the follow¬ 
ing quantities be given, using the notation indicated in the figure: 

■E'4j ri, 7*2, 7*8, 7*4) iX2j lX^] c^ij <j2?2, cXzj iQiy lQ2f iQZj 
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Starting at the fourth station^ the point farthest from the gen¬ 
erator, we have: 

= f \ and 04 = tan-‘ (785) 

Draw j?4 along the X-axis as reference vector, Fig. 507, and 
lay off the current 74, lagging 

The components of jB 4, r474 and are drawn in phase and 
in quadrature, respectively, with 1^. 

623 
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E 

The charging current CI4 = —- is drawn in quadrature with £4, 

c^i 


and the leakage current 1 I 4 , = in phase with £4 
Iz = Ia + Ja + iIa 


( 786 ) 


At the third station: 

Add to the vector Ea the voltage drop, Vzh m phase and 
in quadrature with Js. 

E,=Ea + tzU + lXzIz ( 787 ) 

E 

The charging current Jz ^ —~ and is drawn in quadrature 



with-Es; the leakage current i/a = zfira-Ba is drawn in phase with//a. 

/2 = /a + Ja + itz (788) 

At the second station' 

To the vector Ez add the voltage drops r^h and LX 2 I 2 m phase 
and in quadrature, respectively, with h- 

E 2 = Ez “h ^ 2/2 “h Lxjt'i (789) 

The charging current J 2 is in time quadrature and the leakage 
current 1 I 2 in time phase with E 2 

Ii = I 2 J 2 + z /2 (790) 

At the first station: 

To the vector E 2 add the voltage drops rJi and in phase 
and in quadrature, respectively, with h. 

El = E2 rji tJXiii 


( 791 ) 
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E 

The charging current = —is drawn in quadrature with Ei, 

cP^l 

the leakage current z/i = igiEi drawn in phase with Ei. 

Jo = Ji + eii + ill (792) 

Eq = El. 


From the diagram the magnitude and time-phase positions of 
currents and voltages may be found directly for aU the points 
plotted. For example, the time-phase relation of E& with respect 
to Eof Ely Eiy Ei or to any of the currents may be obtained by 
measuring the corresponding angles on the diagram. In trans¬ 
mission lines the resistance, inductance, condensance and leakage 



are uniformly distributed along the length of the line, and, there¬ 
fore, the relative time-phase position of the current and voltage 
shifts continuously along the line. A typical perspective topo¬ 
graphic diagram for a long line is shown in Fig. 508 

The time-phase relation of the current and voltage is given 
at any point on the line by the corresponding vectors at the given 
position on the hne OA. 

(b) Roots of Minus One as Operators.—In the preceding 
chapters the operator j = \/— 1 has been used as a coefficient 
to indicate a quadrature relation or a rotation of 90° In the 
technical papers dealing with electrical phenomena the roots of 
minus one are frequently used as operators indicating time and 
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space-phase displacements, or a rotation of si'mi’lflr vectors. The 
operator j is used both as coefficient and exponent and an 
understanding of the physical concepts involved is necessary. 

That the operator j indicates a rotation of 90° was shown in 
Chap. III. 

Using the customary notation, and for a simple series circuit, 

^l = ri+ jxi ^ . 

= zl cos 0 + jzi sin 6 
. = zi cos («<) + jut sin (w<) 

= zi [cos (ut) + j sin (wOl (793) 

t = ty/r^ + x^ =zt 

— ziy/ cos’* (w<) + sm* («<) = zi ( 794 ) 

Other roots of the factor — 1 may also be used as operators 
indicating vector rotation. 

Let u or w« -I- 1 = 0 (796) 



Fig 609 


The three roots of the equation are: 

«i = H M V3v^ = M + 3 ^ 

U 2 — — 1 

n2=H ~Hy/3y/^ - 3 ^ 

Letting j indicate a rotation of 90°, as before, the three roots 
may be shown graphically as in Fig. 509, in which the first 
root indicates a rotation of 60°, the second 180° and the third 
300°. However, by the successive application of the first root 
the vector will rotate in 60° steps in the positive (counter-clock¬ 
wise) direction. 


(796) 

(797) 

(798) 
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M = (^ = «i = 60“ (799) 

u^ = (l4+ = - (h - 3^ = - «« = 120 “ (800) 

w* = = - 1 = Mj = 180“ (801) 

w‘ = +3^* = - (h +/^ = - tti = 240“ (802) 
u‘ = (h += Us = 300“ (803) 

u» = (h+ = 1 = 360“ (804) 


In a similar manner it may be shown that — 1 indicates a 
rotation 45“; 1 a rotation of 36“; and, in general, \^— 1 indi¬ 

cates a rotation in the positive direction of 

The negative sign combined with these operators indicates a 
rotation of like amount in the negative direction. Thus: 

- -90“ 

- = -60“ 

= (805) 

n 

From Fig. 509 it is evident that the operator (considered as a 
vector of unit length) may be expressed in terms oi j and the 
sine and cosine functions of the angle of rotation. 

— 1 = = cos TT + i sin TT 

, -^-~l = f = cos ^ + j sin 

V — 1 = J” = cos - + J sin - 
n n 

or, in general, 

— 1 = j2 =: cos ( 2 m + l) 7 r + j sin ( 2 m + l) 7 r 

n/- 7 ( 2 m + l) 7 r . . . ( 2 m + l) 7 r /QnA\ 

_ 1 = 7 " = cos ' + 7 sm ^ (806) 

Where m may be any positive or negative whole number, and 
n may be any positive or negative number, integral or frac¬ 
tional, constant or variable. 
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For given values let ^ 



cos + j sin fl 


TC 

As a function of tune let — = w/. 

n 


2at 


— 1 = j *■ = COB (cot) + j sin (a)t) 


(807) 


(808) 


Similarly, for ^ = — cot: 



= cos (cot) — 


The product of two operaiors indicates a 
sum of the separate rotations. 

Let 

Q = cos a + ; sin a, 


j sin (o)i) (809) 

rotation equal to the 


and 


V = cos & + j sin 6 . 

QV = (cos a + i sin a)(cos & + j sin b) 

= cos a cos 6 — sin a sin 6 + j (sin a cos 6 + cos a sin b) 
= cos (a + ?>) + j sin (a + b) (810) 


The quotient of two operators indicates a rotation equal to the 
difference of the separate rotations. 

Q _ cos a + j sin a 
V ~ cosb +j smb 

_ cos a cos 2) + sin a sin b + j (sin a cos b — cos a sin b) 
cos^ b + sm® b 

= cos (a — b) + j sin (a — b) (811) 

When Q — Vf their product becomes 

(cos a + J sin a)® = cos 2 a + J sm 2 a 

Stating De Moivre^s theorem for n factors, 

(cos a + J sin a)" = cos j sin rwz (812) 

The exponential form is often a more convenient notation for 
expressing rotation of vectors than the trigonometric. By 
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expanding sin u, cos u and €“ into series of the powers of u the 
relation between the two forms of notation is readily seen. 


u u* u" w 


Slll« = iT~'IT+iF’~'Pr + 


S'l 




. u* , u* u* , 
costi = l — iTT + n— TS- + 


e“ = l+^+^ + ^ + ;i + 




+ R + 


Substituting ju for u, 


. u .w , u* 




• + 0')”u +etc. 


Therefore, 


cos u + j sin w 


Likewise, 

e“/“ = cos u — ^ sm (818) 

The factor therefore, indicates a rota¬ 
tion of in the positive direction and €"^“ 0 
a similar rotation of in the negative di¬ 
rection. By adding and subtracting equa¬ 
tions 817 and 818 or from the diagram in 
Fig. 510, we may obtain directly Euler^s 
expressions for the sme and cosine. 



Fig. 510 


€^“ + €- 


and sm w = 


Vector rotation can, therefore, be indicated by several symbols 
or operators. A rotation of in the positive direction is 
indicated by any one of the following equal operators: 

I _ 20 

COB 0 + j sin ^ == \/ — 1 = (820) 

Similarly a rotation of in the negative direction. 


61 _ 

008 0 — j sin ^ = V — 1 = J 


(821) 
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For a continuoTia rotation, with «{as the variable, 

COS M) + j sin (cat) = = V — 1 = i (822) 

cos {ci>t) — j sin (wO = = V — 1 = J *■ (823) 

(c) Hyperbolic Sines and Cosines.—^If the problem involves 
vectors that vary in magnitude as well as in phase position the 
notation must be adjusted to comply with all the conditions. 
In long transmission Unes, as explained in Chap. XXVII, the 
voltage and current vectors differ both in magnitude and in 
time phase along the line. The quantitative relations may be 
expressed by exponential equations having both '^real and imagi¬ 
nary terms in the exponents. As stated in the preceding 
paragraph, the “imaginary” part of the exponent (containing 
the j factor) indicates angular displacement or relative angular 
position and may be expressed in trigonometric terms. The real 
part of the exponent represents a variation in the length of the 
vector and may be expressed in similar form by means of hyper¬ 
bolic smes and cosines. 

By comparing equations (819) and (824) it is seen that the 
exponential expressions for the sinh and cosh are strikingly 
similar to those of the sine and cosine 

* U -U ti 

sinh u = 2 ’ ^ ^ 2 

Solving for the exponential terms m equation (824), 

€+« = cosh u -h sinh u (825) 

= cosh u — sinh u (826) 

It is often more convenient to develop the equations in the 
exponential form and then convert into trigonometric form when 
the numerical values must be found. Thus in Chap. XXVII 
the expressions for the current and voltage are derived in the 
exponential form and then changed mto trigonometric terms in 
order to use the tables of trigonometric functions when calculat¬ 
ing the numerical results for any given transmission line. 

(d) Polar Expressions for Complex Quantities—As is noted on 
page 628, the product of two operators indicates a rotation equal 
to the sum of the separate rotations and the quotient indicates 
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the difEerence of these rotations, etc. When denliTig mth 
products, quotients, powers and roots of complex quantities it 
is convenient to keep the expressions in polar form indicating the 
scalar length and the angle of rotation. 

Let d = A + jB 

= C (cos a + j sin a) 

= C (cos tan”^ B/A + j sin tan-^ B/A) 

= C/tan-i B/A 
= C/a 

where C is the scalar value and a or tan-‘ B/A is the angle of 
rotation. 

Likewise let 

F = D + jE 

= F (cos + j sia |9) 

= F (cos tan~^ E/D + j sin tan~i E/D) 

= F/t&n-^E/D 

= F/p 


The following are some of the operations easily performed with 
complex quantities in this form: 

6F = CF/a + /3 

6/F = C/F/a - j3 

^2 = C2/2a 

= VC/a/2 
(?" = C^ /na 

\/d = \/C / - a = l/C/27r - a 
{dF)^ = C'F^/nia + /5) 

A numerical example is given in the calculations for line C, 
Chap. XXVII. 
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PROBLEMS 

1. Let ei^t units of the artihcial trfl-nHTYiiamon line described on page 
575 be BO adjusted that each one has 2.6-ohm resistance, 0.021-henry 
inductance and 0.6-mf. condensanoe. Let Sb = 1,500 volts; Ir = 10 
amp.; / = 60 cycles; Ob “ 14° inductive load; circuit similar to Fig. 506. 

^ Find iff, tg and Bg graphically by plottmg a topographic vector diagram. 

2. Given the same circuit constants as m problem 1. Let ije = 1,500 
volts; Ib - 10 amp ; / = 300 cycles. Compute Br, Find ip, Ig and Bg 
graphically as in problem 1. 

3. Eewrite in the notation shown in equations (820) and (821) the values 
of /i, I 2 and to in problems 17, 22 and 24, Chap. VI. 

4. Wnte in polar notation the equivalent values of i, t and 61 for 

(a) jfif == 20 +il5 volts 
/ = 5 +;18 amp. 

(5) i «=» 120 — j20 volts 
jf = 22 + i32 amp. 

(c) i = 84 + ;12 volts 
t — 7—^3 amp. 


CHAPTER XXVII 
LONG TRANSMISSION LINES' 


In transmission lines the condensance, inductance, resistance 
and leakage are uniformly distributed along the line; or the line 
may be considered as equivalent to an infinite number of infini¬ 
tesimal series and parallel circuits uniformly distributed along its 
whole length. Each infinitesimal length of conductor may be 
represented by one of the series circuits in Fig. 571 and the 
corresponding infinitesimal portion of the dielectric between 
the line elements by a parallel circuit. The resistance and the 
inductance of the conductor element affect the voltage in pro¬ 
portion to the current flowing at that point. Similarly, the 


I —VT^y/iryNnr|VTr|VTr|A^— ^ 
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conductance and the susceptance in the elemental dielectric 
circuit affect the current in proportion to the voltage at the point 
selected. The relative phase positions of the voltages at succes¬ 
sive points along the line differ in proportion to the resistance 
and the inductive reactance in each elemental series circuit. 
Likewise, the phase positions of the currents at successive points 
along the line vary in proportion to the conductance and suscept¬ 
ance of the parallel circuits. As a result, both the current and the 
voltage change continuously in magnitude and phase position 
along the line. 

(a) Development of Transmission-line Equations.—^In Fig. 
512 is shown an elemental vector diagram of the currents and 

^ A fuU discussion of transmission-line design is found in the following 
bulletins of the Engineering Expenment Station, University of Washington: 
Kiksten, F. K., “Mechanical Features. Supports at Equal Elevation,*' 
BvU 17; Smith, G S, “Mechanical Features. Supports at Unequal 
Elevation," BvU 29; Kirsten, F. K and Lobw, E. A, “Electrical Fear 
tures. The Line of Maximum Economy," Bull 32, 

633 
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voltages for two points at a distance dl apart, along the line, 
with OX and OY as reference axes. In the original develop¬ 
ment of the general equations, Dr. C. P. Steinmetz used the 
polar vector diagram notation, and the same system has gener¬ 
ally been used in the technical literature on long transmission 
lines. To facilitate comparison and to give the student an illus¬ 
tration of the reversal of signs in the complex equations, the 
polar vector diagram and the corresponding complex equations 
are used in this chapter. Therefore, the symbol for inductive 
reactance is — jx and for condensive susceptance —^ 6 . 



Fig. 612. 


For unit length of line, let: 

X = re^tmce 1 electric and magnetic (series) circuits. 

g = conductance 1 for leakage and dielectric (parallel or 
b = susceptance 1 shunted) circuits. 

At the distance I from the receiver end of the line: 

E = e' + je"; J - i' + ji" (822) 

At the distance I + dl from the receiver end of the line: 

+ dE — ei + je”i] I + dl = ji"i 


(823) 




LONG TRANSMISSION LINES 


635 


Prom the vector diagram in Pig. 612, 

is + dtl = + i'rdl + i"xdl + j(e" + i"rdl — i'xdl) 

dii = i'rdl + i"xdl + j{i"rdl — i'xdl) 

^ ^i'r + i"x+ji”r-ji'x 
= (i' + ji")(r — jx) 


(824) 


Similarly, 

t + dT =i' + e'gdl + e"bdl + j{i" + e"gdl - e'bdl) 


d 

dl 


= &Y 


Differentiating equation (826) with respect to 1 : 

dl^ dl 


Substituting equation (824) in equation (827): 

§ - 
di 

Multiplying through by 2 

2^ ^ = 2yZ7^ 


Integrating: 


Integrating: 


{§)'.YZl- + k'o, 

(|)‘-yz(/> + i.') 

^ = (JZ)^iP + ^I*)^ 


di 

{p + 


= {YZ)m 


log.[i + (P + + it" = iYZ)»l or 

log.[Z + (1^ + + Log. k, = {YZ)n 

log. kill + (P + iti“)»4] = iYZ)^l 


(826) 

(826) 

(827) 

(828) 


(828) 


(830) 
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(rz)J^z 

- / = (/» + 

K2 


2(YZ)iil nf(rZ)^l 

* _ 2^* = it,* 

(831) 

2L its 

(832) 

i = 

(833) 

Whereii =^andi 2 


From equation (826): 

p Id/ 

(834) 

Differentiating equation (833) with respect to Z, 



(835) 

Substituting equation (836) m (834): 



(836) 


Equations (833) and (836) give the current and voltage at 
any point on the line. Ai and A 2 are integration constants. 

Equations (833) and (836) may now be made useful for actual 
computation of electrical line performances as follows: 

The square root of the product of two vectors is also a vector: 

(7Z)>^ ^ a-jP = [(r - jx){g - jh)]^ 

(a - i/3)2 = (r - jx) (g - jb) 

— j2aP = rg — xb — j(rb + xg) (837) 

From equation (837) it is evident that: 

= rg -- xh, and 2 ap = rb + oi^ (838) 

Squaring equations (802): 

— 2 a^P^ = r^g^ + x%^ — 2rxgb 
4a^P^ = + x^g^ + 2 rxgb 


(839) 
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Adding equations (839): 

a*+ fi* + 2a*j3* = rY + + xY 

(a* + PY = (r^ + X*) Y + 6*) 

= zY 

a* + /3* = zy (840) 

From equations (838) and (840): 

a = [H(22/ + rgr — a:5)]^ 

/3 = - rg + *6)]^ (841) 

Equations (833) and (836) now assume the forms: 

1 = 

^ = “ + is€“'“■''*’'] (842) 

Substituting for the exponential function with the j factor 
exponent the trigonometric expression: 

e±3^i =: cos pi ± j sin 81 

Equations (842) change in form to: 
i = -4ic+“* (cos 81 — j sin 81) — X 2 €"“*(cos + j sin 81) 

E = ^ (cos 81 — j sin 81) 

+ -426-"* (cos 81 + j sin 81)^ (843]' 

Choosing as unit length the entire hne I = 0, gives Ib and A 
at the receiver end; and I = 1 gives la and Ea at the generator 
end of the line, and Z is the total impedance, Y the total shunted 
admittance of the entire line. 

Neglecting the shunted conductance, that is, assuming the 
power consumed by leakage and dielectric losses in the line as 
negligible compared with that consumed by the effective line 
resistance r —as is alwa 5 rs done for low frequencies—gives from 
equations (841): 

«= [HHz - x)Y 

^ = [mz + x)Y (844) 

and 

Y = -3b 
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Substituting J = 1 in equations (843): 

Ig = (cos iS — j sin jS) — ^ 26 "“ (cos jS + j sin 

ila = “_J'^.^'®[iie+»(cos /3 - j sin jS) + i 2 «-“(cos |8 + j sin /3)J 

^ (845) 

Substituting Z = 0 in equations (843): 

Ir — a. I — A. 2 
iin = 

Solving equations (846) for -^ii and A 2 : 

Substituting equations (847) in equations (846): 
ta=\ [(4 - ^ -Es) (cos /3 - i sin /3) 

+ (4 + ^ ^Js) (cos /3 + j sin /3)] 

- “-"/i [(^" js^‘) <“»«- J ™ « 

- (4 + ^ ^^) «■“ (°os 15 + i sin p)] (848) 

Since a is a small quantity even in very long lines, because in 
equations (844) b is small at 26 cycles, while 2 — a; is small at 60 
cycles, €*“ may be replaced by the first terms of its series: 

j- <11 I I I I 

6 ±“ = l±a+- 2 ±-g+^± . . 

that is, by 

t±« = 1 ± a (849) 


or, if greater accuracy is desired, by 

= 1 ± a + Y 

with a possible error of 


(850) 



LONG TRANSMISSION LINES 


539 


Substituting equation (850) in equations (848) and separating 
and terms: 

L = i I /js ([l + a + ^][oos /J - j sin /S] + [l - a + ^] 
[cos (3 + i sin /s]) + ([l - a + y][cos ^ j sin /?] 

— [l + a + P — j sin /jJ) | (851) 

= ^ { ([l + a + [cos 5 — j sin jjJ + [l — a + 

[cos ^ + 3 sin /s]) + /b “_7^.j^([ 1 + a + |-][cos /3 - j sin /3 j 
- [l - a + ^][cos |3 + i sin5j) | (852) 

Simplifying coefficients of tn and 
[l + a + ^][°o® jS — i sin jSj = cos i8 + « cos jS H- ^ cos /3 


a* 

— j sin i3 — ja sin jS — j 'sin /3 (863) 

[l — a + ^][cos |3 + i sin 5 ] = cos j3 — a cos /S 

2 2 
+ ^ cos 5 + y sin ^ — Ja sin /S + J ^ sin /3 (854) 

Adding equations (863) And (854) gives: 

2 cos /3 4- a* cos jS — y2a sin (3 
or 

2 [(1 + cos jS — ja sin 5 ] (855) 

Subtracting equation (864) from equation (853) gives: 

. . • 

— 2a COS jS + sm jS + j2-^ sm fi 
or 

2[-a cos |3 + j sin/S] (856) 

Subtracting equation (854) from equation (853) gives: 

a^ 

2a COB /3 — j2 sm j3 — j2 sm /3 
or 

2 [a cos 0-j\l + ^) sin jS] (857) 
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Substituting equations (855), (866) and (867) in equations 
851 and 852: 

te = ta [(l + COS jS - ja sin jS] 

+ [ - « cos ^ + i (l + ^) Bin 0] 

% = + y) ^ 

+ [“ “08 /3 - i (l + j) sin 

Rationalizilig the denominators of the fractions: 

jb ^ (a + j&)3b _ (a + 3^)3^ ^ ^ 

a — j0 a® + bz z 

nd 

a “ il® ^ i(“ “ 3^) ^ /3 + ja 
— 6 6 

Substituting equations (860) in equations (858) and (869) and 
>aratin^j terms: 

= la [(l + COS /3 - ja sin jSj + Eb | ”[«/3 °os |8 
- a (l +^) sin jS] - ji[/3 (l + ^) sin/S + a* cos/j] | (861) 

Eg = -^*[(1 + §■) cos jS - ja sin /s] + jj, I i [a/3 cos /3 

+ <*(1 + y) sin /Sj - ji[/3 (1 + sin|8 - a® cos/?] | (862) 

The coefficients of Is in equation (861) and of Er in equation 
(862) may be expressed by ai — ja 2 j the coefficient of Er in 
equation (861) as Ci — jc 2 and the coefficient of Is in equation 
(862) by di - jdiy and, finally, expressing Ir by i'jj + ji^R and 
ilR by 6 'j8 + je'^Ry equations (861) and (862) become: 
tp = (^'b + ji^'s) {di — j(i2) + (e's + je"a)(ci — jc2) 

Elo = (e'i8 +ie"2j) (ui ““ jd^ + {i^B +ii"jz)(di — jd2) (863) 
If in equations (843) the sign of I is reversed, the distance along 
the line is measured in the opposite direction; that is, Z = 0 
gives generator voltage and current Eq and lo, I = — 1 gives 
receiver voltage and current iJs and tg. Remembering that 
cos (— ^) = + cos jS and sin (—iS) = — sin jS, the only change 


( 868 ) 


(859) 


(860) 
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resulting from this substitution is a reversal of the sign between 
the two products in equations (863): 

tn = (^'(7 + jV'o)(ai - ja^) - (e e + ie"G)(ci - 3<^^) 

Er = (eo + je%)iai - jaa) - ji"o){di - jda) (864) 


Summary ,—With known current, voltage and power factor at 
the receiver end of the line and choosing the time when 
= 0, the current and voltage vectors at the generator end are 
foimd from equations: ‘ 


Iq = i'o + = (^'i^ + ii"fi)(ai - jaa) + e\{ci - jc^) 

Eg = e'<7 + jV'g = e'B(ai - ja^) + (t's + jV'a)(di - jda) (865) 


where e'^ = voltage 

= power current 
= reactive current 


at receiver end of line. 


With known current, voltage and power factor at the gen¬ 
erator end of the line, the current and voltage vectors at the 
receiver end are found from equations: 


Ir = %'r + = (^ G + jV'G)(ai - jfla) “ e'o(ci - jca) 

Er — e\ + jV'b = e^o(ai “ jua) “ {i'o + ^^^G)(di — jd^ (866) 


where e^Q = voltage 

i'o = power current 
= reactive current 


at generator end of line 


The factors a\ — jaa, C\ — jc^ and di — jda are line constants 
which, when once computed, give the performance of the line 
in equations (865) for all load conditions at the receiver end anc 
in equations (866) for all conditions under which power may be 
sent into the line at the generator end. These constants are: 

tti — jaz = ^1 + cos jS — ja sin /3 (867) 

Cl - JCa = ^ [a/3 cos /S - a (l + sin ^ j 

— i ^ [/3 (l + y) /3 + a* cos 0 j (868) 

di — jdi = ^ [oijS cos ^ « ^1 + y) sin ^ j 

— J ^ [|9 (l + y) sin /3 — a* cos ^ j (869) 
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where a = [^b(z — x)]^ 

jS = [3>^5(z + x)]^, in radians 
in degrees = 57,ZP 
a = [r“ + x^]^ = impedance 
b = ZirfC = shunted susceptance 
x = 2^fL = reactance 
r = resistance 
L - inductance 
C = condensance 
/ = frequency. 

Possible error of calculation is^- 

After the line constants have been computed and with the 
current, voltage and the power factor given at one end of the line, 
the corresponding values at the other end of the line may be cal¬ 
culated by means of equations (865) and (866). For convenience, 
the order for making the computations is given in tabular form. 

Givhn- Data 


liOt the current, voltage and power factor be given at the: 


Heoeiver end 

Generator end 


For computing data at 
generator end 

For computing data at 
receiver end 



+P"r 

Current Vector 

«'(» +ye"<7 

e's +J8"* 

Voltage Vector 

h ■= 

Ir = 

Current 

Ea = [(««* + (e"o)‘]^ 

= [(e's)> + 

Voltage 

Pq = 

Pr = ^'r^'r + ^"r1-"r 

Actual Power 

Qg *= Bg^g 

Qr = Er7r 

Volt-amperes 

008 Oq ^Pq Qa 

cos Sr - Pb + Qr 

Power Factor 

Po-Pb 

Po-Pr 

Line Loss 


(5) Transmission-line Equations with Hyperbolic Functions.— 
Using hyperbolic functions, the approximation resulting from 
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the substitution of the first terms of its series for e*“ may be 
avoided. 

e** — 4- 

sinh a = ^ J cosh a = ^ (870) 

Solving equation (870) for e® and gives: 

= cosh a + sinh a 

= cosh a — sinh a (871) 

Substituting equations (871) in equations (848), 

iu = /^([cosh a + sinh a] [cos jS — ; sin |8] — [cosh a — sinb a] 

• jh 

[cos |8 + i sin jS]) + JBa ^ ([cosh a — sinh a] [cos /3 + j sin jJ] 
— [cosh a + sinh a] [cos fi — j sin /3]) | (872) 

So = K I SB([cosh a + sinh oi][cos /3 — j sin /3] + [cosh a — ainb a] 
[cos j3 + J sin (9]) + ts °^([cosha + sinha][co8/3 — jsinjS] 
— [cosh « sinh a] [cos /3 + j sin jS]) | (873) 

Simplifying: 

to = to + Jt"o = (t« + jit"it)(a'i - ja'i) + (eB + je''B)ici-jc\) 
ila = e'o + je"o = (e's + je"a)(,a'i - ja'a) + (t« + ji"*) 

(d'l-jd'i) (874) 

Following the same reasoning as that for equations (864): 
is = t'fi +ji"B - (to +it"o)(a'i —ja'2) —{e'c,+je''o){c'i—jc't) 
Eb = e'a + je''B = {e'a + je''a)(a'i - ja't) - {i'g + ji''o) 


(d'l - jd' 2 ) (875) 

where in both equations (874) and (875): ^876) 

a'l — ja'i = cosh a cos j3 — j sinh a sin /?, 

c'l — jc '2 = [sinh a cos (3 — j cosh a sin j5] (877) 

a — 3P 

d'l — id's = ^ i^[Biiih a cos jS — j cosh a sin /3] (878) 

- jb 


These constants correspond to those used in equations (865) 
and (829) and should be used in their stead if greatest possible 
accuracy is desired. 

Constants a and j3 are the same as for equations (865) and (866). 
These equations are equivalent to the following expressions 
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3rni if tables of complex hyperbolic 


^ - i/3) _ (879) 

- 1 - jc'i = siiLh (a - jp) = ^ ^ sinh (a - jp) (880) 

a-jP \Z 

d'l - jd'2 = sinh (a - jP) = ^^sinh (a -jp) ( 881 ) 

It will be found convenient to keep the components of these 
expressions in the form illustrated in the problem on line C. 

(c) Transmission-line Equations Approximated for Prelimi¬ 
nary Computation.—Substituting Z = 1 in equations (866) and 
(836): 

to 

Substituting Z = 0 in equations (833) and (836): 

iff = Ai — ^{2 

Solvmg equations (836) for Ai and A 3 : 

Ai = 2 


(882) 


(883) 


] 


(Yzy 

= “2[^* “ ^^{YZ)^] 

Substituting equations (884) in equations (882); 


i [(/• + 4. + (/. - 4 


* _ 1 iYZ)H 
Ao - 2 Y 


Y 

* (FZ)H 


(884) 






( 886 ) 


( 886 ) 


In the convergmg series of: 

*±{KX)« = 1 + n ± iip + + 

the first four terms may be used to represent with sufifi- 

cient accuracy: 
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- (^" - •®'(yz)>.)(i - +¥- 'T")] 

Simplifying: 

/o = /* ( 1 + -^) + 

& = (l + ^) + (888) 

Since 7 = — and Z = r — jXj 
ia=i«[l-^x-jlr]+£!^[-^r-3(b- ^x)] 

^ ^-4’’]~^) 

Final equations: 

h = i'G+ji"G = (t'B + jV'b) (o"i - ja"i) + e'«(c"i - jc"*) 

Ea = e'e + je"e = e'sCa": — Jtt" 2 ) + (i's ~ (890) 

Measuring distance from generator end: 

/* = t'a +ii"B= (i'<j +ji''c)(.a'\-ja‘\) - e'oic”,-jc”,) 

= e's + je"® = e o(o"i — 50" 2) — (^ o + j*"o) (d"i — id”a) 

where for both equations (890) and (891): 

„ . » , & 

a'l — J0> i = 1 — 2 ^ ~ ^ 2^ 

c'\-3c"^ = 

d'\-jd'\ = r( 1 - I x) - i(a: +|[r» - x*]) 

In the above constants 

6 = 27 r/C = shunted susceptance ' 

X = 27r/L = reactance 

C = condensance of entire line 

L = inductance 
/ = frequency. 
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In case it is desired to find the operating conditions at the low- 
tension busses on both ends of the line, the equations must 
include the constants of the transformers. Sufl&ciently accurate 
results may be obtained by adding the equivalent reactance and 
resistance of the transformers to the reactance and resistance, 
respecti's^gly, of the line. This procedure would, of course, dis¬ 
tribute the transformer reactance and resistance uniformly along 
the whole line, whereas for greatest accuracy they should be 
treated as concentrated on both ends. 

The actual low bus potential and current are obtained from the 
known ratios of the transformers. 

(d) Arrangement of Conductors.—The economy in copper of 
the three-phase system for long transmission lines was shown in 



- 

01- o 

/ ^ 

cf cfcj. 

Ground 

£/ev T-T 



C/e V. F’l. Cle \r M-M. 

Pig. 513. 


Chap. XXV. In America this system is so generally used 
that no other need be considered. Assuming a balanced three- 
phase system, with the corresponding neutral as explained in 
Chap. XXV, letting eo and in the line equations represent the 
voltages to neutral and using in the line constants the inductance 
and condensance to neutral, the transmission line may be con¬ 
sidered as three single-phase circuits. The complete perform¬ 
ance curves for the hne may be found by analyzing one phase 
to neutral since the system is balanced. 

In order that the three phases shall have identical performance 
curves the electrical constants must be the same; that is, 
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1. The three conductors must be of the same length and cross- 
section and be of the same material so that the resistances shall 
be equal. 

2. The inductance per conductor to neutral must be the same 
for the three phases. 

3. The condensance per conductor to neutral must be the same 
for the three phases. 

The first requirement is always met in long-distance lines. 
The inductance and condensance of the three phases are equal 
only if the wires are properly transposed. Two complete trans¬ 
positions dividing the line into three sections of equal length 
give a balanced arrangement. In Fig. 613 the interaxial spacing 
for the one-third of the line for any pair of conductors is Di, 
for the second one-third, Da and the last one-third, D®. 

In order to apply the equation for inductance derived in Chap. 
XXI, it is desirable to find the equivalent equidistant spacing 
which gives the same inductance per conductor for the whole 
length of the line as that given by the sum of the inductances, 
each for one-third of the length, of the spacings Di, D 2 and Dj. 

Let D = the equivalent equidistant spacing. 

d = the diameter of the line wire in the same units as D. 

L = the inductance of one conductor in henrys. 

I = the length of the line conductor in miles. 
ki = 74.1 X 10-® 
fca = 8.05 X lOr^ 

L = l(hi logio^ 4- hemys (from equation (579)) 

= + ^2) +1 z (fcClogio^ + *2) 

+ |z(Ailogio^* + fc2) (892) 

Eliminating common factors and solving for D, 

3 logio 2D = logio 2D I + logio 2 D 2 + logio SDb 
logio (2D)» = logio (2»Di X D 2 X Ds) 

= (Di X D 2 X Ds) 

D = (Di X D 2 X Ds)^ (893) 

Therefore, if the conductors are properly transposed and a spac¬ 
ing D is used equal to the cube root of the product of the three 
unequal spacings, the equation for the inductance (892), may be 
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used on all practical transmission lines whatever be the arrange¬ 
ment of the conductors. 

Similarly, the condensance of one wire to neutral for lines 
having unequal spacings may be expressed by equation (588) 
(derived in Chap. XXI) provided the line conductors are properly 
transposed and an equivalent spacing D is used, equal to the 
cube root of the product of the three unequal spacings. 

C = the condensance of one conductor to neutral in farads. 
k = 0.0388 X 10-8 

Z), Dij D 2 , Ds, d and I as already defined. 


C = I 


, 2D 
logio-^ 

I k ^ k .1 k 
3, 2Di’^3, 22 ) 2 '^ 3, 22>s 

logio-rf- 


(894) 


ilnating the common factors I and k, 

^=^4-^4-^ 

, 2D „ , 2Di ^ , 22), ^ , 22), 
logio-j- 31ogio-j- 31ogio-j- 3logio-^ 


«• 


1 22) _ 

, 22 ),, 22 ), 

logir^logxo-^ 


n -t 2 Di . 2 D 2 1 2 Dz 

3 logio~^ logio-^ logio-^ 


n 2 Du 2 Dz 
-logir^logio-j-- 


1 2D\m 2D2 
-logio-^logio-^ 


~ logio 2Z)i + logio 21)2 + M logio 22)3 — logic d, plus a 
quantity which is zero for equal spacings and so small for any 
uns 3 mametrical spacing used in practical transmipsion lines that 
for numerical calculations it may be neglected. 

Therefore: 

logio ~ I l^Sio 2 Di + -logic22)2 + ^ logic 2D3 — logiod 


logic 22) = I logic (2®2)i X 2)2 X 2 ) 3 ) 

D =? (Di X D% X 2 ) 3 )^ 

Likewise the condensance to ground, Fig. 513, is 
^ _ ,0.0388 X 10^8 
^ ^ 42)' 


log 


lio ■ 


(895) 


(896) 
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where 

J3' = (P4 X X 

(e) Voltage Regulation by Synchronous Condenser (Power- 
factor Regulator).—The most important problem in the opera¬ 
tion of long-distance transmission lines is the voltage regulation, 
which must be automatic to give satisfactory results. The ratio 
between the generator and receiver voltages is determined by the 
line constants and the nature of the load, but the equations, 
already derived, are complicated. As in most alternating- 
current phenomena, it is essential first to understand the energy 
changes involved. The amount of energy stored inductively 
in the magnetic field along the line depends on the current in 
the line, while the energy stored condensively in the dielectric 
depends on the voltage. Hence the energy stored magnetically 
is very small at no load and increases up to a maximum for the 
maximum current in the line. The energy stored dielectrically, 
on the other hand, is approximately constant for all loads for 
systems operating at practically constant potentials. In long 
transmission lines operating at high voltage the condensance as 
well as the inductance is of considerable magnitude. The energy 
stored dielectrically is of such quantitative value in comparison 
to the amount stored magnetically that they balance or offset 
each other at some load between no load and full load. At no 
load the condensive action predominates, while at full load, and 
particularly for the maximum current in the line, the inductance 
becomes the controlling factor. Variations m the receiver 
load during the daily cycle combined with the ever-changing 
power factor of the commercial load continually change the relar 
tive effect on the voltage regulation of the inductance and con- 
densance of the line. 

In constant-potential systems it is imperative that the receiver 
voltage eR he kept constant at all loads. This eliminates one 
possible variable in each voltage equation. It is also highly 
desirable that the generator voltage eo should be a constant for 
aU loads. To secure satisfactory voltage regulation it is, there¬ 
fore, necessary to provide some means by which the voltage at 
both ends of the line can be automatically kept constant for all 
variations in the load, from no load to the maximum value for 
which the line is designed. As mentioned in Chap. XV, all the 
conditions required for automatic voltage regulation are met by 
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the use of synchronous condensers placed at the receiver end of 
the line. The field excitation of the synchronous condenser is 
adjusted by some automatic device, as the TA regulator described 
in Chap. XIV, so that the current in the machine is lagging at 
no load and leading at maximum load. When properly designed 
and installed, this arrangement gives the required automatic 
voltage regulation for all loads. It is not necessary that the 
receiver and generator voltages be equal but only that they shall 
remain constant at all loads. With a given generator voltage the 
receiver voltage should be selected so as to require a synchronous 
condenser of Tninimurn capacity. 

As the function of the synchronous condenser is to provide the 
required reactive kv.a. for all loads, the ratio of the generator and 
receiver voltages should be so selected that the maximum lagging 
current (at no load) in the synchronous condenser should be equal 
to the maxunum leading current (at maximum load) in order that 
the capacity or si^e of the machine may be a minimum. By solv¬ 
ing the general voltage equation, equation (863), for the reactive 
current the amount of reactive power (lagging or leading 
current) that wiQ be required to give constant receiver voltage 
may be calculated. For = 0, from equation (863): 

Er = eR^ai — ja^) + {i'r +ii"B)(di - jda) 

= Cflai + i'ndy + + j("" &rO'2 + — i^Rdi) 

e% = + di^) + 2^"jj(eBai(i2 - e^zMi) + WrY 

{dY + ^2^) + 2 i^R{eRa\d\ + eRa^dY) + + 0 , 2 ^) 

•f, _ €r{— aid2 + a2di) , r _ CR^idY + ^2^) 

* di* + ds* Ldi* + dj* di* + da* 

, eB*(aid2 — ajdi)* 2 _ 2 ej|i'«(aidi + Oada)'] ^ 

di* + da* di* + d2* J 

_ es(— aidi + a^di) p eo* /eflCfflidi + Oidi) , \*l** 

di* + da* ^ Ldi* + da* di* + da* V J 

(897) 

By referring to Mgs. 614 and 616 for quantitative values, the 
method for determining the most desirable receiver voltage may 
be more easily understood. For known line constants and given 
constant generator voltage, plot curves for the reactive power, 
equation (897), as ordmates and the kw. receiver load as abscissse 
for three values of the receiver voltage: of cr = 90 per cent, of eo] 
6 r = Cs, and = 110 per cent, of eg. On the same diagram, 
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Figs. 614 and 616, draw the line OD representing the kv.a. 
load for the specified power factors, 85 per cent, and 90 per cent 
respectively. For any given load the corresponding ordinate 
to the line OD represents the reactive power in the receiver load. 
Likewise the ordinate to the curves for the receiver voltage 
selected gives the amount of reactive power that must be pro¬ 
vided in order to give the desired regulation. The function of 
the synchronous condenser is therefore to supply the difference. 

By interpolation, that receiver voltage may be found which will 
require an amount of inductive reactive power at no load, ordi¬ 
nate OA, equal in magnitude to the condensive reactive power 
at maximum load, ordinate BD. 

The receiver voltage thus determined can be maintamed auto¬ 
matically by a synchronous condenser of minimum capacity 
for the given line, load and generator voltage. Thus for line 
A, Fig. 514, for the given generator voltage, eo = 135,000 volts 
and power factor of load = 86 per cent., the capacity of the 
synchronous condenser is a minimum if the receiver voltage 
ej 2 = 123,000 volts. Similarly for line Fig. 615, for Cc = 
160,000 volts and load power factor = 90 per cent., the required 
capacity of the synchronous condenser is a minimum if the 
receiver voltage eR = 165,500 volts. 

The effect of varying the power factor of the load is apparent 
from reactive power curves. Figs. 514 and 515. For loads having 
power factors nearer unity the receiver voltage would be corre¬ 
spondingly increased while the reverse would be the case for 
loads with lower power factors. 

In order to illustrate the application of the theoretical equa¬ 
tions to practical transmission lines the complete solution is given 
for two typical high-tension systems. The complete operating 
characteristics of the two lines are shown in Figs. 516 and 517. 

if) Performance Computations of Long-distance Trans¬ 
mission Lines.—Below are given the performance computations 
of two transmission Imes called A and S. The computations 
are given in parallel columns for the two lines in order to facilitate 
comparisons; the pages are divided so that the treatment of line 
A appears on the left-hand side and of line B on the right. 
Statements which hold true for both lines are carried across both 
divisions. 



—Given Data— 
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Inductance 
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- 0.6433 - j 1.1068 x iF - a [l-0006308 

X 0.06078 - 0.00028466 X 0.96946] X 0.16838 - 0.0012616 X 0.91456] 

= 12.74 - i94.07 = 25.206 - jl61.2. 

The above constants are independent of voltage or current in the line and are the numerical coefficients 
of the physical properties of the line. The performance of the line depends upon the magnitude and fre- 




—LINE A— —LINE B— 

quency of the voltage impresaed at the generator end, the above line constants, and the nature of the load 
at the receiver end. The generator voltage is stipulated in the given data, but the nature of the load^ is 
only partly defined by the given power factor and magnitude of the load. The total receiver load also in¬ 
cludes the synchronous condenser or power-factor regulator, the function of which has been described above. 
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neutral, eg = 77,940 volts; = 71,015 volts. itral is eo = 92,380 volts; = 89,780 volts. 

Using again e( or thii oltage relation and solving for i"g: 

i''n = -718 3 + [674,160 - t", = -527.6 + [363,198 - (96.48 + « 
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50,000 kw. 

- 0.06 - J45.23 + (234.7 + j31.18) /o = - 0.48 - j98.54 + (185.65 + j4.9) 

(0.96959 - jO.0041387) (0.91571 - j0.014365) 

227.62 - J15.97 = 169.59 - j94 72 



60,000 kw. 

0.06 - J45.23 + (281.64 + ^8.35) /<, = - 0.48 - i96.64 + (222.78 - jl6.5) 

(0.96969 - jO 0041387) (0.91671 - j0.014366) 

3.05 - i38.30 = 203.28 - ill4.85 
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alternating currents 


(ff) Computation of Performance Curves for Line C.—The 
specifications for line C are the same as for line By except that it 
is twice as long. The computation illustrates the use of the 
polar notation in the solution of transmission-line problems. 
For line C: 

r = 2 X 26.74 = 53.5 ohms 
a: = 2 X 155.5 = 311.0 ohms 
z — 2 X 157.78 = 316.6 ohms 
Z = 315.6/279.6° 

5 = 2 X 1.1068 X 10-* = 2.214 X 10"* mho. 

Y = 2.214 X 10-» /270 0° 
a = 2 X 0.03552 = 0 07104 radian 
/3 = 2 X 0.41638 = 0.8328 radian 


= 47.72° 


cosh a = 1.0025 
sinh a = 0.0711 
cos ^ = 0 6727 
sin j8 = 0.7398 

The shde rule is considered as sufficiently accurate for the 
following computations: 

cosh (a — jp) = cosh a COS j3 — J sinh a sin 
= 0.674 - jO.0526 
= 0.676/355.5° 


ainb (a — jp) = Rinh a COS j3 — j cosh a sin j3 


= 0.0478 - jO.742 
= 0.743 /273 7° 


yl 


12 214 Xl0-» /270 0° - 279 6° 


315.6 


/ 


= 2.645 X 10-® /355.2° 


VZ/r = 378 /4.8° 
o'l - ja's = 0 676 /355.5° 

- Jc'a = (2 645 X 10-» /355.2°) (0.743 /273.7°) 
= 1.967 X 10-» /268.9° 
d'l - jd'i = (378 /4 8°) (0.743 /273.7°) 

= 281 /278 5° 


The complete equations for the line are, therefore: 
la = (0.676/355.5°)j« -|- (1.967 X 10-» ^268.9°)£fi 
Eo = (0.676 /356.5°)Ffl + (281 /278.5 °)Jb 
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In order to show the method of evaluating with numeric E 
and I consider the following problem: 

What are the vector values of current and voltage at each end 
of the line when power factor control is used to maintain constant 
voltage (92,380 to neutral) at both ends of the line? What are 
the power factors, line efficiency, etc ? 

Select Eq = 92,380 as the reference vector. 

Then Eb = 92,380^ where is the angle of phase displacement 
with respect to the reference axis. 

Substitute in the equations for Eo and Mb above and 

92,380 = (0 676 /355.5°)(92,380 /^) + (281/278.5°)/* 
and 92,380 (£ = (0.676 /355 5°) (92,380) - (281 /278 5°)/o 
From which /* = 329 /81.5° - 222 /77.0° + 
and to = 222 /77.0° - 329 /Sl-S" + 

It will be noted that the loci of these currents are circles, that 
of Ib with its center at 329 /81.5° amp , and that of to with its 
center at 222 /77.0° amp. from the origin. 

An easy method of solution is to assume values for and 
solve for /* and to- When these are obtained, power, power 
factor, etc. may be readily calculated. 

The figures for y' = 60.0° foUow: 

Ib = 329 /81.5° - 222 /77.0° + 60.0° 

= 48.6 + /325 + 162 - jUl 
= 210.6 + jl74 = 274 /39.6° 

Eb = 92,380 /60.0° 

therefore 6b = 20.4° leading, cos fl* = 0.937 and sin 
Ob = 0.349 

(92,380 X 274 X 0.937) 

1,000 

= 23,700 kw. per phase 
la = 222 /77.0° - 329 /81 5° + 60.0° 

= 60 + i216 + 258 - j205 
= 308 + j9 = 308 /I 7° (lagging) 
cos 6a = 0 9999, sin do = 0.0297 
^ (92,380 X 308 X 0.9999) 

1,000 

= 28,450 kw. per phase 
9 *^ 700 

Line eflBciency = 28 450 ^ cent. 
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Fia. 619 . 
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Solutions for other points may be obtained in the same way. 
If complete performance curves are desired, it is convenient to 
plot curves of scalar values of current and their respective phase 
positions, and power as found above against 
These are given in Fig. 5J.8 for values of yp from 0 to 90° for 
line C. Interpolated values from these curves may now be 



used in plotting curves such as those in Fig. 519 against receiver 
power. 

Vector diagrams showing the loci ol Esj and la are shown in 
Fig. 520. The full lines indicate the values for \p = 60.0°. 

Qi) Artificial Transmission Lines.—It has been shown in 
Chaps. XXI and XXVII that the operating characteristics of 
transmission lines are determined by the electrical constants of 
the hne—the resistance, inductance and condensance. The length 
of the line and the size and spacing of the conductors are merely 
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factors m the equations giving the magnitude of the electrical 
constants of the line. The distance or space feature, therefore, 
is not an essential factor in the electrical phenomena. The 
operating characteristics can be accurately reproduced in lab¬ 
oratory structures occupying comparatively small space. An 
artificial transmission line at Union College,^ housed in a small 
room, is electrically equivalent to 130 miles of an actual line of 
No. 1 A.w.g copper with 72-in. spacing. The line has 400 units. 
Each unit consists of a glass cylinder 6}4 in. in diameter and 



Fig 621 .— One unit of 400 -mile axtificial transmission Ime. (Universili/ of 

Washington ) 

6 ft. long. The inside of the tube is lined with tinfoil, and on the 
outside is wound a helk of No. 8 A.w g copper we. This 
arrangement gives uniformly distributed resistance, inductance 
and condensance. The total resistance for the 400 units is 93.6 
ohms; the inductance, 0.394 henry; the condensance, 1.135 mf 
Electrically the artificial hne has the same constants as the 
actual 130-mile transmission line, and experiments have shown 
that the operating characteristics of the actual line can be 
accurately reproduced in the laboratory apparatus 

In the lumpy type, a less expensive and more compact design, 
the uniformly distributed inductance and condensance are 

1 Trans. A I.E E, vol. 30, p. 245, vol 31, p. 887. 
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represented by a number of small inductance coils and conden¬ 
sers, connected as indicated in Fig. 511. 

Some of Dr, Kennelly's researches on long transmission 
lines were made on a lumpy, artificial Une^ equivalent to 1,600 
miles of No. 3/0 A.w.g aluminum cable, spaced 90.6 in. The 
line had 30 units, each consisting of four small air-core solenoids 
and a condenser. Although each unit was equivalent to 60 miles 
of hne, it occupied less than 1 cu. ft. of space. 

As the lumpy type only approximates a uniform distribution 
of the line resistance, inductance and condensance, the size of 
each unit must be small in comparison to the total length of 
the line. 

In Fig. 621 is shown a lO-nule unit of the lumpy type haviug 
adjustable line constants. The artificial transmission line at the 
University of Washington* has 40 units similar to Fig. 621. The 
electrical constants of each unit are adjustable within the 
following Limits. 

Resistance, rm-niToum value = 2.69 ohms. 

Inductance, maximum value = 0.021 henry. 

Condensance, from 0.1 to 1.0 mf. 

The resistance may be increased to any desired amount by 
moving the clamp on the resistance loop or by inserting resistance 
elements between the units; the inductance may be decreased by 
turning the right-hand coil and by taps m the lower coil; and the 
condensance may be varied in steps by using ten or a less number 
of condensers m series. Adjustments can be made so as to give 
to the artificial line the electrical constants equivalent to an actual 
transmission Ime of any size of wire up to No. 4/0 A.w.g. hard- 
drawn copper and for any spacing up to 120 m. 

For Expenments see page 603. 

1 Book on Artificial Transmiasion Lines by A. E Kennelly, 1917. 

* Trans A I.E E., vol. 35, p 1137. 
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Experiments to Chapter II 

The oscillograph is the most satisfactory instrument for the 
study of wave forms (see Chap. VIII). The student should 
become thoroughly familiar with its principles and the inter¬ 
pretation of oscillograma. In the following experiment the 
work is intended to give a conception of the successive instan¬ 
taneous values of alternating current and voltage, and the 
angular phase displacement between waves when these instan¬ 
taneous values are considered to be recurrent harmonic functions. 
For these experiments it is desirable to use power from an 
approximately sine-wave voltage supply. 

Note that the oscillograph vibrators are essentially sensitive 
D^Arsonval galvanometers and are used with multipliers to 
indicate voltage and with shunts to indicate current. The 
direction of the deflection on the ground glass or film indicates 
the sign of the instantaneous value of the wave being measured. 
The vibrators should be calibrated with the multiplier or shunts 
as used in volts or amperes per millimeter deflection. 

1. Altematmg Waves with the Oscillograph.—Obtain tracings 
of simultaneous values of alternating current and voltage when 
the circuit measured contains: 

(a) Resistance. 

(5) Inductance. 

(c) Condensance. 

(d) Resistance and inductance. 

(c) Resistance and condensance. 

(/) Inductance and condensance (protected by resistance on 
the supply side of the meters). 

Letter or number the points between the units and record 
voltages as Eab or J?i 2 , etc., indicating that the direction from 
a to 6 or from 1 to 2 is an assumed positive direction around the 
circuit. When more than one device is connected, obtain voltage 
waves across each as well as of the total. Show that the algebraic 
sum of the instantaneous values of the component voltages is 
the same as the total voltage. 
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Calculate the maximuin and effective values of each wave 
from the tracings and check the latter with meter readings. 

Interpret the spacing between waves in terms of time and 
angular phase displacement. 

Experiments to Chapter IV 

The object of the following experiments is to show the relations 
between the effective values of current and voltage in simple 
series circuits of constant impedance and to give methods of 
calculating the constants of these circuits. 

The supply voltage should be as nearly a sine wave as possible 
and of constant frequency. The resistances used should have 
neghgible temperature coefficients within the range of current 
used and the inductances should have air cores. Fairly large 
currents (5 or more amp.) are desirable so that voltmeter currents 
will be negligible. 

1. Resistance and Inductance.—Connect a non-inductive 
resistance in series with a coil having a reactance of not less than 
half or more than twice the value of the resistance in ohms. 
Letter the terminals and the junction between the units to 
correspond to a recorded diagram. Place meters for determining 
the component and total voltages, the current and frequency. 

Tabulate several sets of readings for different values of current. 
Record voltages Eat, Ehoj etc., indicatmg the points between 
which the readings were taken and the assumed positive direc¬ 
tions around the circuit by the subscripts. In laboratory work 
it is desirable to use the notation with distinctive subscripts, 
as, for example, Eab, Zob, etc., corresponding to the circuit diagram 
until the final interpretation of results. 

Calculate the component and total impedances from the 
voltmeter and ammeter readings, find the mean values and 
plot the impedance triangle for the circuit. Letter the vertices 
of the triangle to correspond to the letters on the cucuit diagram. 

The value of the non-inductive resistance is the scaled value 
between the letters assigned to the terminals of that unit as 
plotted. The resistance of the coil may be found from the 
component of the impedance of the coil parallel to the non- 
inductive resistance. Check the scaled values of these resistances 
on the impedance diagram with the resistances between the 
same points when measured by direct current. 
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The reactance of the coil is the component of the coil impedance 
at right angles to the resistance line. From the resictance and 
frequency calculate the inductance of the coil and check the 
resultant figure with that calculated from the dimensions of 
the coil. 

Express the impedance of the circuit and its component parts 
in the form of r ± jx. 

Draw a current and voltage vector diagram for the circuit for a 
current of 10 amp 

2. Resistance and Condensance.—As far as is practicable, 
follow the procedure of Experiment 1, using a condensance in 
place of the inductance. 


Experiments to Cliapter V 

The object of the following experiments is to show the relations 
between the effective values of current and voltage in parallel 
circuits of constant admittance. The same precautions regard¬ 
ing wave form should be observed as in the experiments on series 
circuits. 

1. Resistance and Inductance*—Connect a non-inductive 
resistance in parallel with a coU having a reactance of not less 
than half or more than twice the value of the resistance in ohms. 
Place meters to determine the component and total currents, the 
voltage and frequency. 

Tabulate several sets of readings in a manner similar to that 
used for series circuits using distinctive subscripts for the current 
in each case. 

Calculate the component and total admittances from the meter 
readings and plot the admittance triangle. From the diagram 
scale the component and total conductances and the susceptance. 
Check the component values with those calculated from the 
resistance and reactance data. 

Express the component conductances and susceptances and 
total admittances in the form of ^ + ji. 

Draw a current and voltage vector diagram for the circuit at 
100 volts. 

2. Resistance and Condensance.—As far as is practicable, 
follow the procedure of Experiment 1, using a condensance in 
place of an inductance. 
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Experiments to Chapter VI 

While the experiments outlined below are particularly adapted 
to the study of series-parallel circuits, the methods employed are 
suitable for routine commercial tests. The student should 
master the checks afforded by wattmeter measurement upon 
the phase angles between each of the component currents and the 
voltages. 

1. Series-parallel Circuits.—Take any complex circuit, such 
as that in Fig. 72. Letter the branch points and if desired 
number the units as shown. Measure the currents in aU of the 
branches. Measure the voltages between all of the lettered 
points. 

With a wattmeter having its current coil in the supply lead and 
with one aide of its potential coil connected to the same side of 
the hne, take readings when the ^'high'^ side of the potential 
coil is tapped to all of the branch points. Change the current 
cod to one of the branch circuits and repeat. 

Plot a topographic voltage diagram, the distances between 
points on the plot being proportional to the voltages between 
the points in the circuit. Locate the phase angles of the current 
vectors by means of the wattmeter, voltmeter and ammeter 
readings where W = E7 cos B (see Chap. VTI). (Note that 
6 is not necessarily a power factor angle as E may be only a por¬ 
tion of the total voltage.) Complete the current diagram by 
plotting aU of the ammeter readings, observing Kirchhoff^s law 
for currents. If desired, the vectors indicated in the topographic 
plot may be transferred to a vector diagram with a common 
origin for the coordinates. The phase angles and lengths will 
be the same in either plot. 

2. Circle Diagram with Resistance Variable.—Arrange meters 
for determ inin g the vector relations and the constants of a 
series circuit containi n g resistance and reactance. Keep the 
supply voltage, frequency and reactance fixed and vary the 
resistance through as wide a range as possible. 

Show the loci of the component voltages and current by vector ■ 
diagram, using the total voltage as the reference vector. 

Tabulate and plot to rectangular codrdinates all of the readings 
and calculated constants of the circuit with the resistances as 
absciss®. 

3. Circle Diagram with Reactance Variable.—Repeat Experi¬ 
ment 2 with reactance variable and the resistance constant. 
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If possible keep the resistance of the reactance coU constant by 
keeping the total amount of wire in series the same for all 
readings. 

4. Voltage Resonance with Variable Frequency.—^Voltage 
resonance is obtained in a series circuit when the inductive and 
condensive reactances neutralize, thus making the total voltage 
equal to the resistance drop. A protective resistance in series 
with the circuit may be necessary to prevent excessive voltage 
across the condensance at resonance. 

Adjust the inductance and condensance so that resonance 
may be obtained wdthm the available range of frequency. Hold 
the voltage across the two units in senes at a constant value 
(as high as is safe for the condensance at resonance) and take 
readings of component voltages, current and their phase rela¬ 
tions for a wide range of frequency. 

Calculate the resistance, reactance, impedance and power 
factor for the component and total circuits 

Show the loci of the voltages and current by vector diagram, 
using the total voltage as the reference vector. 

Plot curves in rectangular coordinates, showing the variation 
of current, voltages, reactance, impedance and power factor with 
frequencies as abscissae. 

6. Current Resonance with Variable Frequency.—Current 
resonance is obtained in a parallel circuit when the inductive and 
condensive susceptances neutralize to give a TniTiiinum line 
current. 

Adjust an inductance m parallel with a condensance so that 
resonance may be obtained within the available range of fre¬ 
quency. Hold the voltage across the two units at a constant 
value and take readings to obtain component and total currents, 
voltage and their phase relations for a wide range of frequency. 

Calculate the conductance, susceptance and admittance for 
the component and complete circuits. Plot in rectangular 
coordinates the currents and the constants of the circuits with 
frequencies as abscissae. 

Show the loci of the currents by vector diagram, using the 
voltage as the reference vector. 

Experiments to Chapter VII 

1. Wattmeter in Single-phase Measurements.—(a) Measure 
the current and power input with an ammeter and wattmeter 



582 


altehnatino ctiruents 


in several of the circuits used in previous experiments. Check 

p 

the resistance as calculated by other methods with Calcu¬ 
late the power factors and the reactive volt-amperes. 

(6) Show how to correct for errors introduced by losses in the 
current and potential coils of the wattmeter. 

(c) Show how to connect correctly a wattmeter provided with 
a compensating coU. 

(d) Connect an ammeter, wattmeter and voltmeter to a load 
and determine its power factor. Leaving the voltmeter con¬ 
nected across the potential coil of the wattmeter, connect a 
2-mf. telephone condenser between these two potential circuits 
in parallel and the “high” side of the load. Take the new 
readings of the meters. 

Show that the wattmeter reads El cos 6 where E is the voltage 
across the potential coil, I is the current through the series coil 
and 6 is the phase displacement of these vectors. In making 
the calculations, assume that the potential circuits of the volt¬ 
meter and wattmeter are non-inductive. Show how this method^ 
may be used to determine whether current lags or leads. 

Experiment to Chapter VUI 

1. Indicating Instruments.—The object of the following 
experiment is to show how to correct for the errors introduced 
by the instruments. 



Low VOLTASr 
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(a) Determine for several types of alternating-current instru¬ 
ments the effect of stray fields, the errors when used on direct- 
current circuits and the methods of eliminating the above. 

^ Jour, of Elec , June 1, 1919, p. 630. 
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(b) Determine the resistance and the inductance of a volt¬ 
meter, ammeter and wattmeter suitable for measuring small 
amounts of power at low power factors. An impedance bridge 
is convenient for this measurement. A convenient diagram 
for this is shown in Fig. 522. 

When no sound is heard in the telephone receiver, 

A R 

B ^ andL = ABC 

(c) Show by measurement and calculation how readings of 
the meters measured above should be corrected. Simultaneous 
readings should be taken of all the instruments, the coils of which 
are to be treated like fundamental circuits with known constants. 
A careful diagram of connections must be made to show whether 
the instruments are in series or parallel with each other and the 
load. Vector diagrams should be drawn. 

EzperiinentB to Chapter IX 

The phase relations between voltages in polyphase circuits, 
especially if from meter readings, are best indicated by a topo¬ 
graphic diagram. The current relations are best indicated by 
a current triangle for each branch point, the phase angles being 
checked against the voltage diagram. 

An important consideration of these vector diagrams is the 
chase sequence or the order in which the individual vectors 
’each a maximum. It is possible to make two plots from volt- 
neter readings, one the reverse of the other, only one of which 
s correct. It is usually necessary to add to the system a vector 
)f known phase position and include it in the diagram before 
he correct plot can be selected. 

The following experiments are typical of a large number which 
nay be arranged to show the interrelations of polyphase voltage 
nd cxirrent vectors. 

1. Delta-, and Star-connected Loads.—(a) Make measure- 
aents of line currents, line and phase voltages, and phase rota- 
ion, with star-connected non-inductive load resistances for a 
eneral case (unequal adjustments of load resistances). Make 
topographic plot of the voltage vectors, bemg careful to show 
he correct phase rotation. On the same sheet make a current 
dangle from the ammeter readings, ass um i n g that the phase 
urrents and voltage are in time phase. 
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Predict what will happen to the shape of the diagram and 
check the result by actual measurement; when one leg of the 
star is short-circuited, when one leg is open-circuited and when 
all legs are of equal resistance. 

(6) Make measurements of Une voltages and line and phase 
currents with a delta-connected set of unequal load resistances 
and make a complete voltage and current diagram, as in (a). 

Predict what wiU happen to the shape of the plot and check 
by meter readings; when one leg is open-circuited, when two 
legs are open-circuited and when all legs are of equal resistance, 
(c) Show that, for balanced resistances and line voltages, the 


voltage to neutral is — y= times the line voltage for a star con- 

V3 

nection and the phase current is times the line current for 

a delta connection. Show that for the same line voltages and 
currents the vector diagram for these vectors is independent 
of the type of connection. 

2. Polyphase Windings.—It is desirable to have for this 
experiment an alternator with sue or more separate circuits each 
giving the same effective voltage but differing in phase position. 
A six-pole alternator having, for example, 72 slots with a dis¬ 
tributed winding may be easily modified to provide 12 separate 
circuits of the same number of turns but differing in phase 
position by one slot pitch. A smaller number may be used, but 
it will be noted that to produce three-phase connections a multi¬ 
ple of three coils must be used and that for two-phase connections 
a multiple of two. 

Number or letter aU of the terminals and determine the 
effective value of the voltage generated by each of the separate 
coils with definite field current and speed. Interconnect the 
terminals from one end of each coil, making a careful record of 
the numbers so connected. Measure the voltages between all 
of the other terminals. It should be noted that, if 12 separate 
coils are used, a total of 78 separate readings may be obtained. 

Connect between two of the terminals which are at a decided 
difference of potential a phase-splitting device, such as that 
shown in Fig. 123, and take a sufficient number of readings to 
determine the phase sequence of the original vectors. 

Plot a topographic diagram of the voltages as read, numbering 
the points to correspond to the interconnection used. Include 
the readings taken with the phase-splitting device. 
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From this diagram show what connections may be made to 
produce S3nnmetrical two-phase three-wire, three-phase delta, 
three-phase star and single-phase windings, using all of the 
coUs in such a manner that the maximum voltage combinations 
are obtained. Check these calculated results by meter readings 
at no load. 

Assume current ratings for the coils and calculate the relative 
volt-ampere ratings of the complete machine for each of the 
types of connection used. 

Experiments to Chapter X 

It is desirable to study the performance of wattmeters in 
polyphase work on unbalanced circuits before proceeding to the 
balanced circuit which is more usually met in practice. 

1. Three-phase Vectors and Power.—Arrange an unbalanced, 
star-connected lamp bank load from a supply of unbalanced 
three-phase voltage. Place ammeters and the current coils 
of wattmeters in each line wire. Connect the *‘low^^ side of each 
wattmeter potential coU to the adjacent line and the "high’’ 
side to a flexible lead common to all the wattmeters. Use a 
voltmeter with flexible leads, which may be tapped in at any point. 

With a fixed load read all of the meters with the flexible leads 
tapped in succession to aU of the branch points. These branch 
points should be lettered or numbered and the readings marked 
accordingly. There should be six voltmeter readings and four 
readings (one of which should be zero) for each wattmeter. 

Plot a topographical vector diagram using all of the possible 
checks in determining the positions of the vectors. It should be 
noted that each wattmeter reading may be used in the calcula¬ 
tion of the cosine of the included angle between the voltage and 
current applied to its coils. This may be used to check the 
angles plotted from the voltmeter readmgs alone. 

Assume a "neutral” point at any point whatsoever on the 
same sheet with the topographical plot Draw lines from this 
point representing the voltage from this point to each of the 
line wires Calculate the total power as being equal to 
the summation of the products of these voltages to "neutral,” the 
line currents and the cosmes of the respective included angles. 
Take care to observe the proper algebraic signs. Check this 
calculated value with the sum of the wattmeter readings when 
the flexible lead is tapped to any one branch point in the system. 
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For the same assumed “neutraF' point as above calculate the 
total reactive power as being the summation of the products of 
the voltages to “neutral,” the line currents and the sines of the 
respective included angles. This should be zero for the lamp 
bank load. 

Show that two wattmeters may be used to measure the 
total power in any polyphase three-wire system, balanced or 
unbalanced. 

2. Two-wattmeter Method on Balanced Circuits.—(a) Arrange 
two wattmeters to measure the total power in a balanced three- 
phase system, the power factor of which may be varied over a 
wide range. 

Calculate the power factor as the total power in watts divided 
by the voltamperes and by the “ tangent method.” Show why the 
latter method is the more accurate and preferable for most work. 

Show why both methods fail in the calculation of the power 
factor of unbalanced circuits. 

(6) Develop a method whereby the ratio of two wattmeter 
readings in a balanced two-phase three-wire system may be used 
to calculate the power factor. Check by actual measurement. 

Experiments to Chapter XI 

1. Iron-clad Circuits.—^With an iron-cored inductance show 
the variation of impressed voltage, coil impedance, inductance 
and effective resistance with exciting current at constant fre¬ 
quency. Use a separately excited generator with no resistance 
in the leads for the supply in order to prevent a distortion of the 
voltage wave form. Plot curves with exciting current as a base 
and be sure to obtain the high point on the inductance curve 

Show the effect of iron loss on the shape of the impedance tri¬ 
angle in one 'representative case. Compare the wattmeter 
readings with the copper loss and compute the iron loss. 

2. Mutual Inductance.—Place two air-cored cods in such a 
position that their mutual inductance is as great as possible. 
One cod wdl be used as a primary and the other as the second¬ 
ary of an air-cored transformer. Number the terminals, paying 
particular attention to the beginnings of the windings when 
considered as hehces along the same axis. 

Place voltmeters, ammeters and wattmeters for finding the 
simultaneous phase position and values for the vectors of both 
cods. An ammeter and the current cod of a wattmeter should 
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be placed in series with each coil. One terminal of the first 
coil should be connected to one terminal of the second outside 
of the meters. Voltmeter readings may be taken across each 
coil and across the combination of two coils. Checks upon the 
angles indicated by the above may be had by calculating their 
cosines from wattmeter readings taken when the potential coil 
of one wattmeter is tapped successively to two of the voltages 
in question. 

Determine the complete vector diagram for no load upon the 
coil selected as the secondary. 

Keeping the supply voltage constant, repeat for several values 
of non-mductive load on the secondary up to short circuit. 

Determine the loci of the vectors in a topographical plot for 
the various loads. 

Calculate the resistances and self-inductances of the coils and 
their mutual inductance. Calculate the equivalent resistance 
and self-inductance when the whole circuit, inoluding the load, 
is considered as a unit for one adjustment. 

3. Steinmetz’s Coefficient and Eacponent.—Iron loss may be 
expressed by the equation 

F. - V[aSB- + hB^P) 

where V is the volume of iron in cubic centimeters, B is the 
maximum flux density in lines per square centimeter, f is the 
frequency and a, 6 and x are empirical figures. 

For the purpose of this experiment, the eddy-current loss, 
Pe — hVBp, win be separated from the hysteresis loss, aP = 
aVB^y and the constants a and x of the latter will be determined. 

A suitable apparatus for this experiment is a ring made up of 
annular punchings of large diameter from the sample to be 
tested and uniformly wound with two exactly similar distributed 
coils. One of the coils is to be used as an exciting winding and 
should be connected in series with an ammeter and the current 
coil of a wattmeter. The other coil is to indicate the voltage 
induced by the flux and is connected to a voltmeter. The watt¬ 
meter potential coil is connected across the primary. 

The induced voltage in either coil is 


Thus 


E = 4.44iVAP/10’-8 
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E 

Thus by keeping y constant, B may be kept constant. 

Take readings of voltage, current, frequency and watts over 
as wide a range of frequency and voltage as possible. Several 
runs should be made either with constant flux density or with 
constant frequency. It is usually easier with the apparatus 
available to make several runs (six or eight) at different constant 
frequencies. 

Determine the copper loss in the primary and subtract it from 
the wattmeter readings and obtain the iron loss. 

A table made up with the values in the order given will be 

W 

useful:/, E, 7, TTo, B, RPj Wi and 
W 

Plot curves with -y as ordinates and B as absciss© for each 
valueof /. Interpolate in the above and find the values of 


W 

-y for six or eight values of B and plot against /. These 

curves should be straight lines and will give a means of separating 
the eddy-current and hysteresis losses. 

Smoe at any given flux density (as for each one of the curves 
above), 

w. 

Y = aVB- + bVB^f 

in which W^ and / are the only variables, aVB^ is the intercept 
of these curves with the F-axis. Values of aVB^ might now 
be plotted against S, but the curves would give no means of 
determining a and x. It is best to plot log (aVS®) against log B. 
This curve should be a straight line of slope x and intercept 
log (aV) on the F-axis. These values give the desired solution. 

Similar methods may be used for finding the constants in the 
expression for eddy currents. 


Experiments to Chapter XII 

1. Preliminary Study, (a) Polarity .—Check the marking of 
leads of a standard single-phase distributing transformer accord¬ 
ing to the Standardization Rules of the A.I.E.E. (600 to 607). 
The transformer should be excited by applying low voltage to 
one of the high-tension coils. 

(b) Ratio .—Determine the ratio of the transformer, and, if it is 
provided with more than one primary or secondary winding, all 
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of the possible ratios using standard connections. The ratio 
of the transformer may be taken as the voltage ratio at rated 
voltage and no load (Standardization Rules 200 to 214). 

2. Losses and Efficiency, (a) Core Loss .—Excite the low- 
tension winding of the transformer from a separately excited 
generator without resistance in the load circuit at normal fre¬ 
quency. Keep the secondary circuit open and take readings of 
meters for a wide range of voltage up to 110 per cent, of normal. 

Plot volts and watts core loss against amperes as absciss® 
Determine if any correction should be made for the primary 
copper loss. 

(6) Copper Loss. —Short-circuit the low-tension wmding 
through an ammeter and supply low voltage at normal frequency 
to the high-tension winding. If more than one high- or low- 
tension coil is provided, connect them in series. Take readings for 
a range of current up to 200 per cent, of normal rated load current. 

Calculate the equivalent resistance and reactance (referred 
to the high-tension wmding) for each of the readings. Check 
this resistance with the value calculated from the ohmic resist¬ 
ances of the windings and the ratio of transformation. 

Plot the total copper loss and the equivalent resistance and 
reactance drop in volts agamst secondary load current. 

(c) Efficiency .—Calculate and plot the efficiency for all loads 
up to 160 per cent, of rated load at unity power factor with 
normal secondary voltage. 

Calculate and plot the efficiency for a series of power factors 
(current leading and lagging) at full kv.a. load and with normal 
secondary voltage. 

3. Regulation.—(a) Using the calculations for the equivalent 
resistance and reactance drop in volts from the previous experi¬ 
ment, calculate and plot the primary voltage necessary to give 
normal secondary voltage for all loads up to 150 per cent, of 
rated load at unity power factor. Neglect the increase of the 
primary current due to the exciting current. 

Repeat for rated load at various power factors, current laggmg 
and leading. Calculate and plot the regulation of the trans¬ 
former for all power factors (Standardization Rule 565). 

(6) Check the regulation and efficiency as previously calculated 
by input-output readings at approximately full load and unity 
power factor. Note that a slight error in the meter readings may 
produce a big discrepancy in the results. 
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4. Transformer Connections.—(a) Connect the high- and low- 
tension windings of a standard distributing transformer in series. 
Determine what ratios may be obtained when using it as an 
autotransformer. Measure the line, coil and load currents as 
well as the voltages. Make out a table giving these ratios and 
the corresponding kv.a. ratings of the apparatus when used at a 
voltage and current not exceeding normal, for any winding. 

(5) Show how to connect the low-tension cods of two standard 
distributing transformers as a V-connected autotransformer for 
reducing a three-phase supply to one-half voltage. Give circuit 
and vector diagrams. 

(c) Connect three transformers with their high-tension wind¬ 
ings m star and low-tension in delta, and vice versa. Give 
vector diagrams and check the expected voltage ratios by actual 
readings. Show what happens if one phase of the primary or 
secondary of the delta-star-connected transformers is reversed. 

Connect the transformers in deltardelta. How may the 
connections be checked in a delta-connected secondary before 
the third winding is connected? 

6, Instrument Transformers.—(a) Connect the primaries 
of two current transformers in two leads of a three-phase load 
circuit. Place an ammeter in series with each secondary termi¬ 
nal. Connect a third ammeter outside of the other two meters 
and in parallel with the two secondary circuits. Show that 
the meters give readings proportional to the current in the three 
mams irrespective of conditions of balance. 

(b) Connect two potential transformers in V on an unbalanced 
three-phase supply. Show that three voltmeters may be used 
on the secondaries to give readings proportional to the primary 
hue voltages. 

(c) Connect the current coil of a wattmeter in one lead of a 
balanced three-phase load. Connect two potential transformers 
between this lead and the other two mains. Show how to 
connect the potential coil of the wattmeter m series with the 
secondaries of both potential transformers so that the wattmeter 
will read either proportional to the total power or to the reactive 
volt-amperes. 


E^eriments to Chapter Xni 

1. Operation by Loading.—^Load an induction motor (prefer¬ 
ably a squirrel-cage machine) by means of a prony brake when 



EXPERIMENTS 


591 


supplisd from a constant-freQuency and constant-voltage source. 
Take a series of readings of voltage, current, watts, frequency, 
speed, scale reading and slip up to 160 per cent, of rated load. 
Correct the scale reading for the dead weight of the brake arm 
which is to be taken as the mean of readings with positive and 
negative friction at rest. Calculate torque, watts output, power 
factor and efficiency. Plot performance curves against watts 
output as absciss©. 

When the motor is near synchronism the slip may be very 
satisfactorily measured by means of a disc attached to the 
shaft and painted with alternate black and white sectors, as 
many of one color as there are poles in the machine. The 
apparent rotation of the disc when viewed by the light of an arc 
lamp supplied from the same source as the motor is the slip in 
revolutions per minute. 

If the speed is far below synchronism the slip may be most 
readily calculated from the actual speed of the machine as read 
with a tachometer. 

2. Method by Losses.—Any induction machme may be used 
for the following experiment. Two standard methods for the 
calculation of the performance curves of induction motors require 
the measurement of the friction and core losses and the equivalent 
resistance and reactance of the stator and rotor. The experi¬ 
ment outlined below gives the determination of these quantities; 
the calculation of the characteristics is left for Experiments 3 
and 4. 

(a) At rated frequency take no-load (running light) readmgs 
for as wide a range of voltage as possible. If the machine is a 
single-phase motor, read volts, amperes and watts, but if a 
polyphase motor, volts and watts (two meters). Line ammeter 
readings should be taken with three-phase machines merely to 
determine if the load is balanced and a rough check on the 
calculated current. Calculate the power factor from the ratio 
of the wattmeter readings, and the equivalent single-phase 
current from the total watts, power factor and line voltage. 
Measure the equivalent single-phase resistance of the stator 
Then treat as a single-phase machme. 

Deduct the stator copper loss from the input, giving the iron 
and friction losses. Plot equivalent single-phase exciting 
current, power factor and core loss against volts. Interpolate 
on the curve for values at normal voltage 
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(b) With blocked rotor, take readings at rated frequency with 
low voltage on the stator. This is readily obtained from a 
separately driven underexcited alternator. Reduce readings to 
equivalent single-phase quantities as in (a). 

Calculate the equivalent single-phase resistance of the whole 
machine from the total power and the equivalent single-phase 
current. Subtract the equivalent single-phase stator resistance 
from this figure to give the rotor resistance. Calculate the 
power factor and equivalent rotor reactance. 

(c) With the machine loaded, take voltmeter and wattmeter 
readings at normal frequency and voltage up to 150 per cent, 
of rated load. If a single-phase motor is used, ammeter readings 
must also be taken. 

3. Circle Diagram.—Using the data from Experiment 2, 
calculate and plot the performance curves of the machine up 
to the pull-out point by the circle-diagram method. Check 
with values obtained as in Experiment 1. 

4. McAllister’s Method.—Using necessary data from Experi¬ 
ment 2, calculate and plot the performance curves of the motor 
by the method outlined on page 215. Check by other methods. 

6. Starting Torque of Wound-rotor Motor.—(a) Find the 
primary current and power factor, the torque and torque efii- 
ciency at standstill for different balanced star-connected rotor 
resistances and plot against equivalent smgle-phase rotor circuit 
resistance 

Use as large currents as are permissible. If it is not possible 
to use full-rated voltage on account of excessively large line 
current, use lower voltage and reduce readings to equivalent 
values at full voltage before plotting. Be sure that the rotor 
is in exactly the same position for each reading. Take all pre¬ 
cautions to reduce friction to a minimum and to correct for it in 
the brake readings. 

(b) Find the variation in starting torque for a given voltage 
and rotor resistance with the position of the rotor. Take about 
ten or twelve readings equally spaced over one pole pitch. 

6. Split-phase Starting.—(a) Connect one phase of a three- 
phase induction motor m parallel with a resistance and react¬ 
ance in series, and supplied from a readily controlled supply of 
voltage at about one-half the rated voltage of the machine. 
Connect the third lead to the point between the resistance and 
reactance through a switch. Arrange a sufficient number of 
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iii6t6rs to obtEin e complot© diEgrEm of eU the currents End 
voltEges. 

Determine the best Edjustment of resistEnce End reactEnce 
for starting. There are two conditions to be satisfied: an adjust¬ 
ment to give rotation with minimum line current and one to 
give shortest time to full speed. 

It is suggested that, with some definite value of resistance and 
reactance, the voltage be brought up from a low value until the 
rotor begins to turn. Record the critical line current. Make 
other trials with new values of resistance until rotation is obtained 
with the smallest line current. Leaving the resistance in this 
position, adjust the reactance for a stiU lower miniTYium. 

Since the reactance of the rotor varies with the speed of rota^ 
tion, it may be that this adjustment wiU not bring the machine 
up to full speed in a reasonably short time. If not, adjust the 
umts for minimum time to full speed. 

(&) With the most satisfactory adjustment from (a), take 
readings for vector diagrams with constant-supply voltage 
(one-half to three-quarters normal): 

1. With the motor at standstUl and with the resistance and 
reactance across the line but not interconnected with the motor. 

2. With the motor blocked and the third lead connected. 

3. With the motor at full speed and with the third lead stiU 
connected. 

4. With the motor alone at fuU speed. 

Note that there are six possible current and six possible voltage 
vectors for each connection, some of which may be zero, or dupli¬ 
cates of other vectors. Plot aU four vector diagrams and interpret. 

Experiments to Chapter XIV 

1. Saturation and Short-circuit Curves.—(a) Determine the 
no-load saturation curve for a three-phase machme with ascend¬ 
ing and descending values of field current up to 150 per cent 
of normal rated voltage. Take readings of all three line voltages 
and plot the mean values against field current. Keep the speed 
constant at its rated value. 

(6) Short-circuit the terminals of the machine through star- 
connected ammeters and take the short-circuit curve up to 200 
per cent, of normal rated armature current. Reduce the mean 
readings to equivalent single-phase values and plot against field 
current on the same sheet with (a) 
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(c) Connect the generator to an unloaded synchronous motor. 
Vary the field currents of both machines to hold normal full-load 
armature current, reading terminal voltage and field current. 
This gives the zero-power-factor saturation curve (see A.I.E.E. 
Standardization Rule 585). Plot on the same sheet with (a). 

(d) Determine the equivalent single-phase resistance of the 
armature. From (a) and (6) estimate the equivalent single¬ 
phase impedance drop and calculate the equivalent single-phase 
reactance drop. Plot RI and XI against equivalent single¬ 
phase load current. 

(e) Estimate the zero-power-factor saturation curve by the 
method in A.I.E.E. Rule 586. Compare with that taken in (c). 

2. Regulation.—(a) Using the data from Experiment 1, give 
a diagram for findmg the no-load voltage for any load current at 
any power factor at rated terminal voltage. 

(&) Plot the no-load voltage against power factor for rated 
terminal voltage at rated current. 

(c) Plot the no-load voltage against load current for rated ter¬ 
minal voltage at unity, 0.5 lagging and 0.5 leading power factors. 

(d) Check the unity power-factor curve in (c) by readings for 
the highest load possible, 

(e) Give the regulation curve of the machine for all power 
factors. 

3. Efficiency.—(a) Determine the losses of a synchronous 
generator as enumerated in A.I.E.E. Standardization Rule 441 
and explained in Rules 420 to 458. Plot curves of core loss 
against internal generated voltage. Plot load and copper losses 
against equivalent single-phase load current. Give values for 
windage and friction losses. 

On account of the small value of the load loss, the tests should 
be made only after the copper has reached a uniform temperature. 
Friction and windage should be measured both before and after 
the run. The resistances of the generator and driving motor 
should be measured hot immediately after the run. For the 
simplest calculation of losses in the driving motor, hold constant 
speed by adjusting the impressed voltage, keeping the motor 
field current and therefore the motor core loss constant. The 
same precautions must be observed in taking the generator core 
loss. 

(6) From the experiment on regulation calculate the field 
current necessary to produce rated terminal voltage for various 
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loads at specified power factor. Plot field current, field losses 
and field rheostat losses against load current. 

(c) Calculate the efficiency of the machine as a generator at 
specified power factor from 0 to 160 per cent, of rated load. 

(d) Check by loading the machine (input-output method) 
to as high a load as possible. 

4. Heat Runs (see A.I E.E. Standardization Rules 300 to 
392).—Before starting, measure the cold resistances and the 
temperature of the windings. Thermometers may be held in 
place by small lumps of oil putty over the stem and bulb. They 
should be arranged to read the temperatures at various places 
on the following parts: armature coils, laminations, frame, venti¬ 
lating ducts, field cods, collector rings, commutator, leading and 
trailing pole tips, bearings and room. Thermometers on acces¬ 
sible stationary parts are read every half hour during the run, 
others after the run is completed. 

Load the machine as in Rules 322 and 325 Keep a “log'' 
of the test, recording all available readings every half hour. 
Calculate the temperature of field coils by the resistance method 
(Rule 348) for each reading. 

If the temperatures do not become constant during the run, 
estimate the final temperature rise by exterpolating on the 
logarithmic curve of temperature rise plotted against time. 

At the end of the run immediately make measurements to 
calculate the temperature rise of all windings by the resistance 
method. Record final temperatures by thermometer, allowing 
sufficient time for each thermometer to reach its maximum 
reading after the machine is stopped. It is convenient to record 
the reading of each thermometer in chalk every few seconds 
until successive readings show a fall of temperature. This may 
require several minutes after shutdown, owing to the stopping of 
ventilation. 

Apply the proper “hottest spot" correction for each part, 
and determine whether or not the machine is properly rated. 

6. Synchronizing.—(a) Synchronize one phase of a three- 
phase generator with a single-phase supply. It is convement 
to use a direct-current motor for driving. Synchronize with 
lamps arranged for dark and for bright indication, with and with¬ 
out potential transformers. 

(b) Check the sequence of phases of the three-phase machine 
and supply, and synchronize as a polyphase generator with the 
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lamps arranged to indicate synchronism when dark. Repeat 
when the lamps are arranged to show the rotating effect. 

(c) Synchronize, usiag a synchroscope with and without 
potential transformers. 

6. Parallel Operation.—^Wire a three-phase generator and a 
balanced star-connected lamp bank load in parallel with the 
laboratory supply or with another three-phase machine. Use a 
sufficient number of meters to obtain the vector diagram of all 
the currents and voltages. 

(а) Carry the entire load from the laboratory supply and 
synchronize the alternator. Draw vector diagram. 

(б) Change the alternator field excitation and note the meter 
indications. Show the change by vector diagram. 

(c) Regulate the driving torque of the generator until it carries 
its share of the load at unity power factor and note the meter 
indications. Note that unity power factor is most readily indi¬ 
cated when both wattmeters read alike. Plot the vectors. 

(d) Note the shift in the vectors when the field is changed 
while the machine is loaded. 

Experiments to Chapter XV 

1. Characteristics and Circle Diagram.—Determine and plot 
three V curves for as widely different constant loads as possible, 
plotting armature amperes and power factor as ordinates against 
field amperes as abscissae. 

If the supply fluctuates either in voltage or in frequency, 
reliable readings, especially at no load, can not be obtained. A 
separately excited laboratory generator connected only to the 
motor is the best source of power. 

Figure the power factor by the tangent method as differences 
in the generated wave forms of motor and generator will give 
rise to wattless circulating currents of a higher frequency than 
the fundamental. These affect the r.m.s. value of the current 
but not the power. 

Plot the loci of the current readings in a vector diagram. 
These should be portions of circle diagrams. 

Experiments to Chapter XVI 

1. PreliTninary.—The measurements in the first experiment 
on the synchronous converter need not be made with great 



EXPERJ^^^'^^ 597 

accuracy. The test is to make the student familiar with the 
features of converters. 

(а) Start the converter as a direct-current shunt motor in the 
usual way. Measure the direct and alternating terminal volt¬ 
ages and determine the voltage ratio. Does a change in the 
strength of the field current alter this? 

(б) Apply a balanced load to the alternating-current side, keep¬ 
ing the direct voltage and field current constant. Determine 
the ratio of the alternating cixrrent to the increase in direct 
current from no load. 

(c) Ssmchronize the machine with a supply of the rated 
voltage and frequency. Find the effect of a change in the field 
current when the machine is loaded on the direct-current side 

(d) Start as an induction (hysteresis) motor at part voltage 
with the field switch open. Note the line current and the 
commutator voltage before and after connecting the field across 
the commutator brushes. Note the operation of the machine 
when this connection is reversed. It is convement to use a 
direct-current voltmeter, with the zero in the center of the scale, 
across the commutator brushes. 

Determine the effect of changing the resistance in the field 
circuit for both positions of the field switch. Note that with 
proper manipulation of the switch and rheostat the direct 
voltage may be made to reverse polarity, or to build up as in a 
shunt generator. 

2. Characteristics.—Use a separately controlled alternating 
supply for driving a converter at rated voltage and frequency. 
Determine the characteristics of the converter with the field 
rheostat adjusted so as to give unity power factor at full load 
The field circuit should be supplied from the direct-current side 
of the machine. Plot supply amperes, power factor, efficiency 
and direct voltage against load amperes. 

3. Compoimding.—Rim the converter from an alternating 
supply of rated voltage and frequency. Adjust the field rheostat 
so as to give unity power factor at the converter terminals at 
one-half load for the following cases: 

(а) When using only the shunt field and with no reactance in 

the supply leads. 

(б) With the series field helping the shunt 

(c) With both fields and with reactance in each supply lead 
to give from 10 to 15 per cent, reactance drop in the coils at one- 
half load. 
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Take readings and plot slip-ring voltage, commutator voltage, 
supply current, converter and supply power factors and overall 
efficiency against load current. 

4. Three-wire Generator.—(a) Arrange to run the converter 
from a normal alternating supply. If it is a single-phase machine 
connect two low-tension coils of a transformer in series across 
the supply leads. Bring out the transformer neutral as the 
neutral of a direct-current three-wire system. If it is a three- 
phase machine connect the low-tension coils of three single¬ 
phase transformers in distributed or interconneeted star to the 
supply and bring out the neutral. 

Connect meters in the supply and load circuits in the usual 
way and in one compensator lead place a direct-current ammeter, 
a universal alternating and direct-current ammeter and a current 
transformer and secondary ammeter. The field should be 
excited from the direct-current brushes. 

LfOad one side of the direct-current three-wire system and 
determine the direct-current line voltages and voltages to neutral, 
alternating, direct and total compensator currents, supply 
current, power, power factor, etc. Plot curves against load 
current. 

(6) Show how'to use the machine as a “two to one” or a “one 
to two” direct-current “transformer.” Take a few typical 
readings in each case. 

Experiments to Chapter XVn 

A compensated series motor of the same general type as used 
for railway work is most desirable for these experiments. If 
special types are available the experiments should be modified 
to suit the apparatus. 

1. PreUminary.—(a) Remove the power brushes and place a 
special pair of narrow brushes in two holders and connect them 
to a voltmeter. These may be metal strips but must be narrow 
enough to prevent the short-circuiting of adjacent commutator j 
segments. 

Disconnect the compensating field and excite the main field 
from a constant low-voltage alternating supply. 

Block the rotor and determine the value and phase position 
of the brush voltages with reference to the exciting field voltage 
and current for all possible brush-holder positions. The phase 
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relations may be determined in a similar way to those in the 
experiment on Mutual Inductance (Chap. XI, Experiment 2). 

Plot results against angular brush shift. Give a complete 
vector diagram for one of the above positions. 

(6) Drive the armature by a belt at a suitable speed with the 
same excitation as above and repeat (a). Compare the space- 
phase and time-phase relations of the voltages induced by the 
speed and transformer fields. 

2. Series-motor Characteristics.—Carefully set the power 
brushes in the running position. This may be done by excitmg 
the main field at standstill as in Experiment 1 and finding the 
position for zero voltage between brushes. Connect the fields 
in series with the armature. The proper polarity of the com¬ 
pensating field is obtained when the drop across the armature and 
compensating field is a miTiimum when carrying alternating 
current. 

(а) Compare the starting torque for alternating and direct 
currents and plot against amperes. 

(б) Take the characteristics of the motor when loaded on a 
supply of normal voltage and frequency. Plot speed, current, 
torque and power factor against watts output. 

(c) Determine the resistances of the fields and armature and 
take a sufficient number of voltage readings across the fields and 
armature to plot a complete vector diagram at full load. 

3. Other Single-phase Motors.—Connect the machine used 
in the previous experiments as an inductively compensated 
series-excited motor or as a repulsion motor. Place a sufficient 
number of meters to obtain the values and phase positions of all 
the currents and voltages. 

Plot typical vector diagrams. Plot load characteristics. 

Experiments to Chapter XVm 

1. Induction Generator.—Wire a s 3 nichronous motor, a 
balanced lamp-bank load and an mduction machme in parallel 
To start the set first drive the synchronous machme as a gen¬ 
erator. Drive the induction generator and connect it in parallel 
with the synchronous machine, bemg careful to obtain the proper 
direction of rotation and speed Throw the belt off of the 
pulley of the synchronous machme. Adjust the field of the 
synchronous motor to obtain the desired Ime voltage. 
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The induction machine will supply the losses in the synchro¬ 
nous machine, which wdl, in turn, supply the magnetizing com¬ 
ponent of the exciting current for the induction generator. In 
ordinary operation, induction generators are connected in 
parallel with large sjmchronous generators. For this test the 
unloaded synchronous motor is selected so that the current in 
it will be as small as possible, making the readings much easier 
to interpret. 

The meters should be so placed that the phase relations of all 
the currents and voltages may be obtained when the set is 
loaded. 

(a) Load the set with the field of the synchronous machine 
and the speed (of the induction machine) constant and adjusted 
to give normal voltage and frequency at no load. 

(b) Eepeat, keeping the frequency and field excitation 
constant. 

(c) Repeat, keeping the frequency and terminal voltage 
constant. 

With useful output in watts as abscisssB, plot frequency, speed, 
voltage, field current, induction generator current and power 
factor, and synchronous motor current and power factor as 
ordinates in each case. 

2. Phase Converter.—Start a three-phase induction motor on 
a polyphase supply and then disconnect one line lead. Connect 
balanced load resistances to the motor terminals. 

Take readings for the magnitude and phase relations of all 
the currents and voltages. It is important to take readings on 
all three phases as the values will not be the same. 

Plot curves of line current and power factor, load currents and 
voltages, and motor currents against total watts output. 

Show a complete vector diagram for the above at fuU load. 

£iq)eriments to Cliapter XIX 

A small paper condenser is a convenient test sample for the 
investigation of dielectrics. One made of tinfoil and a few 
square centimeters of 0.002-in. varnished paper giving a con- 
densance of from 0.1 to 1.0 mf. will serve the purpose. It 
should be tightly compressed. 

1. Leakage Resistance.—(a) Use a high-resistance direct- 
current voltmeter in series with the condenser on a direct-current 
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supply. Vary the impressed voltage across the voltmeter and 
condenser in series from a low value to 500 volts, reading the 
voltmeter and supply voltage. Measure the resistance of the 
voltmeter. Calculate and plot ohms insulation resistance 
against voltage across the dielectric. 

(6) Arrange the condenser with a voltmeter in series on a 
constant supply of about 150 volts. Place the condenser in a 
small oven or thermostat. Slowly raise the temperature to 
150®C., taking frequent measurements of insulation resistance. 
Allow the condenser and oven to slowly cool and repeat the 
measurements. Plot curves of leakage resistance against 
temperature. 

2. Effective Condensance (Capacitance) and Dielectric Losses. 
The impedance bridge is the most satisfactory apparatus for the 
investigation of dielectric losses due to alternating currents. A 
vacuum tube may be used to supply sufficient energy for the opera¬ 
tion of the bridge at any desired frequency and a telephone receiver 
as detector. The apparatus should be grounded and the bridge 
as a whole shielded electrostatically to prevent unbalance by 
the condensance of the body. A large air condenser may be 
used as a standard if carefully constructed to elimi n ate leakage. 

(а) Investigate the effective resistance and condensance 
(considered as a series circuit) of a small mica condenser. Plot 
curves against frequency up to the limit of audibility. 

(б) Repeat with a paper cpndenser having rather low insula¬ 
tion resistance or with an artificial leak in parallel. Show that 
at high frequencies the relative effect of the leakage is reduced 
and that the principal losses are due to dielectric hysteresis. 
Plot effective resistance and condensance against frequency. 

£:q>eriment to Chapter XX 

A 100-kv. transformer is suitable for the following experiment- 
It should be provided with ample protection to prevent contact 
with live terminals. The high-tension winding should be pro¬ 
tected against high-frequency spark discharges by water tube 
resistances in series with the test circuit. It is convenient to 
provide a tertiary winding for a voltmeter which will give 
a reading proportional to the no-load high-tension voltage. 
This may be calibrated by comparison with a standard sphere 
gap. 



602 


ALTERNATING CURRENTS 


1. Corona and Spark-over.—(a) Determine the critical visual 
corona and spark-over voltages for parallel wires in air. Plot 
kilovolts against spacing in centimeters. 

Read the room temperature and barometric pressure. Calcu¬ 
late the critical voltages from the empirical equations and com¬ 
pare with the measured values. 

The critical corona voltage may be detected by careful visual 
observation in a dark room or by the sound emitted. 

(b) Use a stroboscope driven by a small S 3 nichronous motor 
on the same supply as the transformer to observe the difference 
in corona during different parts of the cycle. This may be 
conveniently driven in front of the lens of a surveyor’s telescope 
for observation from a distance. 

Experiments to Chapter XXil 

1. Phase Control.—Stimulate the effect of a short single-phase 
transmission line by lumped resistance and reactance. Dnve 
an idle synchronous .motor in parallel with a lamp-bank load 
at the end of this line. Control the field of the motor so that: 

(а) Eg = 0.9Sr 

(б) Eg = Er 

(C) Eg = l.lEr 

Hold Eg constant. 

Plot generator current and power factor, synchronous motor 
current and overall eficiency against load current or watts out¬ 
put in each case. 


Experiments to Chapter XXin 

1. Oscillograms.—Take several oscillograms of current in 
circuits containing inductance and condensance adjusted for 
the resonance of one of the higher harmonics of a commercial 
voltage wave. 

A variometer of a maximum inductance of 200 mdl-henrys 
in series with an adjustable condenser of from 1 to 4 mf. is con¬ 
venient. Approximate resonance of the harmonics may be 
determined by the sound in a telephone receiver in series with a 
0.001-mf. condenser placed in parallel with the adjustable 
condenser.^ 

^ Method outlined in BvU, 8, Engineering Experiment Station, University 
of Washington. 
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Take one oscillogram of open-circuit voltage. When in 
resonance read the effective value of the current and take a film. 
Add a small measured non-inductive resistance in series (2 or 
3 ohms) and repeat. Measure the condensance used to produce 
resonance 

Calibrate the vibrator of the oscillograph in amperes per 
millimeter deflection. Note that for frequencies above a few 
hundred cycles errors are introduced by mechanical resonance 
of the vibrator strip. Determme whether such correction should 
be applied to the oscillograms taken. 

2. Wave Analysis.—Analyze the films taken in Experiment 1. 

Calculate the maximum and effective values of each of the 
harmonic components of the complex wave. Check the effec¬ 
tive value of this wave as determined by the ammeter read¬ 
ings with the square root of the sum of the squares of the 
components. 

From the frequency of the harmonic in resonance and the 
condensance, calculate the inductance of the complete circuit. 
From the reduction in the harmonic current upon the addition 
of the known resistance, calculate the effective resistance of 
the circuit to the harmonic. 

Calculate the impedances of the circuit to the fundamental 
and to the harmonic in resonance. Assume that the effect of 
resistance on the impedance to the fundamental is negligible. 
Calculate the generated voltages corresponding to the measured 
component currents and calculated impedances Check these 
values with those scaled from the film of open-circuit voltage. 

Experiments to Cliapter XXVII 

1, Line Constants.—Measure the resistance, inductance and 
condensance of each unit of an artificial transmission hne and 
adjust to correspond to the constants of some actual three- 
phase line (one wire to neutral). 

Measure the currents and voltages and their phase relations 
at both ends of the line at open circuit and short circuit. Be 
careful to obtain the relations of the vectors at one end with 
respect to those at the other. 

Calculate the constants of the line for use in equations (874) 
and (875) from these readings. Note that on open circuit /r 



604 


ALTERNATING CURRENTS 


» ♦ ,, 

is zero and on short circuit Sr is zero. Therefore from the open- 
circuit readings . » 


and 


Er 


c\-3c'^ = h 

JltR 


and from the short-circuit readings 

a'l — ja'i = 


and 


d'l — jd'i = 


h 

Ir 

Eq 

h 


Compare the measured values of these constants with those 
calculated from the constants of the individual units. 

2. Voltage Distribution and Charging Current.—Impress a 
sine wave of voltage of constant amplitude and frequency upon 
the open line used in the previous experiment. Place meters at 
the generator end of the line and arrange to determine the values 
and phase relations of the current and voltage at several equi¬ 
distant points along the line. Check the phase relations with 
the generator or voltage current as well as between the vectors 
at the different points. 

Plot charging current and voltage against distance from the 
receiving end of the line in per cent, of the total length of the 
line. Plot a vector diagram showing the loci of the current and 
voltage. 

3. Loading and Power Factor.—Place meters at each end of 
the line. 

(а) Load the hne at unity power factor with constant generator 
voltage and frequency. Plot generator current and power 
factor and load voltage against load current. 

(б) Load the hne, adjusting the load power factor (lagging or 
leading) for each load so that the receiver voltage is the same 
as the generator voltage. A small synchronous motor in parallel 
with a lamp bank makes a convenient load. 

Plot generator current and power factor and load current, 
load power factor and wattless current or reactive power against 
watts load Plot representative vector diagrams. 
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performance computations, 
661, 670 

curves, 667, 569, 672, 673 
phase control, 431 
regulation, 424, 431, 549 
^ re^tance, 406 
short, 4Q6 
special eases, 415 
transformers, 423 
voltage gradient, 378 
Two-phase diagram, 97 
systems, 97 

connections, 163 

Unbalanced systems, 507 

V connection, 166 
curves, 282 
Vector diagrams, 24 
Velocity of propagation, electric 
field, 413 

Voltage, delta connection, 102 
gradient, 372 
ratios, 160, 292 
regulation, 243, 431, 649 
star connection, 104 
transmission line load curves, 
668, 560 
Voltmeters, 93 

Wattless current, 81 
Wattmeters, 96, 224, 681 
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Wave forms, alternators, 229 
analysis, 463, 603 
distorted voltage, 438 
current, 446 
standard, 470 
generated, 14, 443 


Weam’s chart for transmission Imes, 
420 

Westinghouse voltage regulators, 247 
Weston voltmeter, 93 
Wye connection, 101 

Y connection, 100, 163, 164 



